BIFURCATION
AND

CHAOS IN SIMPLE
DYNAMICAL SYSTEMS

J. Awrejcewicz

World Scientific  aAA



http://www.avadocuments.com/doc/wspc-bifurc-cha-in-simp-dyna-s-1989
http://www.avadocuments.com/doc/wspc-bifurc-cha-in-simp-dyna-s-1989

BIFURCATION

AND

CHAOS IN SIMPLE
DYNAMICAL SYSTEMS

Document Sharing Hub
Copyright World Scientific Publishing Co.
Provided by IHS Markit under license with WILEY Licensee=/, User=,
No reproduction or networking permitted without license from IHS Not for Resale,

Full document details: WSPC BIFURC CHA IN SIMP DYNA S 1989


http://www.avadocuments.com/doc/wspc-bifurc-cha-in-simp-dyna-s-1989
http://www.avadocuments.com/doc/wspc-bifurc-cha-in-simp-dyna-s-1989

This page is intentionally left blank

Documents

Document Sharing Hub
Copyright World Scientific Publishing Co. !

Provided by IHS Markit under license with WILEY Licensee=/, User=,
No reproduction or networking permitted without license from IHS Not for Resale,

Full document details: WSPC BIFURC CHA IN SIMP DYNA S 1989


http://www.avadocuments.com/doc/wspc-bifurc-cha-in-simp-dyna-s-1989
http://www.avadocuments.com/doc/wspc-bifurc-cha-in-simp-dyna-s-1989

BIFURCATION

AND

CHAOS IN SIMPLE
DYNAMICAL SYSTEMS

J. Awrejcewicz

Technical University
Institute of Applied Mechanics
Lédz, Poland

\ World Scientific

Singapore ® New Jersey ® London * Hong Kong Documents

Document Sharing Hub
Copyright World Scientific Publishing Co.

Provided by IHS Markit under license with WILEY Licensee=/, User=,
No reproduction or networking permitted without license from IHS Not for Resale,

Full document details: WSPC BIFURC CHA IN SIMP DYNA S 1989


http://www.avadocuments.com/doc/wspc-bifurc-cha-in-simp-dyna-s-1989
http://www.avadocuments.com/doc/wspc-bifurc-cha-in-simp-dyna-s-1989

Published by

World Scientific Publishing Co. Pte. Ltd.,
P O Box 128, Farrer Road, Singapore 9128
USA office: 687 Hartwell Street, Teaneck, NJ 07666

UK office: 73 Lynton Mead, Totteridge, London N20 8DH

Library of Congress Cataloging-in-Publication Data

Awrejcewicz, J. (Jan)
Bifurcation and chaos in simple dynamical systems/by J. Awrejcewicz.
p. cm.

Includes bibliographical references.

ISBN 9810200382

1. Bifurcation theory. 2. Chaotic behavior in systems. 3. Boundary

value problems — Numerical solutions. L Title,

QA372.A97 1989

515°35—-dc20 ‘ 89-22433

CIP

Copyright © 1989 by World Scientific Publishing Co Pte Ltd.

All rights reserved. This book, or parts thereof, may not be reproduced
in any forms or by any means, electronic or mechanical, including photo-
copying, recording or any information storage and retrieval system now
known or to be invented, without written permission from the Publisher.

Printed in Singapore by JBW Printers and Binders Pte. Ltd.

Documents

Document Sharing Hub
Copyright World Scientific Publishing Co.
Provided by IHS Markit under license with WILEY Licensee=/, User=,
No reproduction or networking permitted without license from IHS Not for Resale,

Full document details: WSPC BIFURC CHA IN SIMP DYNA S 1989


http://www.avadocuments.com/doc/wspc-bifurc-cha-in-simp-dyna-s-1989
http://www.avadocuments.com/doc/wspc-bifurc-cha-in-simp-dyna-s-1989

PREFACE

This book consists of three chapters. In the first chapter, analytical methods
to solve the Hopf bifurcation problem are presented. These methods are based on
the perturbation and harmonic balance techniques well known in nonlinear dynamics.
One parameter Hopf bifurcation, biparameter Hopf bifurcation and bifurcation
into quasiperiodic orbits in autonomous systems are considered. Then the analy-
tical approach for detecting Hopf bifurcation solutions in Duffing, Mathieu and
Mathieu-Duffing oscillators are demonstrated.

The second chapter includes a numerical approach to systematically study
the behaviour of mechanical and bio-mechanical systems governed by the non-
autonomous and autonomous nonlinear differential equations. The procedure
presented is based on solving a boundary value problem using the shooting method.
The behaviour of the dynamical systems are traced along variations of the chosen
parameters. Observation of the evolution of the characteristic multipliers gives
information about stability and possibly further branching of the investigated
solutions. In the case of nonautonomous systems, periodic orbits are traced and
the transition to chaos when one of the multipliers crosses the unit circle at +1 or
-1 (period doubling) are discussed and illustrated. An example is given for chaos,
which has appeared after the simultaneous passage of a pair of multipliers through
the unit circle of the complex plane. An autonomous system of three nonlinear
differential equations which governs the oscillations of human vocal cords is
considered in some detail. Steady state solutions, Hopf bifurcations and the
branches of periodic orbits which emanate from bifurcation points are calculated.
Tracing the evolution of characteristic multipliers allows the observation of alter-
nations of stability and possibly branching to other periodic or quasiperiodic
motion. '

In Chapter 3, the attention concentrates on formulating the analytical condition
for. Hopf bifurcation of the periodic orbit or the Hopf type bifurcation of the
quasiperiodic orbit which lead to nonlinear algebraic bifurcation equations. Three
examples show the occurrence of chaotic orbits after bifurcations.

The contents of this book are considerably influenced by my experience at the
semiinar at the Polish Academy of Sciences in Warsaw (1984—1987) and at the
seminar organized by the Stefan Banach International Mathematical Center
(September 19— December 18, 1986). 1 express my thanks to Prof. W. Szemplinska-
Stupnicka for his knowledgable comments on part of the results presented in
Chapters 1 and 3.

A majority of results presented in this book are based on a research project
supported by the Alexander von Humboldt Foundation. Iwould like to acknowledge
the many useful discussions with Prof. E. Brommundt, Prof. D. Ottl and H. Staben
regarding the material given in Chapter 2. I wish to express my smcereljg&lasménts
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the hospitality of the Institute of Technical Mechanics of the Carolo Wilhelmina
University of Braunschweig, where part of the work presented in this book was
carried out.

Finally 1 acknowledge a very fruitful collaboration with R. Klopp from the
University of Waterloo, who has helped avoid many difficulties with the style
and presentation of my work.

JAN AWREJCEWICZ
Braunschweig, Spring 1989
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Chapter 1

1. HOPF BIFURCATION PROBLEM:VAN ANALYTICAL APPROACH

1.1. Introduction

Congider the dynamical system governed by the system of or-
dinary differential equations

x = F(n, x) = Fy (x) (1)

with x ¢ R® and ne Bk. Suppose, that F is smooth and depend~
ent upon parameter n. Let, for nos system (1) possesses the
constant solutipn x(qo) = Xono* Generally, system (1) has n+2
topologically different portraits of the phase flow., They
correspond to one nonsingular point and n+1 simple singular
points xg’q, where P = Oy7,40e, ny, p+q = n (see [ 1] ). Numbers
p and q are the numbers of the eigenvalues of the Jacobian
matrix DFx(QO,xO) with p negative and q positive real parts.
Phase trajectories near the nonsingular point are similar to
the parallel lines, The behaviour of the phase trajectories
in the neighborhood of the gingular point xg,q depend on p
and q. For p = n all trajectories aspire to the stable point
xg’o when t — +o0, whereas for q = n all the trajectories
agpire to the unstable point xg’q when t —-, All the other
points xg,q are saddle points. Two surfaces S * and §_~ with
codimension p and q, respectively pass through the saddle
point, If the trajectory belongs to the surface S + (Sq-)

the point xg’q is the stable one xg’o (unstable one xg’q).
The stable (unstable) singular point corresponds to the
gtable (unstable) equilibrium point of the considered dynam-—
ical system. By continuously changing the parameter n the
numbers p and q change., This change takes place if one (or

a pair) of eigenvalues of the characteristic equation
Documents
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det|| DF, (xy) - AI|| = O cross the imaginary axis of the com-
plex plane A, This means, that a bifurcation from an equilib-
rium state appears either when a simple zero eigenvalue or a
simple pair of pure imaginary eigenvalues passes through the
imaginary axis. The latter case known as a Hopf bifurcation
ig investigated in this chapter.

The Hopf bifurcation is up to now widely discribed in 1lite-
rature. The extensive list of references connecting with this
question is for instance given by Marsden and McCracken [2],
Iooss and Joseph (3], Hassard, Kazarinoff and Wan [4]. The
aim of this chapter is to present applications of approximate
analytical methods to obtain the new bifurcated solutions
(i. e. pexturbation technique and harmonic balance method).
Mentioned approximate analytical methods are well documented
(see for instance [5-9]). In this chapter three different
methods are presented to solve the Hopf bifurcation problem,
In the first considered example r;eR1 and one pair of purely
imaginary eigenvalues cross the imaginary axis. The use of
the center manifold theorem [10] allows the approximate solu-
tion, which exactness is improved by the method of successive
approximations, to be easily obtained. In the gecond example
with.qeR2 the new periodic solution is sought in the form of
a power series in relation to parameter n and another parame-
ter connected with the amplitude of oscillations. The third
example presents the method to obtain quasiperiodic solutions
which appear after two pairs of purely imaginary eigenvalues
cross the imaginary axis. In this case two independent pertur-
bation parameters E1 and 82 {connected with the amplitudes of
oscillations) are involved in order to obtain postbifurca-
tion solutions. The Hopf bifurcation problem in autonomous
systems is widely investigated by Huseyin and coworkers (see
for instance [11-14]).

The investigation of external periodic forcing and parame-
tric periodic perturbations on the Hopf bifurcating solutions
are more complicated when compared with the autonomous sys-
tems [15-18] and is also considered here.

All the results of this chapter are based on the results
given in [19-24] (see also [25,26]).
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1.2. One Parameter Hopf Bifurcation
Consider the differential equation (1) where r26R1. Sup-

pose,that the characteristic equation which corresponds to
the Jacobian matrix DFq (xo,q) has the form

(6-6,())(6-6,()) P(,6) =0, (2)

where '
6,0 = 8§ T iwm,
w(qc) # 0,
§(ne) =0,
(0

(3)

+-
O

and ¢ is the critical value of parameter Q. Agsume that
9quation (J) can be presented in the form

o
[}

Kp(nlu + K (n)v + f(q,u, V),

<.
Il

Su(q)u + S,(7)v + §(q,uov), (4)

where u € R2, ve Rn—z, ne R1, x =col[u,v] and matrixes
K, (0)y K (n)y S,(7), 5,(p) are the linear parts of expan-
sion of F(x,n) into the Taylor series around the equilibrium
point Xq (xO = 0 is taken into further eonsideration).
Equation P(7,6) = 0 has roots with negative real parts, for
n in the neighbourhood of Ne? and 61 and 62 are eigenvalues
of the two dimensional matrix Ku(qc). The matrix K, known
also as the critical matrix, determines the Hopf bifurcation.
From the center manifold theorem, in tbe vicinity of the

equilibrium path x, = 0, there exists a function, v = f(u)
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which has the property fu = Ot For the first approximetion,
one can assume that

v = f(u) = O, (5)

Taking (5) in (4) into account one can obtain

= K (n)u + i(q,v), (6)

where K(n,u) = X(n,u,0). In the neighbourhood of the critical
point

Ka()) = Ky(ng) + Kan(n = ) + glypn (7= g)° oo
(7)

Let u(q) = 0 be the solution of (6) for N<% and at the
point n = Ne the periodic solution u(t,€) = u(t + T,¢) of the
period T bifurcates from equilibrium. This solution depends
on the formally assumed perturbetion parameter connected with
the amplitude of oscilletions. Then dimensionless time T= wt
is introduced and from (6) one obtains

W (€) uqg (T,€) = K(n,Tye), (8)

where K(n,T,€) = K, ()u(T,e) + K(n,u(T,)) and u(T,t) =
u{T + 2mW,£) and w(e) is the unknown frequency. Periodic solu-
tions u(T,t) of equation (8) are searched in the form of a
particular Pourier series, which coefficients depend on the
parameter £

K
ui(t’E) = Z

Z (pik(e)coskT + rik(e)sinkt). (9)

Mofeover, P11 (E)T5 (€)y N(€) end w(e) ere developed into the
power series of the parameter €

TIn the notation used in this chapter this character denotes
the differentiation.
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_ . 1 u 2
Pig(®) = Pyyeg *+ Pyy€ + 3 Py + wee s

. : 1 2
Tii(8) = Ty * Tye€ + 3 T+ eee s

(10)

I?(E) "zc+q'€+%r7"52+ vee

1

(“)(EI) 2&)“62 + eee

1
L)c+w£+

where in the criticel point Pixo = Tixo = 0. The solution
ui(T;a) is searched in the form
~N

u (T,6) = uj(e) + gui(De? + ouu (11)

where

X
() ] ~ *) .
uy (t) = z; (p;k coskT + r;k s1nkf). -(12)

Because the system (8) is autonomous we set a r11(5) = 0.

Now one can act in one of two ways. Either introduce equa-
tions (9) to (12) into (8) and then by comparing the terms
with the same powers of € obtain a linear differential equa-
tions set , or obtain these equations by successive differen-
tiation of (8). Employing the latter possibility one obtains

'

LJ‘ u + W u’ = Elfi EE.‘]— + /EI—{EI"- El_lg + Elfi '
it c it Bu1 FY3 W, 2t a,2 ’
2 2.1
Wi + 20U + W Uy = R (331) 2, 2% 2242
iT iT ¢ it ‘b(u )2 D¢ 'a( ) X
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)
" X Ty Ky

n ’ |l ' "
Wy + 3W Uy + 30U + WUy = =% omew 4 =S

2, 2 '
_3_3_‘_‘2 3K wy 3Ky wy Ky Ty,
363 7 duan € dudn Ot mon D¢
2 2 « .
.\ 9 Ki Uy, 33Ki Uy M, | 33Ki
"""" 2 A e B B
du,dn At dudu,n ¢ ¢ du,dn
u u °k.  Pu, 2u
A2 w3 2oty 222 43 2o 20100
ot dudn- ¢ 2ujdu, 3¢°
2 2,
L5 AK Tup TK; 7wy 2, 2Ky
'bu13u2 D¢ d¢t 'b(u1) BQZ ¢ B(uz)z
2 t ' +
oy K owp s 9K g G

+
32 3¢ TG 3 T Ray? v 7 ) 2,
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3 '
du 2u K. U U
(a1y2 272 g i (f22y2 21 (13)
At ¢ 2u, Auy) PY A3

Solving equations (13) successively, we obtain (9) and (10),
Solutiong u € 1R2 obtained in this way are denoted as uy end
put in the second subsystem of equations (4)

WV = Su(r?)u'b + 8,(n)v + §(r2,u.b,v), (14)

where W, n end u, are known. In order to obtain v, this
gystem of equations can be solved by a perturbation meth-
od,

1.3. Biparameter Hopf Bifurcation

Consider the case when n = (/u,S)- Taking T =wt into ac-
count one obtains from (1)

wxy = F(x,n). (15)

Periodical bifurcation solutions ere searched in the form
€ 1_¢2 2 1 3 3 ME

1

2
moE (T)€M2 + zxi@“ (T) 82M + eee (16)

AME o+ %xi

where & is a certain perturbation parameter comnected with
the amplitude of oscillations. Every component of the series
(16) is searched in the form
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(1) = MZ, ¥ cosmt + r® sinmt ) (17)
i - =0 Pim im *

Coefficients Pim* Tim? frequency w and & are searched in the

form of the following series

2 3
pim(g'”) = Pipe t plmE‘ + ZplmE + EPJ.mE’3 + p "‘F’
+2pimu2£+zp 2+ P
2 3
_ 1._¢5 2 1.¢” .3 mE
Tim{Es4) = Type + Typ €+ pTip€° + pTip € + Ty me
2 2
MEE
+ %rim we 4 gplni',uez + cee? (18)

Wpet) = Wy Wk + %wzgﬁz + %wm 53 + Wug ME

1
+ EQ)MEZMEZ + %wwzmz +w, Mt %wfuﬂnz + eeey

6(,0,5) = 80 +8££/+ %8“ 62 + %ESQQQQ-B + 6M€M£

+ %SMEZM@ + %SMZ Er+ bt % Sunl + wee

The subsequent differentiation of (15) in relation to & and
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£ 2
WeXyp + WXy = Fijxj,

2 2
+ e 3
Wee X5 00 2u€x WeXir 131 xel +2F. js J 85+F13x3 ’

uE L
W + N = e o X o
Xyt “’“x:_‘r T WXy FleJ

¢
jg‘gux + P, 13655 + P bebm T Figabe 0

2 6.3 €_ ¢

Oree Ta + 3wec XE + 30Xe + 0. xE = P, xixix
Eee T L TiT ¢4t ¢t ijk1%3%%™1

2
%© € 2
+ 3 leS Jxk 6£+ BFle J k + 3F Jssxj(sg)

¢ S
ijﬁxj 6 + 3Fle j 8£z+ Fl X (19)

+ 3F 553

2

¢ ¢ x4 £t
OeaXir + WanXyp + 2u,,xir +two X = Fijkxjxk

3
+ 2F. 134 J s 2F1356“ “ 4 Flej + 2.'[7‘3.”].?”‘6“1:J

2_¢ ¢ e
+ Fi;]ss (§u) Xj + Fijsu,uxg + ]’13/.«,« xj * Fijisixj

2
Fioes 5 (§u)7 + 2F5c0 0680t Figc Seubut Figybe un

M FiSMM o * Fisu Sg u s
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2 M 12 + &2M _
+ wixit. +u,uxit (.ocxi =

(4
w 22MX1T + 2wiuxif

t_t (77 €_tu £t
Pigen®3 ™ * Fage®y B * Pig®e®x * Figketu® ik

€ tu ¢ 2t
+ 2Fijsuxj 8¢ + 2F, 44%; Set 2Fijsxj Sme + 2Fi;jss(3“) xjst
. 2 2 2
€ () 3
+ Fiaij + Fijxj + Fijssij ’
where
2
- ’33(‘0, W2 = _23&)_ . = _E_:E‘i‘_
Weee™ _5';3’ GRS A 13 3598

3ma
A

¥iges AT

Obtained differential perturbation equations (19) are solved
by means of the harmonic balance method, having taken into
account relations (18) and assumed Tyq = 0.

1.4. Bifurcation into Quasiperiodic Torus

2

Consider now equations (1) where neR® and where the Jaco-

bian matrix has a block diagonal form

DF_(n,»Xy) = block diag [01,02,P1,P2, vees RypRo, }

Documents

Document Sharing Hub
Copyright World Scientific Publishing Co.

Provided by IHS Markit under license with WILEY Licensee=/, User=,
No reproduction or networking permitted without license from IHS Not for Resale,

Full document details: WSPC BIFURC CHA IN SIMP DYNA S 1989


http://www.avadocuments.com/doc/wspc-bifurc-cha-in-simp-dyna-s-1989
http://www.avadocuments.com/doc/wspc-bifurc-cha-in-simp-dyna-s-1989

with real elements. The blocks are given

1"

0 &g
¢, = ,
- W O
0 U
C, = ,
- Vo 0
(20)
, &1 Wi
Pi = , 1, 2' eo ey
et £
RJ = [CLJI ’ j = 1’ 2’ o0y

while d&; <0 and . <O for ndn,.
Let A4 o(ny) = o&(ny) £ 10,(ny) end 05 4 = pln) £ 1 0y(0)

be the two pairs of eigenvalues of DFx that cross the imegi-
nary axis at 71 = Mg and No = 720 with non-zero velocity es
71 end N, are increased., Then for 74 = 710 and 72 = 720 we

have
+ .
=2iw
M,2(N¢? 16 »
+
= - ] w
73,4 2c) 2c
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12 N

and the real parts of 21 2 and 13 4 gshould satisfy
1] 14

dualn4)
___El_l ‘o0,
4 101 = Mg
(22)
ap(n,)
-2l # O.
A% 172 = N2
- we k
We consider the non-resonant case,l. e. when --= # -, where
k, 1 are integer numbers. bbc 1

Because of the analogy to the Hopf bifurcation this case will
be refered to as called double Hopf bifurcation.

The bifurcated solutions of (1) are assumed to be in the
parametric form given by

x; = x4ty €4y €5) (23)

The solutions (23) are represented by a double Fourier
gseries

K X
_ s c
Xy = kZO Pigo (Eqs €5)8inkT, + 2k=:O Piyol €19 €5)c08 KT

L L
c s
+ %:O Pio1(€1s€p)c08LT, + ;;b P71 (€9s€p)8inlT,

X
1 T el
t5 %;ﬁ 2;;1 Pg§1(€1,£2) [cos(kTy + 1T,) + cos(kT,
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= 1T ]+ P2 (gq,6,) [sin(kT, + 1T,) + sin(1T, - kT,)]
(24)

sc . .

+ pik1(£1’52)[51n(kTﬁ + 1T2) + 51n(kT1 - 1Té)]
ss -

+ pik1(£1,£2)[cos(ktﬁ - 1&2) - cos(kr1 + 1T2)].

The coefficients szq (E4585), rg%) (£1,(2) , the frequencies
01(81,52), w2(£1,£2) and the bifurcation parameters q1(€1,€2),
72(£1,€2) are searched in the form

%) 1.2 () 3,6
iz)(fwz) = Pig() * E1P§() * 5 HPiy t 3 E1Pi()

O] 1 2 O] 13 ® O) ®"
+ P )yt 3 P )t 5 Pyt EEPi() * ‘21’1()
1 ()
+ E 52 1pi()u+ ceoe
(25)

G x vy 1 2. )
el Cerntp) = w20+ Erily + & rily + 8 ARl

"

S 1.2 1 * 0.1 2.
+ 521‘§_2.), + E ézrj(.%_)n + 6 Egr§-2.):n+ E_1 ézrj(.%_)' + 2 {1{21‘]-.(.):

+ é £§E1I‘§.¥z:)u+ oo

1 ' 1 .2, 1 3.,
Wy = == = @ W, + W, + oW,
1 1o ¥ Eq @y + 3 870+ g 879+t
dt
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1 .2 1.3 ‘ 1,2 " 1 2 .
+ zezuu + 6%“%'+ g52%,+ Zﬁész + 2qezgn+ ces

{ 1.2 1 3, .m
Wy = 722 = Vg + Eqlp + 5 E0y + gy F U

+ 350 + gV + Ul + 5GEouy + %‘1‘%“"2" toeee s
M = Me * ‘91’1'1 £ 34 gAY+ et %5271"

+ E P+ Eytpny + e Epy ¢ %5’152’1'1" Toeee s

No = '?2<>.+ 51'1'2 ‘+ %&'fé + %53’15 totonp t %‘572"

1.3 J 1.2 " 1 2 v
+ gl + Gigny + 3EIENa t 3 E1EQN F eee o

By introducing (24) and (25) into (1) end equating the expres-
slons of the same powers E% Eé(k,l = 0,1,2,44.) & sequence

of linear differential equations are obtained, which are sol-
vable by means of the harmonic balance method. Because the
system is autonomous it is possible to obtain the dependen-
cies of unknown frequencies and bifurcation parameters on
amplitudes of oscillations in thils way. Independent small
perturbation parameters are connected with amplitudes of os-
cillations.

 1.5. HBopf Bifurcation in Duffing's Oscillator

:;'1.5.1. A vibrating systen

Consider the vibrating mechanical system with one dBMpeeiEents
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freedom

d2x 2 dx 3
m-=x = (c1 - X ) —— + kx + k,x” = Pycos oy t, (26)
dt dt

where m is the mass of the vibrating bedy, cy and c, are damp-
ing feetors, k and k1 - rigidity factors, and PO and W, are
respectively, amplitude and external excitation frequency.

The eq. (26) assumes the dimensionless form

2

a“y dy dy -

-5 =N == 4 8y2 -— 4+ u2y + §y3 = Acos?, (27

dt gt Coar ¢

where
. Cq °2Piax 2 k

T= Wity x = -=5 Y = ——— 2 —F-p2 L5 = -

1% ? s N m(J.], o w? ’ 0 a ’
2 2

£ k,P P

u)i = -g ’ g.-_-. -13_132}5. y 0= -0 . (28)
“q mew g Prax

.

The eqe. (27) is & particular type of the Van der Pol-Duffing
equation, and for 7 = O it circumscribes the vibrations of
Duffing's oscillator. It cen be presented in the form

dx, SX?
a;— =x, - —5- + 0%

(29)
dx, 2 3

o = - wixy - §x7 + 2cosT ,

where x, = y. The characteristic equation obtained from (29),
in the case of lack of external excitation, has the roots
61,0 - 1/2(1%(n2-4 wg)vz). For n, = 0, at the criticel point
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61’2 =% i“b and d61,2/d7|c = 1/2 conditions of occurrence

of the Hopf bifurcation are fulfilled.

1.5.2. Non-resonance case

Let A= £, then the eq. (29) will have the form

1 1
ariV ey s )

azr = x5 - ---3--—— +nx; 7,
(30)
(1)
4
a;g = - u§x§1) - g(x$1))3 + £W1cosT .

The solutions of (30) are searched in the form of series

R U S 1 AU T (NN ELY

is= 1,2.
rz: r?c + f_r?' + % E_2f?" + % EBQ"’ + oo ‘, (32)
W= U, +E+ % £%w" + % ng"’ + eee o (33)

M

In the critical point 1, = x;, = O. The bifurcation solu-

tions x§1)(r,e) ere represented by the Fourier series
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K
(1) _ ] e c
x; 0 = EE% (py)o(€)sinkT, + P33 oCOSkT,)

M

{pix1 (O

1

L L
+ 1220 (pgol(i)cosl't + p?ol(z)sinl't) + %iz ;

[cos(kT1 + 1T) + cos(k'l'1 - l’f)] + plkl(i)[mn(kL
+11) + sin(1T - kT)] + pfy, (6)[sin(kT, + 17)
+ sin(k‘t1 - lT)] + p?il(é)[cos(kT1 - 1T) - cos(k’f1

+ 0]}, (34)

,
]
3
5

where:

* o®

iy = 2520y + eoldy + 328)) + 18] (35)

()*2 P()*B Pm*-"

The following parameter~frequency relations and the depend-

ence of the bifurcation parameter on amplitude are obtained

§ (1,2 A
= 2 (A + ——g——- ) (36)
=5 (2-1)2" "
¢ .
= 3 1A2 —————
® Wy * 1 3 (5A° + (u2-1)2) , (37)
C o]
where: A° = ( ip110) + ( £p$%o)2.
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1.5.3. Main resonance

Let A= i_qz, then equation (29) gives

2) (2)+3
ax;?) () _sFTT (@)
it 2 3 1% ’
(38)
(2)
=30 2 (2)
d_T = wcx1

- i(xgz))3 + g3x2cosT .

Let us assume that frequency Wy end the external excitation
e E

frequency differ from each other only slightly,
o, 4

i. e« let
1-1/2a', where &' = i?a. Now we act analogously to the
non-resonance case

n=§ 4% - } sing , (39)
w= W, - 3 2epEPy 22, (40)

1.5.4 Resonance of the n-th order

cy: w, =

In this case it 1s agsumed that the following relation
exists between the frequency and external excitation frequen-
c:

1/n(1 - 1/2a’ ). The equation (29), after taking

Copyright World Scientific Publishing Co.
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(3)
dx
1 - éB) _ n?(x‘gB))B " nrzng)’
| (41)

(3)
X370 (3) L (3) | 2,,.(3),3 2
= - x4 + ax, -n i(x1 ) + €n Q1cosnT2.

2°n
182 4 I ) (42)

=
1
N
(=)}
~~
hS |
[
+

n
2e %+ 3 2sy (43)

1.5.5. Concluding remarks

On the example of the forced Van der Pol-Duffing’s oscil-
lator, analytical method of determining the post-critical fa-
mily of solutions after Hopf bifurcation in nonlinear nonau-
tonomous oscillators with one bifurcation parameter is pre-
sented, It is assumed that Hopf‘s conditions are fulfilled
for a certain value of the bifurcation parameter when no for-
cing exists in the system., The bifurcated solutions are sought
in the form of a particular Fourier series, The practical
application of the series consists in solving perturbation
equations of the first, second and k-th order by means of the
harmonic balancing method. The examplary calculations have
been reduced to k=3, as an approximate bifurcation solution
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ig determined in principle near the critical point. In the
investigated case the amplitude is connected with the small
perturbation parameter., The exciting force amplitudes are of
the order of the amplitude A, or are smaller.

In the case of no resonance as well as in that of the reso-
nance of n~-th order, the parameter i has no influence on the
dependence of bifurcation parameter, amplitude, amplitude of
the exciting force, whereas the parameter % has no influence
on the dependence of amplitude, frequency, amplitude of the
exciting force.

1.6. Hopf Bifurction in Nonstationary Nonlinear Systems
1—' .6.1. Example without external force

fConsider a vibrating mechanicel system with one degree of
freedom — a rotor with unequal moments of inertia of its
cfoss-section, with its mass concentrated in its center. The
equation of motion of the system has the form

my + %(k1 + ky +(k; - ky)cos2w t)y + koy3 =0, (44)

where m is the concentrated mass, ko is the non-linear rigi-
dity, ky, k2 are the rotor rigidities, and w is the rotation
frequency of the rotor. After a change of variables, a dimen-
sionless form of the equation is obtained,

4°x/4T° + (62 + seos2T)x + ’xo = o, (45)
where
= y(k1/ko)_1/2, T=wt, €= k1/(mw2),
2 _ 1 2 1 2
& = 5(ky + ky)/mo™,  w=5(kq - ky)/(ky + ky)w e
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Equation (45) can be expressed as a system of two differen-
tial equations of the first order,

Xy = Xoy iz = —52x1 - X, cos2T - gx?, (46)
where X, = ¥. ‘
The bifurcation solutions are sought in the form of a se-
ries in the pérturbation parameter £ connected with the vi-
bration amplitude, of the form

. 0 2 " nt 3
x; = Xg + {x + 2 g Xy + Exi 4

i + oo [ (47)

EEand the frequency 52 and the parameter u also can be develop-
‘ed into power series in the perturbation parameter,

62 = 62 + 66 + 526 4 FCE" + eue s (48)

M=+ a4 %z?u” + %iBN + ees s (49)

where 5 = n° and My = 0o After substituting equations (47) -

(49) into equations (46) and developing x() into Fourier se-
ries, harmonic balancing is performed at £ and sin nT , cosnT
and the following is obtained:

s’ c’ c' . 8’ ‘
Pono = ~ PPinoe Pono = PPino* (50)
Then
x? = 63((p$£0)3(§cosnT + %coanT ) + %(p$£0)2
.ps’ ‘ 2 ' ,
Pipo(sin3nT + sinnT ) + 4(p?n0)2pﬁno(cosnf - cosiml)
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+ (p?AO)B(%sinnf - isianT ) (51)

3

After harmonic balancing at ¢, one obtains, for n # 2,

2. ¢ _ 3 c’ 3 g' 2_c'
D"P1no 8'= 1((P10)” * (P1no)"P1no)s
2.8’ v 3 8' 3 ¢’ 2 8’
n p1no 8" z((P1no) + (p1no) p1no)0 (52)
The following is the solution of equations (52):

I

_ cl _ "
M= Pipo = 00 b4

il

F(1/0%) €(05,0)% (53)

it

M=o =0, §py = 2(1/0°) £ (65,07, (54)

On the other hand, for n = 2 the following is obtained:

' " it

p?zo =8 = 0, b= - Tg E(p?éo)zi (55)

Plao = 8= 0, 4= - g 50500% (56)

1.6.2. Example including external force

Let now a harmonic force have an effect on the system
congidered above. In this case the equation of motion has
the form

ny + %(k1 + ¥y + (kg - ky)cos2wt)y + koy3 =

= Pycos w,t. (57
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Let

To= wt, x=y(ky/k) 2, A= (py/mw?)(ko/ip) V2,

bu

ky/(mw?), 62 = (kg + ky)/2mw?, i/ = Wi,

(ky - kp)/2mw?, (58)

My

'hen equation (57) will have the form
2_,..2 2 3 .
4A°x/dT° + (85 +m,ec082Ti)x + £x° =2,008W, Ty o (59)

The system of two differential equations replacing equation
(59) is

. . 2 -
X, = Xp, Xy = = 6“x1 - gx? = MyX c082 Ty + N CO8 Wil

(60)
where 2Ax= 811,. The Fourier series in this case is double
and has the independent variable nTx and lwxThe

Consider first the non~-resonance case (lw, # n), where n,
1 ¢ N. After harmonic balancing at t and sin nt., cos nT.
and sin 1W«Tx, cog 1lwTy and after solving the algebraic
equations set one has

‘

pgno =T np?nO’ pgno = np?no; (61)
! ' ’ 2 2.2
Plor = Poo1 = O DPigy = 4/(n° - 1705 ),
Iy = - 1%4/(m® - 1%5 ). (62)
Then
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x? = (p?;lo)B(%cos nTle + %cos 3nT.) + %(p?;_lo)z

-1 ; 3,8 \2_¢
p1no(sm 3nTe + sin n% ) + Z(Pmo) P1no
‘(cos nT, - cos 3nT.) + (p'?'no)B(%sin nv,

1 3, ¢ \2_c' - 3,.¢ 2
- Isin 3nT.) + 2(p1n0) P1g1¢0S LoaTe + I(pmo)
pJpp(cos(2n + 10)Te + cos(2n - 1w)T)  (63)
+ gp?;lop:';lop?'ol(sin(zn + 1w )T+ 3in(2n - 1w )T
¢ 8800 y008 10kTu- F(350)285y (c0a(2n
+ 1) Tu+ cos(2n = 1w )W) + gp?;w(p%l)z“s nT,
+ %p?;lo(p?’(u)z(cos(n + 21Wx) T+ cos(n -~ 21W)T,)
+ 3D50(PS0y)  sin n T 203 00(P501) 2 (sintn +
+ 2190 )T + gin(n - 21we) Ty ) + (p?bl)B(%cos 1w,

+ z}cos 31weTe)o

When compering the terms at orders &3 end sin n%, cos nl,
es well as at sin 1lw«T, and cos 1luw.T,one can obtain u" apd
§" and finally, for this case,

b =0,

¢° = % ”;’1‘“1’”%002 + 305009 + (B0,
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+ 17202205007 + (35007 + 2055, 0%, (64)

Let

t I .
p?no £= Acosy , p?no €= Asiny . (65)

Then the following is obtained from using the expressions in

(65) :
u =0,
A% 24
+
2n21202/(lgg?+2n?) 2(n2-12w3)lsznz/(212u?+n2)
2
i 3§_ - o. (66)
7%

The second of equations (66) has a geometric representation
as a quadric surface — a cone.

The parametric forcing occurs when either n # 1 end n = wl,
n=1andn +wl, orn-=1%wl, Congider the last most com- ~
plex case of resonance. Let the following connections occur:

1202 1 =6, A= £2, (67)

where &' = &za. Then, by proceeding as in the previous case
one obtains
A2

82/(0e/2) = mmmmmm = 2( atp— &), (68)
(2/38)

Equation (68) is the equation of hyperbolic paraboloid.
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1.6.3. Concluding remarks

An analysis of the Hopf bifurcation in nonstationary non-
linear systems exemplified by the Mathieu-Duffing oscillator
has been presented. Considerations have been limited to de-
termining the parameter-frequency relations and the dependen-
ce of the bifurcation parameter on the other parameters of
the systems. The method of development into series of the
perturbation parameter comnected with the vibration amplitu-
de (on the assumption that it is a small quantity), and the
method of harmonic balancing have been employed. Cases with
and without external force have been considered. For the lat-
ter case, with the vibration far from resonance, the vibra-
tion amplitude A, the amplitude of the excitation force 2Ax
and the frequency §, create a quadric surface, which is a
cone, On the other hand, for vibrations near resonance, the
frequency 6:, the vibration amplitude A, end the parametric
excitation factor u. create a surface of the second degree,
which is a hyperbolic¢ paraboloid. '
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Chapter 2

2. BIFURCATION AND CHAOS: NUMERICAL METHOD BASED ON SOLVING
BOUNDARY VALUE PROBLEM

2.1. Introduction

Examples of chaotic behaviour in deterministic nonlinear
oscillators show that our knowledge cannot explain all the
possible complex dynamics of even simple nonlinear systems
[27-35]. One can also expect in complicated dynamical syste-
ms something more than strange attractors [36]. It is well
known that the qualitative change in the behaviour of the in-
vestigated dynamical system with the accompenying change of
its one or few parameters is due to bifurcations. The stend-
ard classical methods baged on solving the initial value prob-
lem are not efficient enough to give a general structure of
the bifurcations in a parameter space. For instance, they do
not allow for the accurate calculation of the bifurcation
points and for the calculation of unstable (invisible) at-
tractors.

This chapter concentrates on the systematical approach to
trace the behaviour of the system by varying one (or more)
chosen parameters in autonomous and nonautonomous systems.
The presented approach is based on solving a boundary value
problem using the shooting method and develops earlier Bro-
mmundt's works [37,38], where the Urabe [39,40] method was
used. Similar strategy of calculating branching points and
new bifurcating branches of solutions is widely described by

Seydel [41-44].

2.2. Gradual and Sudden Transition to Chaos Documents
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2.2.1. Method and results

A Duffing~type unsymmetric oscillator governed by the

equation '
¥+ cy +y° = q + Feoawt (69)

is reconsidered. This oscillator was investigated by Ueda

[45]. He presented strange attractors for w= 1, F = 0,16,

¢ = 0,15, 9@ = 0,03 and q = 0,045, These results were obtained

using the numerical method based on solving the initial value

problem, Also Szemplinska-3tupnicka and Bajkowski [46] exami-

ned the behaviour of this oscillator by means of an approxi-

mate analytical method. The results obtained by them were

then verified by the computer simulation analysis.,

Here local bifurcations of periodic orbits in the q parame~
ter line are investigated for the following fixed values of
parameters: ¢ = 0,15, W= 1,0, P = 0,16, The flow of (69) is
strictly contracted, which implies only that the saddle-noéde
or the period doubling local bifurcation exists. Hopf bifurca-
tions are excluded. In order to investigate the k-subhar-
monic solution, the integration interval of (69) is transform-
ed to 27Tk length., By the use of the shooting method it is
then possible to solve the following boundary value problem
and to obtain multipliers from equations

M:g_m)(y‘l) Ioo q) - yi = 0,

0, (70)

X[Dm(m)(y1’ Yoo q), 6}

y1=yyy2=&9i=1’2'

Above, M:Ig_m) denotes the i-th component of the stroboscopic
phase portrait (Poincaré map) of (69) with nondimensional
time T = kot, X is the characteristic polynomial whose eigen-

values 6, are the sought multipliers of the 2Nk periodic Flo-
i Perioffa ifnents
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quet matrix., Calculations were interrupted at the m-th step,
only if the following norm | Mﬁm) -yl =2 Mg") - ¥y 2¢ 1078,
The multipliers are either real or complex conjugates. We
will trace the movement of those multipliers which accompany
the change of q.

? 0:0 — C -

-2.0 -1.0 0.0 1.0 2.0

Fig. 1. Phase portrait of the large periodic orbit for
q = 0.03.

The main resonance solution is presented in Fig. 1. As is
seen from Table 1, the increase of ¢ has almost no ef-
fect on the behaviour of the multipliers. However, for the
congidered interval of q, enother solution exists (see Table
2)s For q € (0,042385; 0.03913) this is the 1/2 subharmonic
solution. There are two possible routes to chaos for this so-
lution (small orbit), The violent burst into & strange chaotic
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Table 1. The main resonance solution found using tracing
algorithm and corresponding multipliers.

Multipliers

1 2 .

0,03 |1.,1406 0465757 10,215 0.83 | 0.21; -0.83
0,035 |1.1432 0,66083  |0.22; 0.82 | 0.22; -0.82
'0.04 [1.1458 0.66408 0.213 0.83 | 0,215 -0.83
0,045 |1,1483 0.66733 0.21; 0,83 | 0,213 -0.83
0,05 [1.1509 0.67057 0.215 0.83 | 0.21; -0.83

0.6 . .
0.4 | N 4
e
‘e
* -
B
0.2 | E J
1 bE
LY '.
N "
&%
Y, 0.0 N
t
0.2 b J
0.4 L L
-1.0 0.5 0.0 0.5 1.0

Fig. 2. Strange chaotic attractor obtained for q = 0,043
(one multiplier crosses the unit circle at +1),
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Table 2, Bifurcation structure of the small periodic orbit
and corresponding eigenvalues-example numerical
regults. Agsterisks are coded bifurcation points.

Multipliers
q 'y ¥ Pe-
’ 1 2 riod
0.042385# |=0,26362 |=0,13127| 1,05 0.0 | 0.54; 0,0
0.042382 |-0,26156 |-0,13080| 0,785 0,0 | 0,09; 0,0
0.042380 |~0,26071 |~0,13061] 0.72; 0,13 | 0.72;-0.13
0,042000 |-0,23492 |~0,12428| 0,27; 0,67 | 0.273~0.67
0,041500 |-0,22024 |-0,12033| 0,003 0.73 | 0.005-0.73 4ﬂ
0,040000 {-0,19277 [~0411227 |~0.543 0.49 | -0.54;-0,49
0.039300 |-0.18314  |-0.10923 |-0.65; 0.00 |-0.83; 0.0
0.039190 x {~0.18173  |=0,10877 [~0454; 0.00 {=1.0 3 0.0
0.039150 [-0.,18966 |~0,10992 | 0.33; 0.0 | 0.87; 0.0
0.039110 |-0,19487 |-0.11066| 0.52; 0,10 | 0,52;-0,10
0.039000 |-0,20149 [-0.11156| 0.37; 0.38| 0.373-0.38 o
0.038300 |-0.22495 |-0.11436]-0,70;5 0.0 [-0.40; 0.0
0.03822 = |-0,226810 |~=0.11455|-1,0 ; 0.0 [-0.27; 0.0
0.03815 |~0.,235540 |[-0.11602{-0,013 0,24 |~0,013-0,24
0,03808 |~0.214580 [-0.11210]~0,28; 0,32 |[-0.,28;-0,32 ‘e
0.03803 |=0,21257 |=0.11165|=0,23; 0.0 |-0,88; 0.0
0,038029%|~0,21253 [-0.11164|~0,08; 0.0 |=1,0 ; 0.0
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