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Preface

Since the pioneering work of Bergmann in 1949, it has been understood that
there exists a direct connection between local symmetries of a Lagrangian and
the existence of constraints contained in the Euler-Lagrange equations of mo-
tion. It was Dirac who subsequently discussed the Hamiltonian dynamics of
constrained systems in a systematic way. Since then numerous papers, with
applications to a wide range of problems, have been written on this subject. It
is remarkable that even after more than half a century, this subject still raises
questions to be answered.

This book is the result of lectures delivered by the authors at the University
of Heidelberg. It is intended as an introduction to this interesting field of
research, starting from the early work of Dirac up to more recent work, such as
the Field-Antifield formalism of Batalin and Vilkovisky. Also included is a brief
discussion of gauge anomalies within this formalism. Here we have restricted
ourselves to the essentials, and have illustrated the ideas in terms of a simple
example, the chiral Schwinger model.

Great emphasis is placed on discussing the subject of constrained Hamilto-
nian systems in a transparent way without becoming too technical. Proofs, as
well as examples, are discussed in great detail, at the risc of being sometimes
pedantic. Each example has been chosen to illustrate some important point.
The book should thus hopefully provide a good basis for master degree and
Ph.D students.

The book is divided into two parts: part one, involving chapters 1 through
8, deals with the classical dynamics of constrained Hamiltonian systems, while
the second part is devoted to their quantization. Here it is assumed that the
reader is familiar with the Feynman path integral approach to quantization.
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Notation

The Einstein summation convention is used for repeated upper and lower in-
dices. Except for Lorentz space-time indices, we have placed indices, labeling
the degrees of freedom, at our convenience, so as to keep the expressions most
transparent. We have followed to a large extent the notation given below, al-
though in particular cases - such as in examples - we have found it convenient
to follow a simpler notation.

Notation

¢o: primary constraints
1 . .
qﬁgl): first class primary constraints
2. . d class pri et
a5 . second class primary constraints
pq: secondary constraints
pa, - first class secondary constraints
Ya, - second class secondary constraints

(25411): complete set of first class constraints

(25422): complete set of second class constraints

I'p: subspace defined by primary constraints

I": subspace defined by all constraints

I'*: subspace defined by the constraints and gauge conditions

Hy: canonical Hamiltonian on the primary constrained surface I'p
H: Hamiltonian weakly equivalent to Hy

H: BFT embedded Hamiltonian

Hpg: extended Hamiltonian

Hg fully extended Hamiltonian, including the gauge conditions
H*: Hamiltonian on the reduced phase-space

Qp: generator of BRST transformations: 0gF = e{Qp, F} = {F,Qn}e

s: operator inducing “left” BRST transformations: sF = {Qg, F}
§: operator inducing “right” BRST transformations $F = {F,Qp}
5 operator inducing “right” BRST transformations on Lagrangian level
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Chapter 1

Introduction

Elementary particle physicists are well familiar with Quantum Electrodynam-
ics (QED) and Quantum Chromodynamics (QCD), the theories describing
the electromagnetic and strong interactions. These theories are based on La-
grangians possessing local (gauge) symmetries. The weak interactions are also
based on a gauge theory, but whose gauge invariance is spontaneously bro-
ken. In fact, all theories of the fundamental interactions are gauge theories.
This makes the study of systems possessing local symmetries so important.
As is well known, the quantization of such systems is endowed with special
problems, since their classical action is invariant along gauge orbits. On the
level of the equations of motion this implies the existence of an infinite number
of solutions connected by local (gauge) transformations, which are physically
completely equivalent. Several methods of quantization, such as the canoni-
cal Gupta-Bleuler formalism, or the functional path integral approach, which
makes use of the so-called Faddeev-Popov trick, are well known to theoretical
elementary particle physicists. These methods are described in any textbook
on Quantum Field Theory.

The question then arises whether there exists a fundamental feature which
is common to all gauge theories, and which inhibits their straightforward quan-
tization. The answer is “yes”; they all belong to the so-called class of singular
systems, characterized by the property, that the Euler-Lagrange equations of
motion include equations which represent constraints among the coordinates
and the velocities, and which on Hamiltonian level manifest themselves as so-
called “first class” constraints among canonical variables. These constraints
differ from those familiar from mechanics in that they are part of the equations
of motion, and are not imposed from the outside. Although gauge theories are
certainly the most important examples of singular Lagrangian systems, they

Documents

Document Sharing Hub
Copyright World Scientific Publishing Co.

Provided by IHS Markit under license with WILEY Licensee=/, User=,
No reproduction or networking permitted without license from IHS Not for Resale,

Full document details: WSPC CLSSC QUANT DYNA CONSTR H 2010


http://www.avadocuments.com/doc/wspc-clssc-quant-dyna-constr-h-2010
http://www.avadocuments.com/doc/wspc-clssc-quant-dyna-constr-h-2010

2 Introduction

are not the only ones belonging to this class. Even the dynamics of the free
Dirac field is that of a constrained system.

A deeper understanding of the quantization of gauge theories requires one
to go back to the roots of the quantization problems associated with singular
Lagrangians. The basis for understanding such systems was laid down by
Bergmann [Bergmann 1949, Anderson 1951], and by Dirac [Dirac 1950/1964].
Since then an enormous amount of papers have been written about constrained
Hamiltonian systems.

This book is mainly devoted to the study of the classical and quantum dy-
namics of theories where the Lagrangian exhibits local symmetries. Its purpose
is to introduce the reader to this interesting field of constrained dynamical sys-
tems, and to provide him with the tools for quantizing such systems. This will
require first of all an extensive discussion of the classical Hamiltonian formu-
lation of singular systems. Our language will be kept as simple as possible,
and the concepts we shall introduce will always be illustrated by examples in a
transparent way as possible. The classical discussion is contained in chapters 2
through 8. The remaining chapters are devoted to the quantization of singular
systems.

The book is organized as follows. In chapter 2 we first discuss what is meant
by a singular Lagrangian system, and show that systems with a local (gauge)
symmetry fall into this class. Local symmetries of the action are not always
easily detected. It is however crucial to unravel them, since their knowledge is
required for the quantization of such systems. Although their quantization is
carried out on Hamiltonian level, it is instructive to first present a systematic
method for detecting local symmetries on Lagrangian level. This is the main
objective of chapter 2, where we shall show that singular systems lead to so-
called “gauge identities”, from which the coordinate transformations, leaving
the action invariant, can be extracted.

In chapter 3 we then proceed to the classical Hamiltonian formulation based
on the pioneering work of Dirac. It is within this framework that Dirac has
provided a systematic classification of the constraints into primary, secondary,
first and second class, where the first class constraints play a central role as
generators of the gauge symmetries.

Chapter 4 is devoted to an alternative method for handling singular sys-
tems: the symplectic approach. This is a first order Lagrangian approach to
singular systems, and we shall study in detail the equations of motion and their
solution. The symplectic approach has been used by Faddeev and Jackiw [Fad-
deev-1988] to present a new method for handling constrained systems, which,
in principle, avoids the concepts of primary constraints (which have no analog
on the Lagrangian level), and in fact dispenses of the entire classification of
the constraints into primary, secondary, first and second class. This method is
however of limited applicability.
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Introduction 3

The Hamiltonian approach for detecting local symmetries is the phase-space
counterpart to our discussion in chapter 2, and is the subject of chapter 5. We
shall elucidate the problem from several points of view and are thereby led
to the so-called “Dirac conjecture”, which has been the subject of numerous
papers.

The Dirac conjecture will be discussed in detail in chapter 6, where we
make use of the Lagrangian methods discussed chapter 2 to study the local
symmetries of the so-called total action, whose variation yields the Hamilton
equations of motion proposed by Dirac. This chapter clarifies in which sense
the Dirac conjecture can be shown to hold. Interpreted appropriately, this con-
jecture is shown to hold for various examples cited in the literature, including
those which have been claimed to be counterexamples to Dirac’s conjecture.

Chapter 7 deals with second class systems whose classical dynamics is beau-
tifully described in terms of Dirac brackets, but whose quantization may pose
special problems. For this reason it is useful to embed such systems into a
gauge theory, by introducing extra degrees of freedom. The embedded theo-
ries can then be quantized using the formalism described in chapter 11. This
embedding program, whose systematic implementation was given by Batalin,
Fradkin and Tyutin, [Batalin 1987/1991] is the central subject of this chap-
ter. We shall present several examples, and in particular use this formalism
to demonstrate the equivalence of the “self dual model” in three space-time
dimensions, with the Maxwell-Chern-Simons theory within its gauge invariant
sector.

Chapter 8 deals with the Hamilton-Jacobi formulation of the classical dy-
namics of constrained systems. While this formulation turns out to be straight-
forward for so-called first class systems, this is not the case for systems involving
second class constraints. We shall discuss the reason for this, and present meth-
ods for circumventing the barriers imposed by the second class constraints. In
particular, the embedding procedure described in chapter 7 will allow one to ar-
rive at a Hamilton-Jacobi like formulation, as we shall demonstrate for several
examples.

In the following chapters we then turn to the problem of quantizing systems
with first and second class constraints. Chapter 9 will deal with purely second
class systems which allow an operator quantization, based on equations of
motion formulated using the notion of an extended Hamiltonian. Second class
systems also include the case of gauge theories in a non-dynamical gauge.

In chapter 10 we then discuss in detail the quantization of second class
systems using functional methods, and point out the difficulties one may be
confronted with. These difficulties may be circumvented by first embedding
the system into a gauge theory, as was described in chapter 7.

The functional quantization of first class systems in dynamical gauges is
the.subject of chapter 11 and leads to the Hamiltonian formulation of Batalin,
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4 Introduction

Fradkin and Vilkovisky [Fradkin 1975/77, Batalin 1977], based on the so-called
BRST (Becchi, Rouet, Stora, Tyutin) invariance of the Lagrangian action. We
shall not follow the axiomatic approach of these authors, but shall motivate the
BFV formalism by studying systems whose functional configuration space for-
mulation, obtained using the Faddeev-Popov trick, is well established. We then
obtain the corresponding phase-space representation of the partition function
and cast it into the form given in [Batalin 1977]. The so-called BRST charge
will play a central role as generator of a BRST symmetry. The freedom in the
choice of gauge will be concentrated in a BRST exact term, and the BRST
invariance of the partition function is guaranteed by the Fradkin-Vilkovisky
principal theorem [Fradkin 1977, Batalin 1977]. Important ingredients in this
formulation is the closure of the algebra of the first class constraints, as well as
of these constraints with the Hamiltonian.

In the Hamiltonian formulation it is not obvious how a particular covariant
gauge is to be implemented via a BRST exact contribution to the action. A
corresponding configuration space formulation is therefore desirable. This is the
subject of the last chapter and leads to the so-called “field-antifield” formulation
of Batalin and Vilkovisky [Batalin 1981]. This quantization scheme has been
presented by these authors in an axiomatic way. We shall actually derive their
formulation for a restricted class of systems, starting from the well established
phase-space formulation of Batalin, Fradkin and Vilkovisky. Within the field-
antifield formulation the number of degrees of freedom is doubled, and the field-
antifield action is the solution of the so-called “quantum master equation”. We
will discuss only the simplest non-trivial case of irreducible first rank theories.
These include the case of SU(N) Yang-Mills theories.

We conclude chapter 12 with a brief discussion of how anomalous gauge
theories - i.e., theories whose classical gauge invariance is broken by quantum
effects due to the non-invariance of the functional integration measure - may be
included in the field-antifield formalism. This subtle subject is outside the scope
of this book. We shall therefore limit ourselves to illustrate the role played by
the quantum master equation for the case of the chiral Schwinger model, which
is anomalous and has been studied in great detail in the literature.

The book includes several appendices. In Appendix A we review some
well known facts regarding the Ward and Bianchi identities following from the
existence of a local symmetry of the action. This appendix is based on the
pioneering work of P. G. Bergmann [Bergmann 1949], who has pointed out the
connection between the existence of a local symmetry and a so-called “singular
Lagrangian”. The work of Bergmann has been reviewed in [Costa 1988]. We
shall follow closely the presentation given in this reference.

Appendices B and C deal with technical details concerning the construction
of the BRST charge and Hamiltonian for first rank theories.

Appendix D contains a proof of the Fradkin-Vilkovisky Principal Theorem,
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Introduction 5

which provides the basis for the Batalin-Vilkovisky configuration space parti-
tion function in chapter 12.

Finally, Appendix E discusses the Fradkin-Vilkovisky path integral repre-
sentation of the SU(3) Yang-Mills partition function in the a-gauges.
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Chapter 2

Singular Lagrangians and
Local Symmetries

2.1 Introduction

Symmetries observed in nature play a central role in the construction of any
theory describing physical phenomena. If the dynamics is described by a La-
grangian, then this Lagrangian must reflect such symmetries. Not all symme-
tries of an action can however be observed in nature. This is for example the
case for the gauge symmetries of QED or QCD, where observables must be
invariant under gauge transformations. Gauge theories fall under the class of
constrained systems whose dynamics is derived from a so-called singular La-
grangian. Such theories are of particular interest, since all interactions in nature
are believed to be gauge theories, or spontaneously broken versions thereof. As
is well known, their quantization poses special problems.

Whether a Lagrangian is singular or not can in general be easily checked
by looking for possible zero modes of the Hessian (to be defined below). The
connection between a singular Hessian and local symmetries of a Lagrangian has
been observed already a long time ago [Bergmann 1949]. Such symmetries lead
to so-called Bianchi identities from which this connection can be deduced. The
interested reader may consult Appendix A, where we have summarized some
well known concepts about local symmetries, as well as consequences following
from them. In this chapter we take the opposite point of view and deduce the
local symmetries of a Lagrangian whose Hessian matrix is not invertible. In
fact, unravelling these symmetries may not be an easy matter. But their explicit
knowledge is important for formulating the corresponding quantum theory. It
is therefore of great interest to have a systematic way for revealing them. In
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2.2 Singular Lagrangians 7

the following we will present a purely Lagrangian approach to this important
problem [Sudarshan 1974]. This will allow the reader to appreciate better the
elegant Hamiltonian approach to be discussed in chapter 3, where we show that
such symmetries are intimately related to the existence of so-called “first class
constraints”. Both approaches have their merits. But the connection between
the existence of local symmetries, and the existence of first class constraints as
generators of these symmetries, is only manifest on Hamiltonian level.

On the Lagrangian level there exist several algorithms [Sudarshan 1974,
Chaichian 1994, Shirzad 1998] for detecting the gauge symmetries of a La-
grangian. Unlike the Hamiltonian approach, they have the merit of generating
directly the transformation laws in configuration space in terms of an indepen-
dent set of functions parametrizing the symmetry transformations. Every one
of these parameters is directly related to a so-called “gauge identity”, and their
number equals the number of independent gauge identities.

2.2 Singular Lagrangians

Consider a system with a finite number of degrees of freedom, whose dynamics
is governed by a Lagrangian L(q, ), where ¢ and ¢ stand collectively for the
coordinates ¢; and velocities ¢; (i = 1,---, N). The associated Euler-Lagrange

equations read,
d oL OL

- _ = =0. 2.1
Aoq oG " 21)

From here it follows that

PL oy oL a0l
0q;0¢; dt 0q;0q; dt 0q; ’

OL 0%L
S Wiia. iy =2——> 3t
. Jq . 0¢;0q;

or

i
where the matrix W is the “Hessian” defined by

2
=2l (2.2)
0¢;0q;

If det W # 0, we can solve the above equation for the accelerations in terms of
¢; and g;. On the other hand, if det W = 0, then W is not invertible. In this
case the Hamiltonian equations of motion will not take the standard form, and
one speaks of a singular Lagrangian system.

The following two examples illustrate some features which we shall subse-
quently encounter in our more general discussion of local symmetries.
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8 Singular Lagrangians and Local Symmetries

i) Example 1

Consider the Lagrangian

. 1. . 1
L(q,q) = 3 >+ iy + 5(33 -y)? (2.3)
and the associated action

Slal = [ dt Liale). dc0) (2.4)

ty

where ¢ = (z,y). This Lagrangian is singular in the above sense, since it
does not involve . Hence, we claim, it will possess a local symmetry. In this
example this symmetry can be found by inspection.

Consider a variation éx = €;1(t), dy = €a(t). Under this variation the change
induced in the Lagrangian can be written in the form

d
SL=(i+y—x)(é1—e€1+€2)+ E(xel) .

Hence the corresponding action (2.4) is left invariant under this transformation
if -
E €Q = €1 — él y (25)
with €1 (¢) vanishing for ¢ = t; and ¢ = to. Thus for an arbitrary choice of €;(¢),
subject to this condition, €, is given in terms of €; and its first derivative.

it) Example 2

Consider next the Lagrangian [Henneaux 1990a]

L4,) = 56 — ) + 2 s — 02)" (2.6

Again this Lagrangian is singular and therefore - we claim - will exhibit a local
symmetry. Thus consider a variation dg; = ¢;(t). The corresponding change
induced in the Lagrangian is given by

0L = (g2 —e™)(é2 — e e1) + (43 — g2)(é3 — €2) .

Hence the Lagrangian (2.6) is invariant if

es(t) = a(t)
e(t) = ﬁa(t) ;
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2.3 Algorithm for detecting local symmetries 9

d2
er(t)= e’ql(t)@a(t) , (2.7)
where «(t) is an arbitrary function of ¢. Notice that, as in our previous exam-
ple, the symmetry transformation only involves one arbitrary function. Fur-
thermore, in this example, the variation dq; not only involves the arbitrary
function a(t), but also depends implicitly on ¢ via the coordinate ¢;.
In the following section we present a general algorithm which allows one to
determine the variations dq; which leave an action invariant.

2.3 Algorithm for detecting local symmetries
on Lagrangian level

On the Lagrangian level there exists a well-known algorithm [Sudarshan 1974]
for detecting all gauge symmetries of a Lagrangian.
Consider an infinitesimal variation of the coordinates and velocities

qi(t) = qi(t) +6qi(t) ,

4
dt

where ¢ = 1,---, N, and use has been made of the property that d¢; = %5%.
This transformation is a local symmetry of the Euler-Lagrange equations of
motion if the action (2.4) is invariant under this transformation. This is the
case if the variation of the Lagrangian is a total derivative, i.e., 6L = %5F,
with 0F vanishing at the upper and lower limit of integration. In computing
the variation no use is made of the equations of motion.

Consider now a Lagrangian L(q, ¢). Under the above infinitesimal transfor-
mation the change in the action (2.4) is given by

Gi(t) = ¢i(t) + —dq:(t) ,

to
55 = [ > B g diias (28)
t1 i

where Ei(o) is the Euler derivative

0 D d 0L OL
E0q.4.8) = 5= — 5 (2.9)
dt 0¢;  0q;
and d¢;(t1) = 0gi(t2) = 0. On shell we have that
Ei(o) =0, i=1,---,N (on shell) . (2.10)
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10 Singular Lagrangians and Local Symmetries

Our aim is to determine the variations dg; for which §S vanishes identically,
ie.,
ta
/ dt Y B (q,4.4)80: =0 . (2.11)
th ;

9 is of the form

EY = ZW(O) (- 0)d; + K7 (a,4) (2.12)

In general, Ef

where Wi(jo) is the Hessian (2.2). For reasons which will become clear below, we
have supplied the terms in (2.12) with a superscript “0” standing for “zeroth
level”.

Now, as we have just seen, for singular Lagrangians the Lagrange equations
of motion cannot be solved for all of the accelerations. If Ry  is the rank
of the Hessian, then there exist N — Ry constraints in the theory, which on
Lagrangian level present themselves as relations between coordinates ¢; and
velocities ¢;. Thus for an N x N Hessian Wi(jo) of rank Ryy, there exist N — Ry,

independent left (or right), zero-mode eigenvectors w(**) satisfying
Zw(Ok) qv W(O)( )ZO, k:]-avN_RW
It then follows from (2.12) that the functions defined by

N
00 =" () B (¢, 4. )
i=1
only depend on the coordinates and velocities, and vanish on the subspace of
physical trajectories, i.e.,
®OF) (q,¢)=0; k=1,---.N—Ry (on shell) .

We refer to them as the zero-generation constraints. * Not all of the ®(%*) may,
however, be linearly independent. In this case one can find linear combinations

of the zero mode eigenvectors, v(o o) — = c,(c"O)wEO;k), such that we have
identically
GOm0 .= §Omo) . FO) =0 . pg=1,---,Np . (2.13)

We call them “gauge identities” for reasons which will become clear soon. These
gauge identities also hold off shell. As an immediate consequence we have that

LFor simplicity we shall suppress in the following the explicit dependence of the constraints
and zero modes on g and q.
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2.3 Algorithm for detecting local symmetries 11

any variation of the form dg; = 37 €n, (t)vl(omo) will leave the action invariant

(cf. (2.11)). The remaining “zero-generation” zero modes, which we denote
by @(%7) then lead to genuine constraints, depending only on the coordinates
and velocities, and vanishing on shell,

P%5m0) — (on shell) ,

where
Ppl0m0) = Osmo) L O - g =1 ... Ny . (2.14)

The algorithm now proceeds as follows. We separate the gauge identities (2.13)
from the non-trivial constraints (2.14), and list them separately in a table, since
they will be of direct relevance for determining the local symmetry transforma-
tions. Next we look for possible additional constraints by searching for further
functions of the coordinates and velocities which vanish on the subspace of
physical trajectories. To this effect consider the following N + Ny component
vector constructed from E© and the time derivative of the constraints (2.14):

)
4 (G0 . F©)

. E©
EM) = = 7] (2.15)
( 1) . <%¢(0)>
%(ﬁ'(o;ﬁo) - E©)

where 5@) is an Ny component column vector with components ¢(%7%0) (np =
, No). Since the constraints ¢(%™) = 0 hold for all times, it follows that
EM =0 on shell.
Because the constraints are only functions of ¢ and ¢, the components El(ll)
can again be written in a form paralleling (2.12),

EY = Z W (q,d)i; + KM (g,4) - (2.16)

111

Hefe W is now the “level 17 (N + Ny) x N matrix

w ()
V(@O . E©)

1) :
(i) = . ,
V4(@(0:No) . E(0)
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12 Singular Lagrangians and Local Symmetries

where 6,1 is a row vector with components labeled by i (i = 1,---,N). The
(N + Np) component vector KM is given by

RO

aiqj (@1 . E0)g;

8%(1;(0;%) . E(O))qj
where a summation over j is understood.

We next look again for (left) zero-modes of W), These zero modes include
of course those of the previous level, augmented by an appropriate number of
zeroes. They just reproduce the previous constraints and are therefore not
considered. The remaining zero modes (if they exist), when contracted with
E(l), lead to expressions at “level 1”7 which can either be written as a linear
combination of the previous constraints (we label them by n4), in which case
we are led to new gauge identities at level 1,

No
Ggm) .= gtm) L gO) _ Z M,(i’%)o (ﬁ(o‘ﬁo) . E(O)) =0; ni=1,---,Ny,
no=1
(2.17)
or else, represent genuine new constraints at level 1:
gb(l;m) =g L FA) — o : ny=1,--- Ny (on shell). (2.18)

We now adjoin the new gauge identities (2.17) to the previous identities in
our table. With the remaining new constraints (2.18) we proceed as before,
adjoining their time derivative to (2.15), and construct Wz(fz) as well as Kff)
The iterative process will terminate at some level M if either 4) there are no
further zero modes, or i) the constraints generated are linear combinations of
the previous ones, and hence lead to gauge identities only. At this point our
algorithm has unravelled all the constraints of the Euler-Lagrange equations of
motion.

We now look for the maximal set of linearly independent gauge identities
generated by the algorithm. At each level £, the elements of this set are of the

form
GOm0) .= (0mo) . FO0) = | (2.19)
¢—1 Ny
Gne) — Flne) | GO _ Z Z Mr(ivﬁ_;;gé(f';m/) =0, (2.20)
0=0nu=1
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2.3 Algorithm for detecting local symmetries 13

where £ =1,---, Ny, and where the MT%Q, are only functions of ¢ and ¢, and
B = G B0 (7, =1, Ny) (2:21)

are the genuine constraints (depending only on ¢ and ¢§) generated by the
algorithm at level £. On the other hand, E® s given by the N+Ng+---+Ny_4
component vector

E©

%¢(0)
E® .= ' , (2.22)

d (-1

4 A
where (5(4) is a column vector with Ny components ¢(4™¢), Because of (2.21)
and (2.22), we can proceed iteratively to express each of the constraints \6me)

in terms of p(%570) = (0570) -E® and time derivatives thereof. One then readily
verifies that these constraints are of the form

$me) = ZZ plno 47 . " g .

i m=0

From here, and the expression (2.22), we conclude that the identities (2.19) are
of the following general form

qlene) _Zzpwm)j E© =g
tm ) 9

i m=0
where pfﬁ;im) are in general functions of the coordinates and time derivatives
thereof. It therefore also follows that

M Ny

Z Z e(e;ne)(t)G(f;m) =0,

(=0 ng=1

where the €(6¢)(t) are arbitrary functions of time. This identity can be written
in the form

d
S 6B ~ ZF=0, (2.23)

where
M N,

b= Z dt,,; (pliretmae)) (2.24)

{=0ny=1m=0
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14 Singular Lagrangians and Local Symmetries

and F' is a function of the coordinates and their time derivatives, as well as
a linear function of the parameters and their derivatives up to order M — 1,
where ¢ = M is the highest level. Note that the arbitrary functions e (t)
are labeled by ¢, and n,. Hence the number of independent functions equals
the number of gauge identities generated by the algorithm. Let us collect the
indices ¢ and ny into a single index a. Then (2.24) reads

=3 ) (A9 w) (2.25)
Now, integrating (2.23) in time from ¢; to t2, and using the fact that the total
derivative will not contribute if the %™ (¢) and their derivatives vanish for
t =t; and t = ty (implying the vanishing of d¢; at the endpoints in (2.11)), we
conclude that the variation (2.25) is a symmetry of the action, and hence of
the Lagrange equations of motion. It should be noted, however, that a term of

the form
0
Ag; = ZaijEj(' ),
J
with an arbitrary antisymmetric tensor a,;, can always be added to (2.25), and

it will remain a symmetry transformation, since Ei(O)Aqi = 0. These variations,
which vanish on shell, are called “trivial gauge transformations”. They have
no physical significance.

In the following we consider some examples which illustrate the above itera-
tive methods for generating the gauge identities. Since in the first two examples
there exists only one zero mode of the type u or v at each level, we will omit
the indexes ny and 7, labeling such zero modes at level £.

2.4 Examples

Example 1

Consider once more the Lagrangian (2.3). Let 1 = « and 2 = y. Then

B = W+ K.

J

(0) _ 1 0
W= (0 o)

KO — ($2 +z2 —331)

T1 — To — X1

where

and
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2.4 Examples 15

There exists only a single left zero mode, @(®) = (0,1). Its contraction with
E©) does not vanish identically, but generates a constraint:

0 =70 O =g — gy — iy =0 (on shell) . (2.26)

Hence at level zero we have one constraint and no gauge identity. We next

construct E):
. E© J5l0)
Fo— (o ) - o (2.27)
4 (uw) . E<o>> 4 O

or, written out explicitly
. Ty + oy — 21 + 22
E(l) = T —(Ez—(tl
T — T — I

EM can again be written in the form

ZWl)xj—i—Kl)

1]

where the 3 x 2 matrix W is given by

1 0
wh =1 0 0],
-1 0
and
To + X9 — 11
K(l) = Xr1 — T9 — j?l
T1 — T2

The left zero modes of W) are given by (0,1,0) and (1,0,1). The first zero
mode is just the previous zero mode augmented by one zero, and reproduces
the previous constraint. We need not consider it again. The second zero mode
reproduces the (negative) of the constraint (2.26), and is thus of the type v:

7. B = _g0) . FO)

where 7(1) = (1,0, 1). This leads to the gauge identity
G = 5V . EM) 4 50 L FO) =
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16 Singular Lagrangians and Local Symmetries

at level 1. Noting from (2.27) that
# . G0 = g0 4 4 po
e

the above identity takes the form

d

2B+ B =0.

EQ +

Multiplying this expression by an arbitrary function of time, €(t), we are led to

B — (¢ — By = _%( EY) .

This is of the form

S EO6r, =

—t e
with
ér1 =€, Oro=¢€—¢€,

which agrees with (2.5). This variation leaves the action invariant if €(¢;) = 0
(i=1,2).
Example 2

Consider the Lagrangian (2.6). The corresponding Euler derivative has the
form (2.12), with

000
w®O=1010],
0 01
and
qzeql_e&h
KO = | g5 —q— Gre
—G2

W possesses one left null-eigenvector u(®) = (1,0,0), implying a level zero
constraint:

¢ =a@® . EO =t (G, —e) =0 (on shell) . (2.28)

Next we search for further functions of the coordinates and velocities which
vanish on shell, i.e. for E(®) = 0. To this effect we construct E(1) as given by

(2.15):
. 50
EW = (difb“))) . (2.29)
t
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2.4 Examples 17

One then finds that W) and K1) in (2.16) are given by

000
1 _ 010
w 001]°”
0e” 0
and
Goe? — e2q
7O _ 43 — q2 — gre®

—q2
e” g1y — 24127

A new left-null eigenvector of W) at level one is clearly
@ = (0, —™,0,1) ,
and leads to a new constraint
i EM =16 + % (g2 — g5) = 0 . (2.30)
Since ¢(9) = 0, we may choose instead for the new constraint function
o) =9 (go — g3) = M - EM — @@ . E©

d
=—enEQ £E§°) — 4B, (2.31)

which also vanishes on the space of solutions. Taking its time derivative, and
constructing E?), W) and K one obtains

s B
E® = <%¢(1)) , (2.32)
00 0
01 0
w® =10 0 1 ,
0 e 0
0 0 —en

and

7o ( K ) .
et (q1q2 — 4193 + g2)
The matrix W) possesses a new left-zero mode of type v given by #®) =
(0,0,e9,0,1). A simple calculation shows that this vector generates a gauge
identity:
7 E® — g @™ ED) 4 @u® . EOy=0. (2.33)
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18 Singular Lagrangians and Local Symmetries

The final step now consists in reducing this expression to a form involving only
the Euler derivative E(°) and time derivatives thereof. Recalling (2.30) and
(2.28), the gauge identity (2.33) can be rewritten as follows

d d d
B -2 (e B + B0 — ZEO ) 44 (2B - ZEO )+ 2B =0
dt dt dt
Multiplying this identity with ¢(¢) one finds that it can be written in the form
(2.23), with

d
F= [—em EY — 24, B + aEfn} e,

and

Sgs =eTe
dga = e (é+eqr)
8q1 =€+ 241¢ + e + €di -

By setting € = e~ «a(t) we retrieve the transformation (2.7). The same would
have been obtained, if we had replaced the constraint (2.28) by AWV = gy — e,
and allowed € to be an explicit function of time only. This shows that we must
allow the parameters to depend on time explicitly, as well as implicitly through
the coordinates and their higher derivatives in time. As we have seen in our
example, this is tied to the way we choose to define the constraints. Such
redefinitions evidently presume some regularity conditions, ensuring that such
reparametrizations will not imply the introduction of new constraints. We will
come back to this point in chapter 6.

Example 3

We now consider an example of a system leading to two gauge identities.
The associated symmetry transformations will hence involve two arbitrary

functions. 2
Consider the Lagrangian
Lo . 1 2
L= §x1 + &1(xo —x3) + E(xl —x9 +x3)° .

For the Euler derivative (2.12) one finds that

100
wO=1(0o0o0]|,
000

2As we will see in chapter 3 this corresponds to the number of “primary” constraints in
the Hamiltonian formalism.
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2.4 Examples 19

and
Tg — T3 —x1 + To — T3
K(O): T, — X9+ x3 — I
To —T1 — T3 + X1

The matrix W) possesses two obvious (zero level) zero modes, which we now
label as described in section 2:

@™V =(0,1,0)
@%? =(0,0,1) .
Scalar product multiplication of the zero modes with the Euler derivative yields

@Ob . EO) = 401
@2 . O = _40.1)

where
0,1 .
¢(’)_—J)1—J)2—|—J)3—J)1.

Hence only one new constraint is generated, and we have one gauge identity,

ZOU . FO) L g0 FO) =

or
EQ+EY =0. (2.34)
Proceeding with the Lagrangian algorithm we now construct E), W) and
KO
- E©
E® = ( J ,
E(;5(071)
100
wm_] 000
W 000"~
-100
and

P U
T, — To + T3 '

WM leads to a new zero mode (in addition to those of W), augmented by a
zero),

@Y = (1,0,0,1)
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20 Singular Lagrangians and Local Symmetries

and to the constraint

¢(1 1) (LY B — E(l) + E(l)

=T — 21 +x92—23=0.
We now notice that this is actually no new constraint. In fact
D 4 g0 =
This leads to a new gauge identity,
a®h . EO 4 g OV FO — gD 4 gV L EY =0 (2.35)
Multiplying (2.34) and (2.35) by arbitrary functions a(t) and 5(t), respectively,

and noting that Eil) = Eio) and Eil) = %ES)) one is then led to the identity

BEY” + (8- B+ a)E °)+aE(°>+%(ﬁE§°>)Eo.

Comparing this expression with (2.23), we conclude that the following trans-
formations leave the action invariant:

(le :57
bra=0—B+a, (2.36)
ors=a .

2.5 Generator of gauge transformations and
Noether identities

In the previous section we have related local symmetries of a Lagrangian to
gauge (or Noether) identities. Our method allowed us to unravel systematically
théi local symmetries of a given action. In particular this method showed that in
gernieral time derivatives of gauge parameters are involved. The corresponding
infinitesimal transformations (2.25) can also be written in the form

5qi(t) / dt’" R (t, ) (t") (2.37)

where R!(t,t') is a local kernel (generating function) whose explicit form can
be read off from (2.25).
We now show that the operators

t) = —i/dt R (t,t")

5(]@‘ (t

~—
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2.5 Generator of gauge transformations 21

can be regarded as the generators of the infinitesimal gauge transformation
(2.25). 3 For this it is convenient to compactify the notation by absorbing the
time-dependences into the respective discrete indices ((¢,¢) — %; (a,t) — a),
and omitting the integral-sign, which now becomes part of the summations. In
this notation the variation of the action (2.8) becomes
58 = —EYRLe

With “essential” parameters € it follows that for a symmetry transformation
(i.e., for 65 = 0) we have the Noether identities 4

EYR =0. (2.38)

Similarly, following this notation, the infinitesimal transformations (2.37) can
be written in the form
5(]@‘ = ie“l“aqi y

where

A finite gauge transformation is then given by

7 Goy(@) =7

The commutator of two generators can now be easily computed, °
) 1)
r,,T g —
[Ta, o) = —[R, “Sa , R v5q; ]
i 1) (0 ) O
—-R( ) o () &
ab 5Q1
where
T iRl R iRl (2.39)
ab — (S 5 . .

3We follow here [Gitman 1990].

1By “essential parameters” we mean, that the matrix R possesses no right zero modes.
In this case the theory is called “irreducible”. This is the case for our systematic construction,
where all gauge identities are linearly independent. If the above matrix possesses right zero
modes, then the number of Noether identities is reduced. One then distinguishes between
“first stage”, “second stage”, etc. reducible theories (see [Gomis 1995]). Here we will consider
only the irreducible case.

5We made use of the functional-derivative notation in order to remind the reader that the
labels i,a etc. also include a continuous time variable. Thus summations will also include
time-integrals.
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22 Singular Lagrangians and Local Symmetries

By differentiating the Noether identities (2.38) with respect to ¢; we obtain
further useful identities:

328 . 6SIOR!
L ——2=0. (2.40)
q;0q; dqi 9q;
From here we see that on the space of physical trajectories (g—i =0), 5g;sqj is

degenerate, with RJ the right zero modes.
From the identities (2.40) and the definition (2.39), it follows that

5_Qirab =0,

or ©
Ei T;b = 0 .

Hence (2.39) is also a generating function and will be of the form
rab = fayRe + Tay (2.41)
where , N
Ty, = GZJbEJ(‘O) )

with afi an antisymmetric tensor in the upper indices. We thus arrive at the

algebra
1

b(S_Qi :
The second term on the rhs of (2.41) has the form of a trivial gauge transfor-

mation since Ei(o) ", = 0 by construction. If this term is absent, then

Lo, To] = if5 e + Tg

[Ta,Ty] = ifgTe (2.42)

and one speaks of a “closed algebra”. If the structure functions f, depend on
the “fields” g;, one speaks of a “quasi group”. In the case where fS = const.,
then one has a Lie algebra, and the finite transformations form a Lie group.

—

Under finite gauge transformations ¢ — G(x)(q), an arbitrary function of ¢
transforms as

F(q) = F(Goy(@) = ¢ T F(q).

In particular, for F' = [g—f]q%é(x)@ and A infinitesimal, we have that

= ~(1+€eR— )= .
0q; “oq; ) 0q;
tlg—Ge(q) J ?
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2.5 Generator of gauge transformations 23

Making use of the gauge identity (2.40),

6S < j aéRé) oS
- ~ |0 —e€ — .
0q; G—G (@) 0q; 5%’
Hence it follows that
) )
0g; 04 |56, (@

i.e., the gauge identity (2.40) implies that if ¢’ is a possible trajectory, then
this will also be the case for ¢ — G'(»)(¢), for any .
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Chapter 3

Hamiltonian Approach.
The Dirac Formalism

3.1 Introduction

The quantization of non-singular systems is in principle straightforward. The
classical Hamilton equations of motion are first written in Poisson bracket form.
The corresponding quantum version is then obtained by replacing the Poisson
brackets, multiplied by %, by commutators of the corresponding operators.
On the other hand, the quantization of singular systems is non-trivial. This
chapter is devoted to the introduction of the classical Hamiltonian framework
within which such systems can be dealt with. This - as we have already pointed
out - is not just an academic exercise, since all gauge field theories fall into the
class of singular systems. The following discussion is based on the work of
Dirac [Dirac 1950, 1964]. For further literature we refer the reader to [Hansen
1976, Sundermeyer 1982, Gitman 1990, Henneaux/Teitelboim 1992].

3.2 Primary constraints

Consider a system with a finite number of degrees of freedom {¢;}, whose
dynamics is governed by a Lagrangian L(q,q) = L({¢:},{¢:}). To arrive at
a phase space formulation of the equations of motion one must construct the
corresponding Hamiltonian. To this effect one first introduces the momenta
canonically conjugate to the “coordinates” g;,

_ 0L(g,4:1)
p; = T : (3' 1)
qj
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3.2 Primary constraints 25

For non-singular systems these equations allow one to express the velocities ¢;
in terms of the canonical variables:

4 = fi(q,p) -

The canonical Hamiltonian is then obtained by performing a Legendre trans-
formation !

Hc(Qap) = szfz(Qap) - L(qvf(Qap)) )

where the velocities have been expressed in terms of the canonical momenta
and coordinates. The Hamilton equations of motion are then first order in the
time derivative and take the standard form.

For the velocities to be expressible in terms of the coordinates and momenta
one must have that det W # 0, where the matrix W is the “Hessian” (2.2).
In this case, as we have seen in chapter 2, the accelerations §; are uniquely
determined by {¢;} and {¢;}. On the other hand, if det W = 0, then W is
not invertible. In this case the Hamilton equations of motion do not take the
standard form and one speaks of a singular Lagrangian.

For the time being we shall assume that we are dealing with a finite num-
ber of degrees of freedom. The results can then, at least formally, be easily
generalized to systems with a non-denumerable number of degrees of freedom.

Consider the Lagrangian

L= % Z Wij(4)4id; + zi:m(Q)Qi —-V{(q) . (3.2)

ij=1

Since W;; is a symmetric matrix, the canonical momenta are given by

pi = Z Wij(@)g; + ni(q) - (3.3)

If W is an n X n singular matrix (i.e. det W = 0) of rank Ry, then it possesses
n — Ry eigenvectors with vanishing eigenvalue. Label these eigenvectors by
7). Then

ZWU(Q)UJ(‘&)((]) =0, a=1,---n— Ry .
J
It then follows from (3.3) that there exist n — Ry constraints

>l @i~ mla) =0

n this chapter we use throughout lower indices for convenience, at the expense of intro-
ducing explicitly summation signs.
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26 Hamiltonian Approach. The Dirac Formalism

which follow solely from the definition of the canonical momenta (3.1). Let
{pa} denote a set of Ry linearly independent momenta. The remaining set of
n— Ry momenta we denote with a Greek subscript: {p,}. Then the constraint
equations will be of the form

Y Mag(@)ps — Fala, {pa}) =0 (3-4)
E

with
Map(q) =v5"(q) .

Fo(q,{po}) = Zva) Q)ni(q vaa)

M is necessarily an invertible matrix since, if the determinant of M would
vanish, then M would possess eigenvectors with vanishing eigenvalues, implying
the existence of further constraints. Hence the number of constraints would be
larger than n — Ry .

Since det M # 0, the constraints (3.4) can also be written in the standard
form

and

¢a(Qap) = Pa — ga(Qv {pa}) =0, (35)

ga:ZM_l
B

Written in this form, the label a on the constraint ¢, is that of the momentum
Do, conjugate to the velocity ¢,. The constraints (3.5) are referred to in Dirac’s
terminology as primary constraints. They follow solely from the definition of
the canonical momenta, without making use of the equations of motion. The
primary constraints have no analog on the Lagrangian level. On the Hamilto-
nian level they define a 2n — (n — Ry) = n + Ry-dimensional subspace T'p of
the 2n-dimensional phase space.

Although the above considerations have been based on a Lagrangian quadratic
in the velocities, (3.5) is generally valid for Lagrangians which depend only on
g and ¢, and no higher derivatives of ¢ (the Hessian (2.2) can thus in principle
also depend on the velocities). This can be seen as follows:

Let Wap, (a,b = 1,- - -, Rw) be the largest invertible submatrix of Wj;,
where a suitable rearrangement of the components has been carried out. We
can then solve egs. (3.1) for Ry velocities ¢, in terms of the coordinates ¢;,
the momenta {p,} and the remaining velocites {qq }:

where

do = fa(g: {pv},{4s}), a,b=1,...Rw; B8=Rw+1,...n. (3.6)
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3.3 The Hamilton equations of motion 27

Inserting this expression into (3.1), one arrives at a relation of the form,

pj = hj(q,{pa}, {da}) -

For j=a (a =1, -, Ry ) this relation must necessarily reduce to an identity.
The remaining equations read

= ha(q,{pa}, {ds}) -

But the rhs cannot depend on the velocities ¢g, since otherwise we could express
still more velocities from the set {g,} in terms of the coordinates, the momenta
and the remaining velocities, which is not possible.

We now embarque on the construction of the Hamilton equations of mo-
tion for such a constraint system, following first a conventional approach, and
thereafter another line of reasoning, which emphasizes the role played by the
zero modes of W.

3.3 The Hamilton equations of motion

We first prove the following propositions [Sudarshan 1974]:
Proposition 1

On the subspace I'p defined by (3.5), the canonical Hamiltonian is only a
function of the coordinates {¢;} and the momenta {p,}; i.e., it does not depend
on the velocities {Gq}.

Proof

Consider the canonical Hamiltonian on the subspace I'p:

Hy = Hc|rp Zpafa =+ ZgaQa — L(q, {fb} {QE}) (3.7)

where we have used (3.5) and (3.6). The rhs of (3.7) defines a function which
in principle depends on {¢;}, {p.} and the velocities {¢,}. We wish to show
that Hy does not depend on the velocities {¢,}. Indeed

Oy s~ Of _(8_L) %_<8_L>
93 =045 """ \0da) 4_y, 045 \0ds ), _;.

_ Ofa _ (oL -
_Z <pa (8qa)q-a—fa> 8is " (gﬁ <aqﬂ)qa—fa> "
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28 Hamiltonian Approach. The Dirac Formalism

Hence it follows that
Hy = Ho(q,{pa})- (3.8)

Note that we have not used the Lagrange equations of motion in the proof.
Proposition 2

In the presence of primary constraints (3.5), the Hamilton equations of motion

read:
) O0H .0
qi = 8—0 + qp 8¢B ’
Di 3
. OHo . Odp
=g Zﬁ:fm Bq, (3.9)
balq,p) =0,

where the ¢z are (a priori) undetermined velocities. Note that we are only
allowed to set ¢, = 0 after having performed the partial differentiations.

Proof
From (3.7) we obtain, using the fact that Hy does not depend on ¢y,

OHo _ 5fb % _ (oL Ofs
8p fa N Z 8Qb Ga="Fa 8pa ’
N 0o _ g+ 322, (3.10)
opa apa 1P '
Furthermore
8H0 8fb (9gg ( oL > < oL ) (9fb
an Z an ‘ja:fa zb: 8qb ‘jb:fb 8ql
8L> 093 .
(8‘11' {da=fa} zg: 04
d 8L) agﬂ
== (== + s
(dt 3ql {Ga=Ffa} 3 8ql
8(11‘ Di i 8 q .
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3.3 The Hamilton equations of motion 29

Note that this time we have made use of the Euler-Lagrange equations of
motion.

Equations (3.10) and (3.11) are asymmetric in the number of coordinates
and momenta, and their time derivatives. A more symmetric form is obtained
by noting that Hy does not depend on {p,}. Making use of the definition of
oo (cf. eq. (3.5)) we first rewrite the above equations as follows:

8H0 8¢ﬁ (3.12)
) 0Hy . a¢ﬂ
pp=———2 — Gg—= . 3.13
dqi Zﬂ: ? dqi ( )
Because % =0, and % = 0gq, We can supplement these equations by the
identities
5pa '

Adjoining these equations to (3.12), we arrive at (3.9).
It is not obvious that the equations for ¢; and p; are consistent with the
primary constraints (3.5). Thus, for consistency we must also have

. d
Pa = EQ&(Q; {pa}),

where p,, is given by the rhs of (3.13), together with the primary constraints.
This may lead to so-called “secondary constraints”. These constraints must in
turn be consistent with the equations of motion and primary constraints (and
so forth). We shall soon look at this problem in more detail. In fact, as we
will see, the full set of Lagrange equations of motion will only become manifest
on Hamiltonian level once secondary constraints are taken into account. This
does not mean, however, that they must be added explicitly to the Hamilton
equations of motion (3.9), since they are hidden in the primary constraints,
which are required to hold for all times.

3.3.1 Streamlining the Hamilton equations of motion

For the following discussion it is useful to introduce the concept of a weak
equality as defined by Dirac:

Definition: f is weakly equal to g (f = g) if f and g are equal on the subspace
defined by the primary constraints ¢ = 0: f|r, = g|rp-
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30 Hamiltonian Approach. The Dirac Formalism

In the following f(q,p) = g(q, p) will thus be a short hand for the following
set of equations,

flg,p) =9(q;p) , balg,p)=0.

With this definition we can write the Hamilton equations (3.9) in the form

(9HT 8HT
i~ s 'i ~ — y 314
G~ D 9 (3.14)
where the “total Hamiltonian” Hr is defined by
Hp=Ho+» Vado - (3.15)
(e}

Note that the derivatives in (3.14) do not act on the v, since the expressions
are to be evaluated on the primary constrained surface, as is implied by the
“weak equality” sign. In fact, since the “velocities” v, are a priori not given
functions of the canonical variables, the action of the derivatives would not
even be defined.

Making use of the definition of “weak equality”, we can further relax the
definition of Hr. To this end we first prove the following proposition: [Sudar-
shan 1974]:

Proposition 3

If f and h are two functions defined over the entire phase space I', spanned by
{ql} and {pi}v and if f(qvp)|FP = h(qvp)|rpa then

0 0 oh
~— | h-— —
il G Z T 8pﬂ B Eﬂj b5

0 of
3o (f—zpjma—m) D, Z¢ﬁ (3.16)

Proof:
Consider two functions f(q, {pas}, {Pa}) and h(q, {pa}, {Pa}). By assumption,

f(@:{pa}, {9a}) = R, {Pa}; {9a})

where we made use of (3.5). From here it follows that

Z of 995\  _ Z Oh 9gs
8% Opp 0q; 8ql Opg 0q;

I'p T'p
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3.3 The Hamilton equations of motion 31

and

8}75 Opa 8pa 8pﬂ Opa
I'p I'p

Making use of (3.5), and of the definition of the weak equality, these equations
can also be written in the form

) of ) oh
— 2l |h= _— |,
dq; f zﬁ: %8 Opp dq; XB: ¢ Opp

apa

0 oh
f=)_0 — D _ P8
Opa Z % opg 829/3 zﬁ: “op
Finally, since g::s = 0go we also trivially have that

9 of
wf—zﬁj@a@ 3pa Z¢B

(63

Hence we are led to (3.16).

Corollary:
From (3.16) it follows in particular that

s 5 ‘%B
Gi ~ 8pl Z

5 3¢B
pi ~ , 3.17
8ql é V850 (3.17)

where H ~ Hy, and v” are undetermined parameters.
Proof:
Consider two functions H({¢;}, {p:}) and Ho({¢:}, {pa.}), satisfying

H({a:},{p:}) = Ho({ai}, {pa})-
Setting f = Hyp and h = H in (3.16), it follows from (3.8) that

0Hy 0 oOH
~— | H- — 1,
dq; 0¢; < Ep: o8 Ipg )
0Hy 1o} oOH
—~— | H- — .
Op; Op; < Ep: ¢ 8175 )
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32 Hamiltonian Approach. The Dirac Formalism

Inserting these expressions in (3.9), we obtain

0 oOH
“~ 5 zﬁ: ?p ap

3@%

3

. . O¢p
pir— ¢ - ) 4 :
~ g (1T ; 28
These expressions can also be written in the form 2

0 OH
i~ —— |H+Y (s — =— ,
% 0 zﬂ: (qxa 8p[3) bp

H+Z<QB——)¢ﬂ

P
9q; Ips
Defining
0H
vg =4 — 7— , 3.18
5 o5 (3.18)
equations (3.17) follow. These equations can also be written in the form
8HT . 8HT
i & y Di R — ) 3.19
G~ D 9 (3.19)
where Hr is the total Hamiltonian (3.15) with Hy replaced by H
Hp=H+» vgés , H~ Hy. (3.20)

B

Hence the Hamilton equations of motion take a form analogous to those for an
unconstrained system. The canonical Hamiltonian is merely replaced by the
total Hamiltonian (3.20), where H(q,p) is now any function of the canonical
variables which on the primary constrained surface I' p reduces to the canonical
Hamiltonian evaluated on this surface. Note that in the case where H = H
we have from (3.18) and (3.8) that vg = ¢g.

Equations (3.19) can also be written in Poisson bracket form. Defining the
Poisson bracket of A(q,p) and B(q,p) in the usual way, 3

0AO0B 0A0OB
A B} = _— 21
{4, B} 21: (5%‘ Op;  Op; 5%‘) (3:21)

2Note again that the action of the partial derivatives on the o ’s is not defined. Such terms
are however proportional to the constraints and therefore vanish on the primary surface.
31n this chapter we restrict ourselves to commuting c-number variables.
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3.3 The Hamilton equations of motion 33

we have that
¢ ~{qi, Hr} , pi=~{pi;,Hr} . (3.22)

For later purposes we recall some fundamental properties of Poisson brackets:

1) Antisymmetry
{f.9y =9, 1}
il) Linearity
{fi+f29) ={f1.9} +{f2, 9}

iii) Associative product law

{f1f27g} = fl{f2a9}+ {flvg}fQ

iv) Jacobi-identity (bosonic)

{fa{gah}}+{ga{hvf}}+{hv{fvg}}:0' (323)

From these properties it follows that for any function of the phase space vari-
ables F(q,p), .
F~{F Hr} .

3.3.2 Alternative derivation of the Hamilton equations

Before proceeding with our Hamiltonian analysis of singular systems, it is in-
structive to rederive the above equations of motion by starting from a non-
singular Lagrangian depending on one or more parameters, for which the
Hamilton equations of motion are the standard ones, and which reduces to the
singular Lagrangian of interest by taking an appropriate limit [Rothe 2003a).
This, as we shall see, will also shed light on the role played by the primary
constraints.

Consider the following Lagrangian,
1 . . .
L=3 ZJ Wij(4; a)did; — Z ni(@)g — V(g) (3.24)

where ¢ stands for the set of coordinates {¢;}, and « stands collectively for
a set of parameters. For a # a, we assume that det W # 0, so that we are
dealing with a non-singular system. We assume that the singular system of
interest is realized for & = a. (the subscript ¢ stands for “critical”), where
det W(g;a.) = 0. * Our aim is to derive the Hamilton equations of motion

4Clearly the form of (3.24) is not unique.
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34 Hamiltonian Approach. The Dirac Formalism

for the singular system, by taking the limit @ — «a. of the Hamilton equations
following from (3.24).
For o # «., one has for the Legendre transform of (3.24) the canonical

Hamiltonian,
1

He =3 > i+ )W (pi +n5) + V(a) (3.25)

.3

where the canonical momenta are related to the velocities by

ZWU Qa l( ) . (326)

The symmetric matrix W can be diagonalized by an orthogonal transforma-
tion W — Wp = CTWC. In terms of the eigenvalues and orthonormalized
eigenvectors, W can be written in the form

W” Z}\ U(Z) (é) ’

where

and where by assumption, \s(q;a) # 0 for a # a.. Correspondingly W;;
obtained by making the replacement A\, — y-. The Hamiltonian (3.25) is thU.b

given by
1 1 ,
= - — 2
Al (3:28)
where
de(a,p; ) = (F+ 1)) - 7 (g ) - (3.29)
For a # a, the Hamilton equations of motion then take the form
p 3¢e
gi = 3.30
8]% Z VAT (3.30)
~ OH. ov
'7; — = — — . . ]-
T Z (5 d”) 7a; (331

Consider now the limit a — a. where det W — 0. Let {)\g, } denote the set of
eigenvalues which vanish in this limit. In order to implement the limit we first
write (3.30) and (3.31) in the form

. 3¢e 3¢e
= Z e “opi Z pio ’ (3.32)
#{to}
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3.3 The Hamilton equations of motion 35

R AR IS ()L

t#{Lo }
From (3.29), (3.26) and (3.27) we have that
ty = Z”sz)Wiﬂj = Ao (710 - ) (3.34)
i,J
Hence 1
JL%C /\_eoqszo = peo(q, 45 ac) (3.35)
where
Peg (qv q; 0‘6) = q _(ZO) ((J; ac) . (336)
Note that the finiteness of the velocities in (3.34) implies that
¢€0 (qvpvac) =0 5 (337)

where ¢y, is given by (3.29) with ¢ = ¢y. These are just the primary constraints.
Hence for a — a., equation (3.32) reduces to

. 8¢€ 8¢€0
=) ( 30 8@) +%jpeo( ap,)a_ac (3.38)

t£{to} !

with pg, given by (3.36). Consider next eqgs. (3.33). Again making use of (3.35)

and the fact that 88)‘;? |a=a, = 0, these reduce for @ — a. to
. 1
=3 3 |

9 ( 1 5 Oy ov
. —m)] > pro ( AO) ~ 2=, (339
t#{to} 9as \ e a=ac g, 94i ) qma. 0t

where use has been made of (3.36).

We now notice that the first sum on the rhs of eqs. (3.38) and (3.39) are
just given by 6210 and — aHO , where Hy is the Hamiltonian obtained from (3.28)
by taking the limit o — 04,;

1
ge: msz (¢, p;¢) +V(q) (3.40)

Here use has again been made of the fact that lim,—,q, % is finite, as well as
0

of (3.37). Hy is just the canonical Hamiltonian derived from the (3.24) with
a = ag, evaluated on the surface (3.37). Hence, together with the constraint
equations (3.37), the equations of motion (3.38) and (3.39) take the form

. _OHp . OHp
qi =~ 3}%’ ’ bi = 8%’

(3.41)
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