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V 

PREFACE 

This book consists of three chapters. In the first chapter, analytical methods 
to solve the Hopf bifurcation problem are presented. These methods are based on 
the perturbation and harmonic balance techniques well known in nonlinear dynamics. 
One parameter Hopf bifurcation, biparameter Hopf bifurcation and bifurcation 
into quasiperiodic orbits in autonomous systems are considered. Then the analy­
tical approach for detecting Hopf bifurcation solutions in Duffing, Mathieu and 
Mathieu-Duffing oscillators are demonstrated. 

The second chapter includes a numerical approach to systematically study 
the behaviour of mechanical and bio-mechanical systems governed by the non-
autonomous and autonomous nonlinear differential equations. The procedure 
presented is based on solving a boundary value problem using the shooting method. 
The behaviour of the dynamical systems are traced along variations of the chosen 
parameters. Observation of the evolution of the characteristic multipliers gives 
information about stability and possibly further branching of the investigated 
solutions. In the case of nonautonomous systems, periodic orbits are traced and 
the transition to chaos when one of the multipliers crosses the unit circle at +1 or 
-1 (period doubling) are discussed and illustrated. An example is given for chaos, 
which has appeared after the simultaneous passage of a pair of multipliers through 
the unit circle of the complex plane. An autonomous system of three nonlinear 
differential equations which governs the oscillations of human vocal cords is 
considered in some detail. Steady state solutions, Hopf bifurcations and the 
branches of periodic orbits which emanate from bifurcation points are calculated. 
Tracing the evolution of characteristic multipliers allows the observation of alter­
nations of stability and possibly branching to other periodic or quasiperiodic 
motion. 

In Chapter 3, the attention concentrates on formulating the analytical condition 
for Hopf bifurcation of the periodic orbit or the Hopf type bifurcation of the 
quasiperiodic orbit which lead to nonlinear algebraic bifurcation equations. Three 
examples show the occurrence of chaotic orbits after bifurcations. 

The contents of this book are considerably influenced by my experience at the 
seminar at the Polish Academy of Sciences in Warsaw (1984-1987) and at the 
seminar organized by the Stefan Banach International Mathematical Center 
(September 19-December 18, 1986). I express my thanks to Prof. W.Szemplinska-
Stupnicka for his knowledgable comments on part of the results presented in 
Chapters 1 and 3. 

A majority of results presented in this book are based on a research project 
supported by the Alexander von Humboldt Foundation. I would like to acknowledge 
the many useful discussions with Prof. E. Brommundt, Prof. D. Ottl and H. Staben 
regarding the material given in Chapter 2. I wish to express my sincere thanks for 
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the hospitality of the Institute of Technical Mechanics of the Carolo Wilhelmina 
University of Braunschweig, where part of the work presented in this book was 
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1 

Chapter 1 

1. HOPF BIFURCATION PROBLEM: AN ANALYTICAL APPROACH 

1.1. Introduction 

Consider the dynamical system governed "by the system of or­
dinary differential equations 

x = F(ijf x) = F^x) (1) 

n k 
with x £ E and r) e R • Suppose, that F is smooth and depend­
ent upon parameter 9• Let, for oQ, system (1) possesses the 
constant solution x(nQ) = X-Qr\o» Generally, system (1) has n+2 
topologically different portraits of the phase flow. They 
correspond to one nonsingular point and n+1 simple singular 
points x^,q, where p = 0,1,..., n, p+q = n (see [ 1]). Numbers 
p and q are the numbers of the eigenvalues of the Jacobian 
matrix ^ x(0o» xO^ wii;n P negative and q positive real parts. 
Phase trajectories near the nonsingular point are similar to 
the parallel lines. The behaviour of the phase trajectories 
in the neighborhood of the singular point x^,q depend on p 
and q. For p = n all trajectories aspire to the stable point 
xS* when t-—+oo , whereas for q = n all the trajectories 
aspire to the unstable point XQ,q when t —-<o . All the other 
points x^,q are saddle points. Two surfaces S + and S " with 
codimension p and q, respectively pass through the saddle 
point. If the trajectory belongs to the surface S + (S "") 
the point XQ-,(* is the stable one x^f (unstable one x Q

, c l). 
The stable (unstable) singular point corresponds to the 
stable (unstable) equilibrium point of the considered dynam­
ical system. By continuously changing the parameter rj the 
numbers p and q change. This change takes place if one (or 
a pair) of eigenvalues of the characteristic equation 
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2 

det|| D F X ( X Q ) - /\I|| = 0 cross the imaginary axis of the com­
plex plane A. This means, that a bifurcation from an equilib­
rium state appears either when a simple zero eigenvalue or a 
simple pair of pure imaginary eigenvalues passes through the 
imaginary axis. The latter case known as a Hopf bifurcation 
is investigated in this chapter. 
The Hopf bifurcation is up to now widely discribed in lite­

rature. The extensive list of references connecting with this 
question is for instance given by Marsden and McCracken [ 2], 
Iooss and Joseph [3], Hassard, Kazarinoff and Wan [4] • The 
aim of this chapter is to present applications of approximate 
analytical methods to obtain the new bifurcated solutions 
(i. e. perturbation technique and harmonic balance method). 
Mentioned approximate analytical methods are well documented 
(see for instance [5-9])* In this chapter three different 
methods are presented to solve the Hopf bifurcation problenu 

1 In the first considered example qeR and one pair of purely 
imaginary eigenvalues cross the imaginary axis. The use of 
the center manifold theorem [ 10] allows the approximate solu­
tion, which exactness is improved by the method of successive 
approximations, to be easily obtained. In the second example 

2 with rj £ R the new periodic solution is sought in the form of 
a power series in relation to parameter rj and another parame­
ter connected with the amplitude of oscillations. The third 
example presents the method to obtain quasiperiodic solutions 
which appear after two pairs of purely imaginary eigenvalues 
cross the imaginary axis. In this case two independent pertur­
bation parameters £1 and £2 (connected with the amplitudes of 
oscillations) are involved in order to obtain postbifurca-
tion solutions. The Hopf bifurcation problem in autonomous 
systems is widely investigated by Huseyin and coworkers (see 
for instance [11-14]). 
The investigation of external periodic forcing and parame­

tric periodic perturbations on the Hopf bifurcating solutions 
are more complicated when compared with the autonomous sys­
tems [15-18] and is also considered here. 

All the results of this chapter are based on the results 
given in [19-24] (see also [25,26]). 
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3 

1.2. One Parameter Hopf Bifurcation 

1 
Consider the differential equation (1) where rjeR # Sup­

pose,that the characteristic equation which corresponds to 
the Jacobian matrix DPn (XQ,^) has the form 

( 6 - 61 (r?))C 6 - 62(rj)) P(r},6) = 0, (2) 

where ' 

6-, 2 = £(9) * i<o(rj), 
U V + °. (3) 

and n i s the c r i t i c a l value of parameter n . Assume t h a t 
equat ion (1) can be presented in the form 

u = K^rjju + K ^ r p v + K(r^,u, v ) , 

v = Su(r^)u + Sv(r^)v + §( i^ ,u ,v) , (4) 

where u e R , v e Rn~ , rj e R , x =col[u,v] and matrixes 
1^(17), \(q)9 S u(^), Sv(r7) are the linear parts of expan­
sion of ¥(x9q) into the Taylor series around the equilibrium 
point XQ (XQ = 0 is taken into further consideration)• 
Equation P(^,6) = 0 has roots with negative real parts, for 
17 in the neighbourhood of n , and 6<j and G»2 are eigenvalues 
of the two dimensional matrix Ku(oc)« T n e matrix K^, known 
also as the critical matrix, determines the Hopf bifurcation. 
Prom the center manifold theorem, in the vicinity of the 

equilibrium path xQ = 0, there exists a function, v = f(u) 

?v 
H%) 

= o, 

* o, 
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4 

which has the property f = ol For the first approximation, 
one can assume that 

v = f(u) = 0. (5) 

Taking (5) in (4) into account one can obtain 

u = K^Cr^u + K(r}»v)f (6) 

where K(i|,u) = K(n,u,0). In the neighbourhood of the critical 
point 

(7) 

Let u(rj) = 0 be the solution of (6) for o < oQ and at the 
point 0 = OQ "the periodic solution u(t,£) = u(t + T,£) of the 
period T bifurcates from equilibrium. This solution depends 
on the formally assumed perturbation parameter connected with 
the amplitude of oscillations* Then dimensionless time T= cot 
is introduced and from (6) one obtains 

U (6) u T (r,£) = K'(^fT,£), (8) 

where K'(r̂ ,r,£) = K^rjMr.O + K(rjfu(r, £)) and u(T, t) = 
u(T+ 23T, t) and w(e) is the unknown frequency. Periodic solu­
tions u(r,O of equation (8) are searched in the form of a 
particular Pourier series, which coefficients depend on the 
parameter £ 

u^r,*) = JL (pik(£)coskT + r±k(£)sinkr), (9) 

Moreover, PikUirik(01 7 U ) and cj(e) are developed into the 
power series of the parameter C 
Tin the notation used in this chapter this character denotes 
the differentiation. 

w = w + % ( r ? " ■ 7 c ) + 5 K U h n W -• 7c 
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5 

(10) 

P i k ( t ) - Piko + P k £ + i P'ik^2 + • • • > 

r i k ( e ) - r ikO + rik^+ 2 r ik^ + • • • • 

7(0 = % +7'e + li' z2 + ••• 

u ( £ ) = cJ +OJ'S + i u " £2 + . . . , 

where in the critical point P̂ T-Q = r-Qro = ^# ^ e solution 
u. (T, £,) is searched in the form 

u±(Tft) = u^(t) + Ju^(r)e2 + ... , (11) 

where 

u*' (T) = ±: (pg. coskr + r̂ J. sinkr). (12) 

Because the system (8) is autonomous we set a v^^(t) = 0. 
Wow one can act in one of two ways. Either introduce equa­
tions (9) to (12) into (8) and then by comparing the terms 
with the same powers of £ obtain a linear differential equa­
tions set , or obtain these equations by successive differen­
tiation of (8). Employing the latter possibility one obtains 

l.„ + CO U . ^ = s— + + O 
Vr + w c u i r au-, zt tu2 ?>i ar, / 

, 2 K i ^ u 1 x 2 ^ K i /"Bu2x2 co"u.r + 2 w u . r + <*> u . T = -x (-™) + i 5 ^-c") 
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6 

a2K'. 7>VL« -aup ^2K'. 2m. fa. -2)Up . p _ i _ J. £ . p i _ L n' + ? - — - n 

U / U . T + 3Ju iT + 3uu iT + c ^ - - - - T p + - - -

* \ ^
2 K i ^ ^2K± ^ u 2 ^ ^ 

+ ^ — - n + b — - — - — - - — n + 3 * 

?>*■ ' augarj^/»t ' -au^ug ^ c 2 ^ 

TpK̂  u2u2 •au1 ^ -a
2u1 - j ^ f̂t 

+ 3 — - n - — + 3 " 5 n + 3 5 
- b u ^ u 2 1>^ ?>t "Mil.,)2 T>1* T>i 7>(u2)2 

7>u., l l z T>u2 W 

+ 

2 u 2 

>"2 

■V*2 
■at + 

*3K± 

^V 5 (—1)3 
+ 

* \ 
w^ 3 ^ u 2 , 3 

(—-) + 3 
S3K; 

-bCuJ^Ug 

u 2 + - * K i * M ,, + , "&Ki ^ 2 , + , * K i 
t -? ?Sv. ->*% T i t < Oli, "X^ 7SC l 9 u , 7\^ 

3K. 2fU1 

. 32 K i ^ U 2 n ' , , ^ K i ^U1 ^U2 n, + ' V > ~ - ■ " ———5 n + o ——————— — — —— n + 3 ——■ 

Du^u0 5T2 ^i T>(uJ? " 7 ? 57" " 
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7 

^ ♦ ^ < * > ■ * • ,*u1.2 ̂ u2 0 lKi ^U2,2 ̂ u1 

Solving equations (13) successively, we obtain (9) and (10)♦ 
Solutions u e R obtained in this way are denoted as u^ and 
put in the second subsystem of equations (4) 

"c7* = Su (T ) ub + sv(r?)v + s(7» ub' v )' ( H ) 

where CJ, q and u^ are known. In order to obtain v, this 
system of equations can be solved by a perturbation meth­
od* 

1.3. Biparameter Hopf Bifurcation 

Consider the case when Q = (^,6). Taking T =cJt into ac­
count one obtains from (1) 

uxx = F(xfrj). (15) 

Periodical bifurcation solutions are searched in the form 

Xi(r;/u,0 = x[ (t) + l*f(x)t2 + Jx±^(t)£3 + x/6- <r> 

,/UC + ix±M i (x)t^2 + hi*-2" (r) ^M + '••• (16) 

where & is a certain perturbation parameter connected with 
the amplitude of oscillations. Every component of the series 
(16) is searched in the form 

(13) 
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x J V ) = Z (Pit cosmT + p W sini„T ). (17) m=0 

Coefficients Pim> rim> frequency <o and 8 are searched in the 
form of the following series 

2 3 
PlB(E./') = Pimc + Pi m

£ + Mm*? + Km^ + Pim^£ 

1 /"2£ 2, 1 «e2 ,2 

r i m ( t ,^) = r i m c + r^c-H J r ^ £
2 + Jr^E3 + r ^ £ 

+ Km -2t + htt^2 + —' < 1 8 > 

u ) ( / j i f e ) = °c + UD£ e + I "a e2 + 5W«€ e3 + UM<C AM 

&(/uf€) = 6C + 8 £ t + 2 S€€ e2 + s & ^ e 3 + S^t^e 

The subsequent differentiation of (15) in relation to £ and 
ju gives 

8 

1 r 
e 2 ^ i 2 + 1 

5 6 ^ 2 Oi1 +/*§,+ 1 
5 6*W^ + • • • 

i 
S UM t2-Mi" + 1 

5 <*w fc^ + ^ M + Sty/4* + • • « 
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<oex.r + 4 ^ = P±jxJt 

^ t x i r + 2 ^ + U c x ^ 2 = P 1 J k r J 4 + 2 P i ; j 5 X 5 6 e + P i ; , x f , 

+ Pij^x] + P . ^ x j + F U 5 g t g i U + P i 6x<S£ , 

2 3 

+ ^ i j j k ^ k ^ 3 P i j k x / x k + 3 F i ; j * 6 * j ^ ) 2 

+ 3 P i j S x / H + 3 * i d 6 x ] s„+ P i dx.£ , (19) 

2 t 

" ^ * i x + w-^ir + 2""x ir + W C 4 T = P i j k x j x k 

+ P 1 J 6 S UJ2X* + P i ^ x J + P ^ Xjf + P i j S S t X ^ 

"*.*i t + ^ ^ i T + w c x i t = p . . ID *r 

2 3 
= P iokl x j xk x : 

+ PiSSS st (j*. ■ > 2 + 2P. St 6*+ F i & ^ ^ , & U + F i 8 ^ 8, 

+ *\- C XJXJl Sf + *\- t ^ i S, -u > 

2P. .1**1 + 2F i . i & ^ *r + z 
Pi.iX.i 

+ 2 P i i s * ^ •*i 

9 
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^I2M*±X + 2wt«3:iT + 2uix±v +"«xit + "c
xi 

' i j tou*^' + p i d k x r x k + *ijkx3xk' + ?ijk6S«.xJ*k 

+ 2 1 ? ^ ^ S, + 2Pi a %x^8t + 2 P i j ^ S « t + 2Fi j 6 &(sJ2*JSe 

2 2 2 
+ pi^xJ + p l j x j " + pij*5"xj • 

where 

■i;)kS ~T>x..?>xk^ » *•• 

Obtained differential perturbation equations (19) are solved 
by means of the harmonic balance method, having taken into 
account relations (18) and assumed r*-j = 0. 

1.4. Bifurcation into Quasiperiodic Torus 

p Consider now equations (1) where r?eR and where the Jaco-
bian matrix has a block diagonal form 

DPx (7c'x0) = b l o c k d i a S [C
1»C2»P1»P2» '••♦ R1»R2» •••] 

'ijtou*^' + Fidk xj xk + Fijk x3 xk + ̂ igksS-u x3xk 

Or ^t2" •*•» Pijk = 
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with real elements. The blocks are given 

c2 = 

(20) 

± — 1, 2, • •., 

RD h] . 1, 2, 

while cC. < 0 and c£. < 0 for 7 < ̂  c • 
Let ^ 2 ^ 1 ) = ̂ (̂ -i J i i ̂ ^^i) a n d ^34 = ̂ ( ^ ± i (02(r?2) 
be the two pairs of eigenvalues of DF that cross the imagi­
nary axis at Q. = rjlc and r^ = ^PC wi-tn non-zero velocity as 
n- and rj 2 are increased. Then for 0- = 0-JQ and n 2 = O2C w e 
have 

">1,2(?1C> = ± i(01C . 

(21) 

^3,4(,?20) = ± i "2C 

0 So 
C 1 -

[" uic ° 

0 W2c] 
9 

■°2C ° 

" P i -

2 : 
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12 v 

and the real parts of A-, 2 &&& ^3 4 should satisfy 

dctfn-) 
il- l * 0, 

dr)i I 9i ■ 9ic 
(22) 

dV 2 I *?2 = 72C 

(J1G k 
We consider the non-resonant case,i. e. when 4 -t where 

co 1 k, 1 are integer numbers* 2C 
Because of the analogy to the Hopf bifurcation this case will 
be refered to as called double Hopf bifurcation• 

The bifurcated solutions of (1) are assumed to be in the 
parametric form given by 

x± = x±(t, £1f c 2 ) . (23) 

The solutions (23) are represented by a double Fourier 
series 

K K 
x± = g Q Pfk0 (e1f e^sink^ + g o P^C0(61,£2

)e0Bk'Ci 

+ 
L z: 
1=0 

p i o l (tv ft2>)003^2 
L 

+ Z 
1=0 

p i o l ( c 1 < fi2)a±nlV2 

+ 1 
5 

K 

1 = 1 
p i k i ( £ r i £ 2 ) [COS KkT, + ir2) + cos(kT-j 

* o. 
d?2 I ̂ 2 " 720 
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- 1T 2 ) ] + p ^ l ( i 1 , f 2 ) [ s i n ( k r 1 + l t 2 ) + s i n ( l t 2 - k ^ ) ] 

(24) 

+ p ^ l ( £ 1 , r 2 ) [ s i n ( k r 1 + lTg) + s i n ( k r 1 - 1T2)J 

+ Pfk i («- i . e 2 ) [C 0 S(k T i " 1 ' r 2 ) " c o s ( k r i + i r 2 ) l ' 

The c o e f f i c i e n t s vf/.\ ( f c - j ^ ) * v±(-) (£ i»^2^ ' t h e f r e c l u e n c i e s 

0>1 ( £-j, €o ^» C 0 2^ £ 1» £ 2^ a n d t l i e b i : £ ' u : i : , c a ' t i o n parameters 1 i ( £ - | , e 2 ) , 
?2^1**2^ a r e s e a r c ^ i e d in the form 

(*) / x M (*)' 1 2 («)" 1 3 (»)'" 
p i ( . ) ^ i . t 2 ) = P±o(-) + 6 i p i ( . ) + 2 fc?Pi(.) + 5 efpij.) 

♦ *2pfty ♦ 2 ' | P & - + J 4*n.r+ W$y + 2 ^ S 

+ 5 £
2

£ iP i ( . ) " + 

(25) 

+ c^ity + 2 tl 'iiy + 5 ll4lr + £i £2ri(.y + 2 ^ i t y 

+ 2 tic1^i*?)"+ ••• . 

°1 = I ! " = °1e + £1 w 1 + 2 £ 1 " 1 + 5 61 W1 + e 2 ^ 1 ' a t 

w 
i(-) 

(tr ,t2
) 

- ric(-) + f rW 
e i r i O 

+ 1 
5 

f2_W* 
e i r i ( 0 

+ 1 
5 * 
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+ £ ^2QY + B^i^T" + e i £ 2 w r + 2 ^ i £ 2 w r + 2 *1 *2^1 " + ##* » 

dT 
"2 = ~ g = w2c + hu2 + 5 £ 1°2 + 5 A*2. + C2W2' at 

+ \i\i>>2» + 5 6 2 g 2 ' + £1 ^2^2' + 5 X f £2C02' + S^I^V + • • • » 

1 9 it 1 "̂  1 Q 

1 i = r > i c + feiTi + 5£i1i + 5£1*|" + f 2 l r + 5f2*?r 

H •> 1 ? 1 ? 

+ g^2 V ' + e i £ 2 l l ' + 5 £ 1 £ 2 l V + 5 r i*2l ' l" + *•• ' 

1 9 ^ o 1 9 
12 = l2c + "̂12 + 2*112 + 5£ll2 +^2l2' + 5€2I]2" 

1 3 « 1 2 " 1 2 «• 
+ 5fc2l2m.+ £1 e212' + 2fe1£2l?2' + 2 i162vl2* + ••• • 

By introducing (.24) and (25) into (1) and equating the expres­
sions of the same powers £* E^(k9l = 0,1,2,###) a sequence 
of linear differential equations are obtained, which are sol­
vable by means of the harmonic balance method. Because the 
system is autonomous it is possible to obtain the dependen­
cies of unknown frequencies and bifurcation parameters on 
amplitudes of oscillations in this way. Independent small 
perturbation parameters are connected with amplitudes of os­
cillations. 

1.5. Hopf Bifurcation in Duffing*s Oscillator 

1.5.1. A vibrating system 

Consider the vibrating mechanical system with one degree of 
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freedom 
2 d x « dx o 

m—5 - (c1 - c2x ) — + kx + k.,x̂  = PQCOS^^, (26) 
dt dt 

where m is the mass of the vibrating body, c-j and c2 are damp­
ing factors, k and k. - rigidity factors, and PQ and u^ are 
respectively, amplitude and external excitation frequency. 
The eq# (26) assumes the dimensionless form 

p 
d y dy 0 dy 0 ^ 
~- - n — + Sy^ — + uTy + Sy^ = 'Xoost, (27) 
dT^ dT dt c 

where 
2 

T ,, + v
 Pmax v ■ °1 c_ C2Pmax ,2 _ k 

mw^ m^ nr <J:j m 

,2 ^0 *_ k1Pmax . _ P0 (9Rs 

**-<?* r m ^ y ^ r ; - (28) 

1 1 max 
The eq« (27) is a particular type of the Van der Pol-Duffing 
equation, and for q = 0 it circumscribes the vibrations of 
Duffing's oscillator. It can be presented in the form 

dx-, Sx:r 
= xp - — + ox. , 

dt d 3 
(29) 

CLXQ Q O 
_ = - (J X- - £xf + ̂ COST , 
dT C 1 ? 1 

where x̂  = y. The characteristic equation obtained from (29), 
in the case of lack of external excitation, has the roots 
g1 2 = 1/2(rji(72-4oj2)V2)# p o p ^ = Q> a t the c r i t i c a l p o i n t 
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B-j p = " ^ ^ c an(^ ^ & i p/^.*71 c = V2 conditions of occurrence 
of the Hopf bifurcation are fulfilled. 

1.5.2. Non-resonance case 

Let ^\= l*\^9 then the eq# (29) w i l l have the form 

dxfV (1) . S ( f l
( 1 ) ) 3

 (1) 
dr " x2 3 7*1 ' 

(30) 
d x ( 1 ) 

The solutions of (30) are searched in the form of series 

4 1 ) = 4V + £ 4 1 ) ' + h24'r+ h34'y" + . . . . (3D 
i = 1,2. 

? - 7C
 + ir}' +i t2|7" + J £39'"+ ••• . (32) 

w = w0 + «w'+ I t 2 w" + g £3w'" + . . . . (33) 

(1) In the critical point o = xJ = 0. The bifurcation solu-
/ 1 \ XU 

tions x£ ;(r,£) are represented by the Pourier series 

d x 2 2 ( 1 ) 
dT c 1 - ^ ( x 5 1 ) ) 3 + l\oos 
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rr 

^ ^ = 5 ( p ikO ( e ) s i n k T 1 + PikOcoskTl) 

+ g o (P?01(e)cosit + P ; o l ( E )8 imr) + jtfl^P^CO 

[cosCk'L, + IT) + cosCk^ - IT)] + p ^ C O f s i n C k ^ 

+ IT) + s in( i r - k ^ ) ] + p^ l ( f ) J s in (kT 1 + IT) 

+ sindcT-j - IT)] + p?^ l(^)[cos(kT1 - IT) - cos(kt1 

+ lr)]} , (34) 

where: T- =oof , 

The following parameter-frequency relations and the depend­
ence of the bifurcation parameter on amplitude are obtained 

.2 
q = S (Ik2 + — , .) , (36) 

2 2 (0)2-1)2 

^2 
« = uo + I -̂ -(5A2 + —n *) , (37) 

where: A2 = ( ip°\Q)Z + ( ^pf i 0 ) 2 -

(35) p i(0 = pg« -pilo ♦ i^ft * ^Mt) 

* P ' = 5 " fn!. . r n « ^ > T . 4. T̂ C 

\ (P? . (Ocoslt + p* ( f )s in i r ) + IT V 

jsCk'L + IT) + cos(kT - IT)] + P ^ U ) 

T) + s in( i r - k O J + p?2-(£)rSinO 

;kT, -11)1 + p?®, (OfcosCkT. - IT) - c 
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1.5.3. Main resonance 

Let X= ir ^ 2* then equation (29) gives 

dx ( 2 ) , ( x ( 2 ) ) 3 

d t 2 3 ( 1 
(38) 

dx<2> 
dT -«l»i(2> M ( x i 2 ) > 3 + i V o s T 

Let us assume that frequency CJ and the external excitation 
c 

frequency differ from each other only slightly, i« e# let 
Hs S 1-1/2a', where a' = t a. Now we act analogously to the 

non-resonance case 

1 = | A 2 - ^ sinq> , (39) 

Co. ̂ c - p £ ^ + 3 ^ A 2 f (40) 

where: pf 1 0^ = ^sin^f » p-no*- = ■A-C0SM) • 

1.5.4 Resonance of the n-th order 

In this case it is assumed that the following relation 
exists between the frequency and external excitation frequen­
cy: co = 1/n(1 - 172a'). The equation (29), after taking 
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ft = i \ , T= DT gives 

- -1 3 ) =Xp> - n - ^ 3 ) ) 3 + x(3)t 
dT d 3 ^ 1 

(3) dx, 
d t 

(41) 

= - x { 3 ) + a x 5 3 ) - n 2 ^ ( x 5 3 ) ) 3 + £ n 2 ^ c o s n t 2 . 

In t h i s case we obta in 

it 
("n'r 

r j * \ 6 ( J A 2 + ? - 2 ) , (42) 

co = nco c + Jn 2 $ ( | A 2
 + \ ----^) (43) 

1.5.5. Concluding remarks 

On the example of the forced Van der Pol-Duffing's oscil­
lator, analytical method of determining the post-critical fa­
mily of solutions after Hopf bifurcation in nonlinear nonau-
tonomous oscillators with one bifurcation parameter is pre­
sented* It is assumed that Hopf's conditions are fulfilled 
for a certain value of the bifurcation parameter when no for­
cing exists in the system. The bifurcated solutions are sought 
in the form of a particular Fourier series. The practical 
application of the series consists in solving perturbation 
equations of the first, second and k-th order by means of the 
harmonic balancing method. The examplary calculations have 
been reduced to k=3, as an approximate bifurcation solution 
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is determined in principle near the critical point. In the 
investigated case the amplitude is connected with the small 
perturbation parameter. The exciting force amplitudes are of 
the order of the amplitude A, or are smaller. 
In the case of no resonance as well as in that of the reso­

nance of n-th order, the parameter £ has no influence on the 
dependence of bifurcation parameter, amplitude, amplitude of 
the exciting force, whereas the parameter £ has no influence 
on the dependence of amplitude, frequency, amplitude of the 
exciting force. 

1.6. Hopf Bifurction in Nonstationary Nonlinear Systems 

1.6.1. Example without external force 

Consider a vibrating mechanical system with one degree of 
freedom — a rotor with unequal moments of inertia of its 
cross-section, with its mass concentrated in its center. The 
equation of motion of the system has the form 

my + j(k1 + k2 + (kr - k2)cos2u> t)y + kQy3 = 0, (44) 

where m is the concentrated mass, kQ is the non-linear rigi­
dity, k1, k2 are the rotor rigidities, and w is the rotation 
frequency of the rotor. After a change of variables, a dimen-
sionless form of the equation is obtained, 

d2x/dT2 + (S2 + /><cos2'r)x + ?x3 = 0, (45) 

where 

x = y(k 1/k Q)" 1 / 2, T = ut, $=k 1/(mw 2), 

S2 = g(k1 .+ k2)/mc^2, » = ^(k1 - k2)/(k1 + k2)co2. 
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Equation (45) can be expressed as a system of two differen­
tial equations of the first order, 

2 3 
x1 = x2f x2 = -S x1 - ̂ x^ cos2r - fx:[, (46) 

where x. = y. 
The bifurcation solutions are sought in the form of a se­

ries in the perturbation parameter 1 connected with the vi­
bration amplitude, of the form 

x± = x? + tx^ + £ e2x^ + gx^" l^ + ... , (47) 

p 
and the frequency 6 ancL the parameter M also can be develop­
ed into power series in the perturbation parameter, 

62 » £ + *6' + h2s" + 5^36f"+ ••• • (48) 

M -M0 + £<</ + 5 ^ " + ? ^ " + ••• » (49) 

where &2 = n2 and />i = 0. After substituting equations (47) -
c c M 

(49) into equations (46) and developing JLV into Fourier se­
ries, harmonic balancing is performed at £ and sin nT , cosnT 
and the following is obtained: 

.c* „c _ _ s ' (50) 

Then 

p2n0 = " np1n0> p2n0 = np1n0# 

A - ^3((Pin0)3(|cosnT + Jcos3nT ) + | ( p ^ Q ) 2 

■pfn0(sin3nT + sinnt ) + |(pfn0)2p<>no( cosnT - Cos3nI) 
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+ (p®n0)3(|sinnT - Jsin3nt ))# (51) 

3 After harmonic balancing at r, one obtains, for n £ 2, 

n 2P?>'= f«PlnO>3 + (PlnO>2P?nO>. . 

^ I n O &'- |(<PlnO>3 + <PlnO>2PfnO>• (52) 

The following is the solution of equations (52): 

M'~ p1n0 - °' 6(1) = j(1/n2) ̂ (Pfn0)2; (53) 

V - PlnO = °. S;2) = l ( 1 / n 2 ) ^PlnO>2' ( 5 4 ) 

On the other hand, for n = 2 the following is obtained: 

P120- 6"= °» " " - - T ? f < p W 2 » <55> 

1.6.2. Example including external force 

Let now a harmonic force have an effect on the system 
considered above• In this case the equation of motion has 
the form 

1 3 
my'+ j(k1 + k2 + (k1 - k2)cos2uJt)y + kQy^ = 

= P0cos u^t. (57) 

(56) p120 = 5"= °» / - 3 e(rfi' ^2 

- T5 f ( P l 2 0 ) • 
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Let 

T„= w t , x = 7(k^/l£0)^/2
9 fa ( p 0 / m c j 2 ) ( k 0 / k 1 ) 1 / 2

f 

S* = k-j/dnw ) f 6^ = (k1 + k2)/2moo , u^/u = to*, 

xU* = (k-, - k 2 ) /2mco 2 . (58) 

Then equat ion (57) w i l l have the form 

d 2 x /d r 2 + (S2 + AVCOS2T*)X + ^x 3 = \cosu>,Ti* (59) 

The system of two d i f f e r e n t i a l equat ions r ep l ac ing equat ion 
(59) i s 

2 3 
x-j = x 2 , x2 = - 6* x.j - ^x^ - ,u*x,jCos2rfc + \cos<o*t;, 

(60) 
where ^ = fc'}-,* • The Fourier series in this case is double 
and has the independent variable n^* and lu#TM • 

Consider first the non-resonance case (lcj* ̂  n ) , where nt 
1 e N. After harmonic balancing at l and sin n r M cos nt*. 
and sin lu)*r*, cos lu),rx and after solving the algebraic 
equations set one has 

p2nO = * np1nO> p2nO = np1*nO? ( 6 1 ) 

p101 = p201 = °» p101 = V ( n - * ̂  )t 

p201 = - ̂ V ^ - l2a)* )• <62> 

Then 
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x? - (PlnO)3(|cos nT* + lcoa 3nr') + | (PlnO ) 2 

p1nO ( s i n 3nT* + sin nTi,) + |(p1nO)2p1nO 

•(cos nt, - cos 3nT» ) + (p^0)3(|sin nt» 

- Jsin 3nT„) + |(Pin0)2Pioicos lo*T* + |<p?n0)2 

•p°01(cos(2n + loy)r# + cos(2n - lu)*)T#) (63) 

+ 5p1nOp?nOp101^sin^2n + lu*)T»+ sin(2n - lw»)r,) 

+ i(PlnO)2p101cos 1(J*r"- |(PlnO ) 2 p101 ( c o s ( 2 n 

+ lu)*)r,+ cos(2n - lw*K») + jP^nQ^Pioi^ cos nr* 

+ | p1n0 ( p101 ) 2 ( c o s ( n + 21u>*)r* + cos(n - 21<*>*)r*) 

+ 5PlnO(p101)2sin nr*+ 5 p1n0 ( p101 ) 2 ( s i n ( n + 

+ 21o*)r* + sin(n - 21co#)r*) + (P°oi 
T C O S lu>*r* ••'■ 

+ jcos 31u)*t*) • 

When comparing the terms at orders i? and sin nf*, cos rif*, 
as well as at sin 1 u*r* and cos 1 cj*r* one can obtain M" and 
6" and finally, for this case, 

* = 0, 

^ - I ̂ ( S ( p 1 n 0 ^ 2 + 5^fn0^2) + fP?01^2) 

Copyright World Scientific Publishing Co. 
Provided by IHS Markit under license with WILEY Licensee=/, User=, 

Not for Resale, No reproduction or networking permitted without license from IHS

-
-
`
,
,
`
`
`
,
,
,
,
`
`
`
`
-
`
-
`
,
,
`
,
,
`
,
`
,
,
`
-
-
-

Full document details: WSPC BIFURC CHA IN SIMP DYNA S 1989

http://www.avadocuments.com/doc/wspc-bifurc-cha-in-simp-dyna-s-1989
http://www.avadocuments.com/doc/wspc-bifurc-cha-in-simp-dyna-s-1989


25 

+ i~2u;2((Pin0O2 + (pfn0e)2 + l(v°wli)2))- (64) 

Let 

p1nO e = A c o s H > » P^nO £ = A s i n ^ * (65^ 

Then the following is obtained from using the expressions in 
(65) : 

M = 0, 

__ _ _ ±2_ + £ 
2n5l5«f/(l^F+2n5) 2(n5- l5uJ)l5J|n5 / (215 i5+n5) 

- «- = 0. (66) 

The second of equations (66) has a geometric representation 
as a quadric surface — a cone♦ 
The parametric forcing occurs when either n £ 1 and n =c4*l, 

n = 1 and n *u#lt or n = 1 = GJ,1. Consider the last most com­
plex case of resonance. Let the following connections occur: 

l2fc>2 - 1 = a', *x= e2^ 1f (67) 

where a' = U , Then, by proceeding as in the previous case 
one obtains 

2 A" SJ/(W./2) = 2( «„- a"). (68) 
(2/3f) 

Equation (68) is the equation of hyperbolic paraboloid. 
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1.6.3. Concluding remarks 

An analysis of the Hopf bifurcation in nonstationary non­
linear systems exemplified by the Mathieu-Duffing oscillator 
has been presented. Considerations have been limited to de­
termining the parameter-frequency relations and the dependen­
ce of the bifurcation parameter on the other parameters of 
the systems* The method of development into series of the 
perturbation parameter connected with the vibration amplitu­
de (on the assumption that it is a small quantity), and the 
method of harmonic balancing have been employed. Cases with 
and without external force have been considered. For the lat­
ter case, with the vibration far from resonance, the vibra­
tion amplitude A, the amplitude of the excitation force %* 
and the frequency 6, create a quadric surface, which is a 
cone. On the other hand, for vibrations near resonance, the 
frequency S«, the vibration amplitude A, and the parametric 
excitation factor M* create a surface of the second degree, 
which is a hyperbolic paraboloid. 
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Chapter 2 

2. BIFURCATION AND CHAOS: NUMERICAL METHOD BASED ON SOLVING 
BOUNDARY VALUE PROBLEM 

2.1. Introduction 

Examples of chaotic behaviour in deterministic nonlinear 
oscillators show that our knowledge cannot explain all the 
possible complex dynamics of even simple nonlinear systems 
[27-35]• One can also expect in complicated dynamical syste­
ms something more than strange attractors [36] ♦ It is well 
known that the qualitative change in the behaviour of the in­
vestigated dynamical system with the accompanying change of 
its one or few parameters is due to bifurcations• The stand­
ard classical methods based on solving the initial value prob­
lem are not efficient enough to give a general structure of 
the bifurcations in a parameter space. For instance, they do 
not allow for the accurate calculation of the bifurcation 
points and for the calculation of unstable (invisible) at­
tractors. 

This chapter concentrates on the systematical approach to 
trace the behaviour of the system by varying one (or more) 
chosen parameters in autonomous and nonautonomous systems. 
The presented approach is based on solving a boundary value 
problem using the shooting method and develops earlier Bro-
mmundt's works [37,38], where the Urabe [39,40] method was 
used. Similar strategy of calculating branching points and 
new bifurcating branches of solutions is widely described by 
Seydel [41-44]. 

2.2. Gradual and Sudden Transition to Chaos 
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2.2.1. Method and results 

A Duffing-type unsymmetric oscillator governed by the 
equation 

y + cy + Y = q + Pcoswt (69) 

is reconsidered. This oscillator was investigated by Ueda 
[45] • He presented strange attractors for GO = 1, P = 0.16, 
c = 0,15, q = 0.03 and q = 0*045* These results were obtained 
using the numerical method based on solving the initial value 
problem* Also Szemplinska-Stupnicka and Bajkowski [46] exami­
ned the behaviour of this oscillator by means of an approxi­
mate analytical method. The results obtained by them were 
then verified by the computer simulation analysis* 
Here local bifurcations of periodic orbits in the q parame­

ter line are investigated for the following fixed values of 
parameters: c = 0*15, tJ= 1*0, P = 0*16* The flow of (69) is 
strictly contracted, which implies only that the saddle-node 
or the period doubling local bifurcation exists* Hopf bifurca­
tions are excluded* In order to investigate, the k-subhar-
monic solution, the integration interval of (69) is transform­
ed to 2TFk length. By the use of the shooting method it is 
then possible to solve the following boundary value problem 
and to obtain multipliers from equations 

Mj^Cy-jt y2t q> - y± = o, 

X[DM(m)(y1f y2, q), 6} = 0, (70) 

y1 = y. y2 = y> * = 1* 2* 

Above, BC denotes the i-th component of the stroboscopic 
phase portrait (Poincare map) of (69) with nondimensional 
time T= kwt. % is the characteristic polynomial whose eigen­
values 6i are the sought multipliers of the 21Tk periodic Plo-
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quet matrix. Calculations were interrupted at the m-th step, 
only if the following norm ||M<m) - y±\\ =Z^|M^m) - y±| 2< 10"6 
The multipliers are either real or complex conjugates. We 
will trace the movement of those multipliers which accompany 
the change of q. 

Pig. 1♦ Phase portrait of the large periodic orbit for 
q = 0.03, 

The main resonance solution is presented in Pig. 1. As is 
seen from Table 1, the increase of q has almost no ef­
fect on the behaviour of the multipliers. However, for the 
considered interval of q, another solution exists (see Table 
2). For q e (0,042385; 0.03913) this is the 1/2 subharmonic 
solution. There are two possible routes to chaos for this so­
lution (small orbit). The violent burst into a strange chaotic 
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Table 1. The main resonance solution found using tracing 
algorithm and corresponding multipliers. 

q 

! 0.03 
0.035 
0.04 
0.045 
0.05 

y 

1.1406 
1.1432 
1.1,458 
1.1483 
1.1509 

7 

0.65757 
0.66083 
0.66408 
0.66733 
0.67057 

Multipliers 

1 
0.21; 
0.22; 
0.21; 
0.21; 
0.21; 

0.83 
0.82 
0.83 
0.83 
0.83 

2 , 
0.21; 
0.22; 
0.21; 
0.21; 
0.21; 

-0.83 
-0.82 
-0.83 
-0.83 
-CK.83 

Pig. 2. Strange chaotic a t t rac to r obtained for q = 0.043 
(one multiplier crosses the unit c i rc le at +1). 
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Table 2. Bifurcation structure of the small periodic orbit 
and corresponding eigenvalues-example numerical 
results. Asterisks are coded bifurcation points. 

q 

0.042385* 
0.042382 
0*042380 
0*042000 
0,041500 
0.040000 
0.039300 
0.039190* 

0.039150 
0.039110 
0.039000 
0.038300 
0.03822 * 

0.03815 
0.03808 
0.03803 
0.038029* 

y 

-0.26362 
-0.26156 
-0.26071 
-0.23492 
-0.22024 
-0.19277 
-0.18314 
-0*18173 

-0.18966 
-0.19487 
-0.20149 
-0.22495 
-0.226810 

-0.235540 
-0.214580 
-0.21257 
-0.21253 

J 

-0.13127 
-0.13080 
-0.13061 
-0.12428 
-0.12033 
-0.11227 
-0.10923 
;-0.10877 

-0.10992 
-0.11066 
-0.11156 
-0.11436 
-0.11455 

-0.11602 
-0*11210 
-0.11165 
-0.11164 

M u l t i p l i e r s 

1 

1.0; 0.0 
0.78; 0.0 
0.72; 0.13 
0.27; 0*67 
0.00; 0*73 
-0.54; 0.49 
-0.65; 0.00 
-0.54; 0.00 

0.33; 0.0 
0.52; 0.10 
0.37; 0*38 
-0.70; 0.0 
-1.0 ; 0*0 

-0*01; 0.24 
-0.28; 0.32 
-0.23; 0.0 
-0.08; 0.0 

2 

0.54; 0.0 
0.09; 0.0 
0.72;-0*13 
0.27;-0.67 
0.00;-0.73 
-0*54;-0*49 
-0.83; 0.0 
-1.0 ; 0.0 

0.87; 0.0 
0.52;-0.10 
0.37;-0.38 
-0.40; 0.0 
-0.27; 0*0 

-0*01;-0*24 
-0*28;-0.32 
-0.88; 0.0 
-1.0 ; 0.0 

Pe­
riod 

4TT 

8*r 

161 
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