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Maria Pia, Mario Niettaa, Pietro

aAfter the completion of the book, the mother of R.M. passed in May 2003. R.M. dedi-
cates this book to her memory.
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Preface

In 1955 the Italian mathematician Bruno Finzi, in his contribution to
the book “Fifty Years of Relativity”,b stated his “Principle of Solidarity”
(PS),c that sounds “It’s (indeed) necessary to consider space-time TO BE
SOLIDLY CONNECTED with the physical phenomena occurring in it, so
that its features and its very nature do change with the features and the
nature of those. In this way not only (as in classical and special-relativistic
physics) space-time properties affect phenomena, but reciprocally phenom-
ena do affect space-time properties. One thus recognizes in such an appealing
‘Principle of Solidarity’ between phenomena and space-time that character-
istic of mutual dependence between entities, which is peculiar to modern
science.” Moreover, referring to a generical N-dimensional space: “It can,
a priori, be pseudoeuclidean, riemannian, non-riemannian. But — he won-
ders — how is indeed the space-time where physical phenomena take place?
Pseudoeuclidean, riemannan, non-riemannian, according to their nature, as
requested by the principle of solidarity between space-time and phenomena
occurring in it.”

Of course, Finzi’s main purpose was to apply such a principle to
Einstein’s Theory of General Relativity, namely to the class of gravitational
phenomena. However, its formulation is as general as possible, so to apply
in principle to all the known physical interactions. Therefore, Finzi’s PS is
at the very ground of any attempt at geometrizing physics, i.e. describing
physical forces in terms of the geometrical structure of space-time.

bB. Finzi: “Relatività Generale e Teorie Unitarie”, in “Cinquant’anni di Relatività”,
ed. M. Pantaleo (Giunti, Firenze, Italy, 1955), p. 194.
cIt is quite difficult to express in English in a simple way the Italian words “solidarietà”
and “solidale”, used by Finzi to mean the feedback between space-time and interactions.
A possible way to render them is to use “solidarity” and “solidly connected”, respec-
tively — at the price of partially loosing the common root of the Italian words — with
the warning that what Finzi really means is that the very structure of space-time is
determined by the physical phenomena which do take place in it.
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viii Preface

Such a project (pioneered by Einstein himself) revealed itself unsuc-
cessful even when only two interactions were known, the electromagnetic
and the gravitational one. It was fully abandoned starting from the middle
of the 20th century, due to the discovery of the two nuclear interactions,
the weak and the strong one (apart from recent attempts based on string
theory).

Actually, the very euclidean geometry is not only the first historical
example of self-consistent and complete, axiomatic system of mathemat-
ics, but does represent the first theory of physical reality (as stressed for
instance by Penrose). It describes in a quantitative way, in mathematical
language, the relations among measured physical entities — distances, in
this case — and therefore of the physical space in which phenomena occur.

However, the measurement of distances depends on the motion of the
body which actually performs the measurement. Such a dependence is
indeed not on the kind of motion, but rather on the energy needed to let
the body move, and on the interaction providing such energy. The mea-
surement of time needs as well a periodic motion with constant frequency,
and therefore it too depends on the energy and on the interaction.

This simple example shows how energy does play a fundamental role in
determining the very geometrical structure of space-time (in analogy with
the General-Relativistic case, where — as is well known — the energy-
momentum tensor is the source of the gravitational field).

By starting from such considerations, a possible way to implement
Finzi’s principle for all fundamental interactions is provided by the formal-
ism of Deformed Special Relativity (DSR) developed in the last decade. It
is based on a deformation of the Minkowski space, namely a space-time
endowed with a metric whose coefficients just depend on energy. Such
an energy-dependent metric does assume a dynamical role, thus provid-
ing a geometrical description of the fundamental interaction considered
and implementing the feedback between space-time structure and physical
interactions which is just the content and the heritage of Finzi’s principle.

Aim of this book is to acquaint the reader with the basic concepts and
methods of DSR. Part I and II contain the physical and mathematical
foundations of the theory. In Part III, we discuss the physical experiments
whose analysis allows one to derive the explicit form of the phenomenolog-
ical metrics for all four fundamental interactions, and some of the physical
applications of the DSR formalism. The connection of DSR with the prob-
lem of the breakdown of local Lorentz invariance is considered in Part IV.
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Preface ix

The natural link between DSR and a generalized, five-dimensional Kaluza-
Klein scheme is also outlined.

We are indebted of course to many colleagues and friends. First of
all, it is both a duty and a pleasure to express our special gratitude to
Myron Evans, who was so kind to invite us to write this book for the
series “Advances in Chemical Physics” of which he is the Editor in Chief.
Part of the content of the book was the object of a one-month lecture
course delivered by F.C. in spring 2002 at the Mathematical Department
of Messina University, on invitation by Enzo Ciancio and Liliana Restuc-
cia, and we are pleased to thank them warmly. We are very grateful to the
co-authors of all our papers, in particular to Umberto Bartocci, Mauro
Francaviglia, Mario Gaspero, Alessio Marrani, Vladislav S. Olkhovsky,
Eliano Pessa. Thanks are also due to Carol O. Alley, Tito Arecchi, Gaetano
Caricato, Sidney Coleman, Sheldon L. Glashow, Roman Jackiw, Maxim
Yu. Khlopov, Rostislav V. Konoplich, Daniela Mugnai, Fabio Pistella and
Anedio Ranfagni for kind interest and useful discussions. Needless to say,
the responsibility for any errors or omission rests with the authors.

Fabio Cardone
Roberto Mignani
Roma, May 2003
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PART I

GENERALIZING SPECIAL
RELATIVITY
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CHAPTER 1

AN AXIOMATIC VIEW TO SPECIAL RELATIVITY

1.1. Foundations of Special Relativity

Special Relativity (SR) is essentially grounded on the properties of space-
time, i.e. isotropy of space and homogeneity of space and time (as a con-
sequence of the equivalence of inertial frames) and on the Galilei principle
of relativity.

The two basic postulates of SR in its axiomatic formulation are1:

1. Space-time properties: Space and time are homogeneous and space is
isotropic.

2. Principle of Relativity (PR): All physical laws must be covariant when
passing from an inertial reference frame K to another frame K ′, moving
with constant velocity relative to K.

In the second postulate it is clearly understood that, for a correct for-
mulation of SR, it is necessary to specify the total class, CT , of the physical
phenomena to which the relativity principle applies. The importance of
such a specification is easily seen if one thinks that, from an axiomatic
viewpoint, the only difference between Galilean and Einsteinian relativities
just consists in the choice of CT (i.e. the class of mechanical phenomena in
the former case, and of mechanical and electromagnetic phenomena in the
latter).

Such kinds of phenomena are ruled by fundamental interactions deriv-
able from scalar (algebraic) or vector (Euclidean) potentials. Mechani-
cal phenomena, corresponding to the class CT of Galilean relativity, are
determined by a uniform and stationary gravitational field (fully described
in terms of a Newtonian potential) whereas electromagnetic phenomena
considered within SR are determined by the potential component of the
electromagnetic interaction.

Depending on the explicit choice of CT , one gets a priori different
realizations of the theory of relativity (in its abstract sense), each one
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4 An Axiomatic View to Special Relativity

embedded in the previous. Of course, the principle of relativity, together
with the specification of the total class of phenomena considered, necessar-
ily implies, for consistency, the uniqueness of the transformation equations
connecting inertial reference frames.

It is possible to show that, from the above two postulates, there follow —
without any additional hypothesis — all the usual “principles” of SR, i.e.
the “principle of reciprocity”, the linearity of transformations between iner-
tial frames, and the invariance of light speed in vacuum.1

Concerning this last point, it can be shown in general that postulates 1
and 2 above imply the existence of an invariant, real quantity, having the
dimensions of the square of a speed, whose value must be experimentally
determined in the framework of the total class CT of the physical phenom-
ena.a Such an invariant speed depends on the interaction (fundamental,
or at least phenomenological) ruling the physical phenomenon considered.
Therefore there is, a priori, an invariant speed for every interaction, namely,
a maximal causal speed for every interaction.

All the formal machinery of SR in the Einsteinian sense (including
Lorentz transformations and their implications, and the metric structure
of space-time) is simply a consequence of the above two postulates and of
the choice, for the total class of physical phenomena CT , of the class of
mechanical and electromagnetic phenomena.

1.2. The Principle of Solidarity

The attempt at including the class of nuclear and subnuclear phenomena in
the total class of phenomena for which special relativity holds true is there-
fore expected to imply a generalization of Minkowski metric, analogously
to the generalization from the Euclidean to the Minkowski metric in going
from mechanics to electrodynamics.

However, in order to avoid misunderstandings, it must be stressed that
such an analogy with the extension of the Euclidean metric has to be under-
stood not in the purely geometric meaning, but rather in the sense (already
stressed by Penrose2) of Euclidean geometry as a physical theory. We shall
discuss such a point in more detail in Chap. 3.

Indeed, the generalized metric is endowed with a dynamical character
and is not only a consequence, but also an effective description of (the
interaction involved in) the class of phenomena considered. It implements

aThe invariant speed is obviously ∞ for Galilei’s relativity, and c (light speed in vacuum)
for Einstein’s relativity.
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Locality and Interaction 5

therefore a feedback between interactions and space-time structure, already
realized for gravitation in General Relativity.

This complies with the “Principle of Solidarity” stated by B. Finzi in
the form already quoted in the Preface, which can be embodied in the
following third principle of Relativity:

3. Principle of Solidarity (PS ): Each class of phenomena (namely, each
interaction) determines its own space-time.

The mathematical tool to implement the PS is a deformation (in the
sense specified later on) of the Minkowski metric. This implies, among the
others, new, generalized transformation laws, which admit, as a suitable
limit, the Lorentz transformations (just like Lorentz transformations rep-
resent a covering of the Galilei–Newton transformations).

1.3. Locality and Interaction

1.3.1. Locality and Nonlocality

The Principle of Solidarity can in general apply also to interactions nonlocal
and not derivable from a potential. Let us therefore clarify what it is meant
by such terms in this book.

Essentially two definitions of nonlocality exist in literature. The first
amounts to contradict the so-called Einstein–Bell locality, which can be
stated as follows:

The elements of physical reality of a system cannot be affected
instantaneously at a distance (Einstein)

or

The probability of two measurements performed on events separated
by a spacelike interval is simply the product of the probabilities of
the two measurements separately (Bell).

It is easy to see that such a nonlocality (of quantum nature) is basically
connected to the possibility of superluminal signals.

The second definition is related to the functional dependence of the
force. A force is local when it depends on a space-time point (or, better, on
an infinitesimal neighborhood of the point); it is nonlocal when it depends
on a whole (finite) space-time region. In the following, we shall just mean
this latter definition whenever using the term nonlocal.
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6 An Axiomatic View to Special Relativity

1.3.2. Potential and Nonpotential Interactions

Let us stress, however, that “local” interaction (in the sense specified above)
and “potential” interaction are not synonymous, in general. Once one fixes a
space-time point, a local interaction is uniquely determined by an infinitesi-
mal neighborhood of the point, whereas a potential interaction is just deter-
mined by the value the potential function takes at the point considered.
Notice that the derivability from a potential requires the uniqueness of the
potential function on the whole space-time region where the force field is
defined.

An example of a nonlocal but potential interaction is provided by an
interaction described by the potential

V (xi) =
∫ ∏

xj∈{x},j �=i

dxjV ({x}) (1.1)

where {x} is the set of metric coordinates, the integration can be definite
or indefinite (in the latter case, the potential will depend also on the geom-
etry of the integration regions) and V ({x}) is regular enough to ensure its
integrability (for instance, in the Riemann sense).

On the other side, the electromagnetic (e.m.) interaction associated to a
magnetic monopole is an example of a local but nonpotential interaction. In
this case, due to the presence of the singular Dirac string, the force field of
the monopole is irrotational locally but not globally.b This implies that the
monopole field is described by many (in general different) local potentials.
By the non-uniqueness of the potential, the e.m. interaction of the magnetic
monopole is nonpotential, but it is local indeed.

bIn the language of differential geometry, the field of a Dirac magnetic monopole is
associated to a differential form which is closed but not globally exact.
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CHAPTER 2

DEFORMED MINKOWSKI SPACE-TIME

As is well known, the Minkowski metrica

g = diag(1,−1,−1,−1) (2.1)

is a generalization of the Euclidean metric ε = diag(1, 1, 1). On the basis
of the discussion of Chap. 1, we assume that the metric describes, in an
effective way, the interaction, and that there exist interactions more general
than the electromagnetic ones (which, as well known, are long-range and
derivable from a potential).

The simplest generalization of the space-time metric which accounts for
such more general properties of interactions is provided by a deformation, η,
of the Minkowski metric (2.1), defined as3–5

η = diag(b2
0, −b2

1,−b2
2,−b2

3). (2.2)

Of course, from a formal point of view metric (2.2) is not new at all.
Deformed Minkowski metrics of the same type have already been pro-
posed in the past6–9 in various physical frameworks, starting from Finsler’s
generalization of Riemannian geometry6 to Bogoslowsky’s anisotropic
space-time7 to Santilli’s isotopic Minkowski space.8 A phenomenological
deformation of the type (2.2) was also obtained by Nielsen and Picek9 in
the context of the electroweak theory. Moreover, although for quite differ-
ent purposes, “quantum” deformed Minkowski spaces have been also con-
sidered in the context of quantum groups.10 Leaving to later considerations
the true specification of the exact meaning of the deformed metric (2.2) in
our framework, let us right now stress two basic points.

aThroughout this book, lower Latin indices take the values {1, 2, 3} and label spatial
dimensions, whereas lower Greek indices vary in the range {0, 1, 2, 3}, with 0 referring
to the time dimension. Ordinary 3-vectors are denoted in boldface. Moreover, we adopt
the signature (+, −, −, −), and employ the notation “ESCon” (“ESCoff ”) to mean that
the Einstein sum convention on repeated indices is (is not) used.
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8 Deformed Minkowski Space-Time

1. Firstly, metric (2.2) is supposed to hold at a local (and not global) scale,
i.e. to be valid not everywhere, but only in a suitable (local) space-time
region (characteristic of both the system and the interaction considered).
We shall therefore refer often to it as a “topical” deformed metric.

In the present case, the term “local” must be understood in the sense
that a deformed metric of the kind (2.2) describes the geometry of a 4-
dimensional variety attached at a point x of the standard Minkowski
space-time, in the same way as a local Lorentz frame is associated
(as a tangent space) to each point of the (globally Riemannian) space of
Einstein’s GR. Another example, on some respects more similar to the
present formalism, is provided by a space-time endowed with a vector
fibre-bundle structure, where a (maximally symmetric) Riemann space
with constant curvature is attached at each point x.11

2. Secondly, metric (2.2) is regarded to play a dynamical role. So, in order
to comply with the solidarity principle, we assume that the parameters
bµ (µ = 0, 1, 2, 3) are, in general, real and positive functions of a given
set of observables {O} characterizing the system (in particular, of its
total energy, as specified later):

{bµ} = {bµ({O})} ∈ R+
0 , ∀ {O}. (2.3)

The set {O} represents therefore, in general, a set of non-metric variables
({xn.m.}).

Equation (2.2) therefore becomes:

ηµν = ηµν({O})

= diag(b2
0({O}),−b2

1({O}),−b2
2({O}),−b2

3({O})) ESC off=

= δµν(δµ0b
2
0({O}) − δµ1b

2
1({O}) − δµ2b

2
2({O}) − δµ3b

2
3({O})). (2.4)

However, for the moment the deformation of the Minkowski space will
be discussed only from a formal point of view, by disregarding the problem
of the observables on which the coefficients bµ actually depend (it will be
faced in Chap. 3).

Notice that the first point, i.e. the assumed local validity of (2.2), dif-
ferentiates this approach from those based on Finsler’s geometry or from
the Bogoslowski’s one (which, at least in their standard meaning, do con-
sider deformed metrics at a global scale), and makes it similar, on some
aspects, to the philosophy and methods of the isotopic generalizations of
Minkowski spaces. However, it is well known that Lie-isotopic theories rely
in an essential way, from the mathematical standpoint, on (and are strictly
characterized by) the very existence of the so-called isotopic unit.8 In the
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Deformed Minkowski Space-Time 9

following, such a formal device will not be exploited (because unessential
on all respects), so that the present formalism is not an isotopic one. More-
over, from a physical point of view, the isotopic formalism is expected to
apply only to strong interactions.8 On the contrary, it will be assumed that
the (effective) representation of interactions through the deformed met-
ric (2.2) does hold for all kinds of interactions (at least for their nonlocal
component). In spite of such basic differences this formalism shares some
common formal results — as we shall see in the following — with iso-
topic relativity (like the mathematical expression of the generalized Lorentz
transformations).

It is now possible to define a generalized (“deformed”) Minkowski space
M̃(x, η({O})) with the same local coordinates x of M (the four-vectors
of the usual Minkowski space), but with metric given by the metric ten-
sor η (2.4). The generalized interval in M̃ is therefore given by (xµ =
(x0, x1, x2, x3) = (ct, x, y, z), with c being the usual light speed in vacuum)
(ESC on)3–5:

ds2̃({O})

≡ b2
0({O})c2dt2 − b2

1({O})(dx1)2 − b2
2({O})(dx2)2 − b2

3({O})(dx3)2

= ηµν({O})dxµdxν = dx ∗ dx. (2.5)

The last step in (2.5) defines the scalar product ∗ in the deformed
Minkowski space M̃ . Moreover, according to (2.5), we shall use the fol-
lowing notation for the deformed square norm of a four-vector:

|x|2∗ ≡ x ∗ x = ηµν({O})xµxν = x2̃. (2.5′)

In order to evidence some preliminary implications of metric (2.4), let
us consider (for simplicity sake and without loss of generality) an isotropic
3-dimensional space, i.e.

b2
1({O}) = b2

2({O}) = b2
3({O}) ≡ b2({O}) (2.6)

so that the corresponding deformed metric reads

ηµνISO({O}) = diag(b2
0({O}),−b2({O}),−b2({O}),−b2({O})) ESC off=

= δµν [δµ0b
2({O}) − (δµ1 + δµ1 + δµ1)b2({O})]. (2.7)

One gets, for null separation ds2̃ = 0:

ds2̃({O}) = 0 ⇔ b2
0({O})c2dt2 − b2({O})[(dx1)2 + (dx2)2 + (dx3)2] = 0

⇔ (dx2 + dy2 + dz2)
dt2

= c2 b2
0({O})

b2({O})
. (2.8)
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10 Deformed Minkowski Space-Time

From Eq. (2.8) it is easily seen that the maximal causal speed in the
generalized Minkowski space is given by:

u =
b0({O})
b({O})

c. (2.9)

It is worth noticing that a similar result (namely, a “maximum attain-
able speed”, a priori different for different physical processes) was also
obtained by Coleman and Glashow,12 in the framework of a discussion of
possible effects breaking Lorentz invariance (essentially on a local scale).

Let us remark that u depends explicitly on the metric parameters bµ,
which are a priori different for every physical system. However, since the
deformation of the metric represents, on average, the effects of the nonlocal
interactions involved, it is expected that physical systems with the same
kind of interactions (besides the electromagnetic ones) are described by
metric parameters of the same order of magnitude (or, at least, this holds
true for the ratio b0/b). In this sense it is possible to refer to u as a “speed
of interaction”, rather than “speed of the physical system” considered (of
course, at the same energy scale).

In Eq. (2.9), the value of u is parametrized in terms of c, and depends
on the physical system (and its interactions). Moreover, it is

u � c ⇔ b0({O})
b({O})

� 1. (2.10)

In other words, there may be maximal causal speeds either subluminal
or superluminal, depending on the interaction considered.

It is worth to recall that the deformation of the metric, resulting in the
interval (2.5), represents a geometrization of a suitable space-time region
(corresponding to the physical system considered) that describes, in the
average, the effect of nonlocal interactions on a test particle. It is clear that
there exist infinitely many deformations of the Minkowski space (precisely,
∞4), corresponding to the different possible choices of the parameters bµ,
a priori different for each physical system.

Moreover, since the usual, “flat” Minkowski metric g (2.1) is related in
an essential way to the electromagnetic interaction, we shall always mean
in the following — unless otherwise specified — that electromagnetic inter-
actions imply the presence of a fully Minkowskian metric. Actually, as it
will be seen, a deformed metric of the type (2.7) is required if one wants to
account for possible nonlocal electromagnetic effects (like those occurring
in the superluminal wave propagation in waveguides: see Chap. 7).
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CHAPTER 3

DESCRIPTION OF INTERACTIONS BY
ENERGY-DEPENDENT METRICS

3.1. Energy and the Finzi Principle

Now one has to go into the question of the dependence of the metric param-
eters bµ({O}) on the set of observables {O} of the system considered, and
to examine closely the physical meaning of such a functional dependence.

To this aim, the basic question to be put is how to implement Finzi’s
Principle of Solidarity for all interactions on a mere special-relativistic basis.
At present, General Relativity (GR) is the only successful theoretical real-
ization of geometrizing an interaction (the gravitational one). As is well
known, energy plays a fundamental role in GR, since the energy-momentum
tensor of a given system is the very source of the gravitational field.

A moment’s thought shows that this occurs actually also for other inter-
actions. Let us consider, for instance, the case of Euclidean geometry in
its intrinsic meaning of a theory of the physical reality at its basic clas-
sical (macroscopic) level. Actually, it describes in a quantitative way, in
mathematical language, the relations among measured physical entities —
distances, in this case —, and therefore of the physical space in which phe-
nomena occur.

However, the measurement of distances depends on the motion of the
body which actually performs the measurement. Such a dependence is
indeed not on the kind of motion, but rather on the energy needed to
let the body move, and on the interaction providing such energy. The mea-
surement of time needs as well a periodic motion with constant frequency,
and therefore it too depends on the energy and on the interaction.

This simple example shows how energy does play a fundamental role in
determining the very geometrical structure of space-time.

Generalizing such an argument, we can state that exchanging energy
between particles amounts to measure operationally their space-time
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12 Description of Interactions by Energy-Dependent Metrics

separation.a Of course such a process depends on the interaction involved
in the energy exchange; moreover, each exchange occurs at the maximal
causal speed characteristic of the given interaction. It is therefore natu-
ral to assume that the measurement of distances, performed by the energy
exchange according to a given interaction, realizes the “solidarity principle”
between space-time and interactions at the microscopic scale. This allows
one to identify the total energy E of the physical process considered as the
observable on which the coefficients bµ({O}) depend:

{O} ≡ E ⇔ {bµ({O})} ≡ {bµ(E)}, ∀µ = 0, 1, 2, 3. (3.1)

Actually, since all the functions {bµ} are dimensionless, they must depend
on a dimensionless variable. Then, one has to divide the energy E by a
constant E0 (in general characteristic of each fundamental interaction),
with dimensions of energy, so that:

{bµ({O})} ≡
{

bµ

(
E

E0

)}
, ∀µ = 0, 1, 2, 3. (3.2)

As it will be seen, E0 has the meaning of a “threshold energy”.
Thus, the distance measurement is accomplished by means of the

deformed metric tensor, given explicitly by

ηµν(E) = diag(b2
0(E),−b2

1(E),−b2
2(E),−b2

3(E)) ESC off=

= δµν(δµ0b
2
0(E) − δµ1b

2
1(E) − δµ2b

2
2(E) − δµ3b

2
3(E)). (3.3)

Any interaction can be therefore phenomenologically described by met-
ric (3.3) in an effective way. This is true in general, but necessary in the
case of nonlocal and nonpotential interactions. For force fields which admit
a potential, such a description is complementary to the actual one.b

One is therefore led to put forward a revision of the concept of
“geometrization of an interaction”: each interaction produces its own met-
ric, formally expressed by the metric tensor (3.3), but realized via different
choices of the set of parameters bµ(E). Otherwise said, the bµ(E)’s are
peculiar to every given interaction. The statement that (3.3) provides us
with a metric description of an interaction must be just understood in such
a sense.

aNotice that, in this framework, a space-time point has only a mathematical
(geometrical) meaning, since it physically corresponds to an energy insufficient to the
motion (for the interaction considered). See also Sec. 11.2.
bAs we shall see in Chap. 8, an example is just provided by the gravitational interaction
in the Newtonian limit.
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Energy as Dynamical Variable 13

Therefore, the energy-dependent deformation of the Minkowski metric
implements a generalization of the concept of geometrization of an inter-
action (in accordance with Finzi’s principle). The GR theory implements
a geometrization (at a global scale) of the gravitational interaction, based
on its derivability from a potential and on the equivalence between the
inertial mass of a body and its “gravitational charge”. The formalism of
energy-dependent metrics allows one instead to implement a geometriza-
tion (at a local scale) of any kind of interaction characterized by a phe-
nomenology experimentally measurable. As already stressed before, such a
formalism applies, in principle, to both fundamental and phenomenological
interactions, either potential (gravitational, electromagnetic) or nonpoten-
tial (strong, weak), local and nonlocal (in the sense already specified), for
which either an Equivalence Principle holds (as it is the case of gravitation)
or (in the more general case) the inertial mass of the body is not in gen-
eral proportional to its charge in the force field considered (e.m., strong,
and weak interaction). The basic point of the present way of geometrizing
an interaction (thus realizing the Finzi legacy) consists in a “upsetting” of
the space-time-energy parametrization. Whereas for potential interactions
there exists a potential energy depending on the space-time metric coordi-
nates, one has here to do with a deformed metric tensor η, whose coefficients
depend on the energy, that thus assumes a dynamical role.

3.2. Energy as Dynamical Variable

From the physical point of view, the energy E is to be understood as the
measured energy of the system, and must be therefore regarded as a merely
phenomenological variable. As is well known, all the physically realizable
detectors work via their electromagnetic interaction in the usual Minkowski
space. This is why, in this formalism, the Minkowski space and the e.m.
interaction do play a fundamental role. The former is, as already stressed,
the cornerstone on which to build up the generalization of Special Relativity
based on the deformed metric (3.3). The latter is the comparison term for
all fundamental interactions. Let us recall that they are strictly interrelated,
since it is just electromagnetism which determines the Minkowski geometry.

From the mathematical standpoint, E is to be considered as a dynam-
ical variable, because it specifies the dynamical behavior of the process
under consideration, and, via the metric coefficients, it provides us with
a dynamical map — in the energy range of interest — of the interaction
ruling the given process.
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14 Description of Interactions by Energy-Dependent Metrics

Let us notice that metric (3.3) plays, for nonpotential interactions, a
role analogous to that of the Hamiltonian H for a potential interaction. In
particular, the metric tensor η as well is not an input of the theory, but
must be built up from the experimental knowledge of the physical data of
the system concerned (in analogy with the specification of the Hamiltonian
of a potential system). However, there are some differences between η and
H worth to be stressed. Indeed, as is well known, H represents the total
energy Etot of the system irrespective of the value of Etot and the choice
of the variables. On the contrary, η(E) describes the variation in the mea-
surements of space and time, in the physical system considered, as Etot

changes; therefore, η does depend on the numerical value of H, but not
on its functional form. The explicit expression of η depends only on the
interaction involved.

It is moreover worth recalling that the use of an energy-dependent space-
time metric can be traced back to Einstein himself, who generalized the
Minkowski interval as follows

ds2 =
(

1 +
2φ

c2

)
c2dt2 − (dx2 + dy2 + dz2) (3.4)

(where φ is the Newtonian gravitational potential), in order to account for
the modified rate of a clock in presence of a (weak) gravitational field.

One may be puzzled about the dependence of the metric on the energy,
which is not an invariant under usual Lorentz transformations, but trans-
forms like the time-component of a four vector.

Actually, energy is to be regarded, in this formalism, from two differ-
ent points of view. One has, on one side, the energy as measured in full
Minkowskian conditions, which, as such, behaves as a genuine four-vector
under usual Lorentz transformations (in the sense that it changes in the
usual way if we go, say, from the laboratory frame to another frame in uni-
form motion with respect to it). Once fixed the frame, one gets a measured
value of the energy for a given process (for instance, the energy of the Bose–
Einstein correlation phenomenon in pion production, as measured at CERN
by the UA1 collaboration). This is the value which enters, as a parameter,
in the expression (3.3) of the deformed metric. Such an energy, therefore,
is no longer to be considered as a four vector in the deformed Minkowski
space, but it is just a quantity whose value determines the deformed geom-
etry of the process considered (or, otherwise speaking, which selects the
deformed space-time we have to use to describe the phenomenon).

Let us briefly discuss the phenomenological aspects of the metric depen-
dence on energy. Notice that, in particle collisions, the energy of the incident
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particle in the laboratory frame, E = EL, can be related to the Mandelstam
invariant s (corresponding to the total energy of the colliding particles in
the center-of-mass reference frame) by means of the relation, valid at suffi-
ciently high energies:

s ≈ 2ELM, (3.5)

(where M is the mass of the target),c and analogous to the formula relating
the laboratory momentum pL and the invariant flux φ: φ = pLM .

Therefore, in particle collisions, the metric parameters can be indeed
considered as dependent on the invariant s:

{bµ(EL)} ≈
{

bµ

( s

2M

)}
≡ {b̃µ(s)}. (3.6)

Actually, s is a scalar under usual Lorentz transformations, and, in general,
an usual relativistic invariant is no longer unchanged for transformations
preserving the deformed interval (2.5). However, let us recall that the energy
chosen as phenomenological parameter is that measured electromagneti-
cally, and therefore in presence of a Minkowski metric. This interpretation
is supported by the case of colliding beam reactions with different energies:
indeed, it would be impossible, otherwise, to define what energy must be
used as parameter. Such a point of view can be adopted e.g. in the analysis
of the so called “ramping run” of UA1 in order to extract the parameters
of the hadronic metric (as functions of the energy) from the experimental
data (see Part III).

cIndeed, the Mandelstam invariant s for two colliding particles is defined as s ≡ (p1+p2)2,
where pi is the 4-momentum of the ith particle. In their C.M. frame, p1 + p2 = 0, and
s = (E1 + E2)2. In the laboratory frame, where the target particle 2 of mass M is at
rest, the 4-momenta of the two particles are:

pµ
1 =

(
E1

c
=

√
|p1|2 + m2c2,p1

)
, pµ

2 = (Mc,0).

Therefore

s =
E2

1

c2
+ M2c2 + 2E1M − |p1|2 = |p1|2 + m2c2 + M2c2 + 2E1M − |p1|2

= m2c2 + M2c2 + 2E1M.

In the (ultra) relativistic limit E1 � mc2, E1 � Mc2, we get therefore

s ≈ 2E1M

which coincides with Eq. (3.5) on account of the fact that E1 ≡ EL.
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16 Description of Interactions by Energy-Dependent Metrics

In other cases, the phenomenological energy parameter may not be so
easy to identify, neither it can be directly related to an invariant quantity.
This is the case, for instance, of the lifetime of unstable particles.

Let us explicitly stress that the theory of SR based on metric (2.4) has
nothing to do with General Relativity. Indeed, in spite of the formal simi-
larity between the interval (2.5), with the bµ functions of the coordinates,
and the metric structure of a Riemann space, in this framework no men-
tion at all is made of the equivalence principle between mass and inertia,
and among non-inertial, accelerated frames. Moreover, General Relativity
describes geometrization on a large-scale basis, whereas the special relativ-
ity with topical deformed metric describes local (small-scale) deformations
of the metric structure (although the term “small scale” must be referred
to the real dimensions of the physical system considered).

But the basic difference is provided by the fact that actually the
deformed Minkowski space M̃ has zero curvature, as it is easily seen by
remembering that, in a Riemann space, the scalar curvature is constructed
from the derivatives, with respect to space-time coordinates, of the metric
tensor. In others words, the space M̃ is intrinsically flat — at least in a
mathematical sense. Namely, it would be possible, in principle, to find a
change of coordinates, or a rescaling of the lengths, so as to recover the
usual Minkowski space. However, such a possibility is only a mathemati-
cal, and not a physical one. This is related to the fact that the energy of
the process is fixed, and cannot be changed at will. For that value of the
energy, the metric coefficients do possess values different from unity, so that
the corresponding space M̃ , for the given energy value, is actually different
from the Minkowski one. The usual space-time M is recovered for a special
value E0 of the energy (characteristic of any interaction), such that indeed

η(E0) = g = diag(1,−1,−1,−1). (3.7)

Such a value E0 (which must be derived from the phenomenology) will be
referred to as the threshold energy of the interaction considered. As we shall
see, it is just the constant introduced in Eq. (3.2) by dimensional arguments.

It is worth stressing that, due to the dependence on energy of the met-
ric parameters bµ, the maximal causal speed of any interaction, too, is a
function of the energy, according to the relation

u(E) =
b0(E)
b(E)

c. (3.8)

However, it remains invariant — for fixed energy values — under generalized
Lorentz transformations from a given reference frame to another. Clearly,
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Energy as Dynamical Variable 17

in Eq. (3.8), the light speed in vacuum, c, does merely play the role of a
phenomenological parameter on which the value of u depends.

The maximal causal speed u can be interpreted, from a physical stand-
point, as the speed of the quanta of the interaction which requires a rep-
resentation in terms of a generalized Minkowski space. Since these quanta
are associated to lightlike world-lines in M̃ (see Eq. (2.8)), they must be
zero-mass particles (with respect to the interaction considered), in analogy
with photons (with respect to the e.m. interaction) in the usual SR.d

Let us clarify the latter statement. The carriers of a given interaction
propagating with the speed u typical of that interaction are expected to
be strictly massless only inside the space whose metric is determined by
the interaction considered. A priori, nothing forbids that such “deformed
photons” may acquire a nonvanishing mass in a deformed Minkowski space
related to a different interaction.

This might be the case of the massive bosons W+, W− and Z0, car-
riers of the weak interaction, which would therefore be massless in the
space M̃(ηweak(E)) related to the weak interaction, but would acquire a
mass when considered in the standard Minkowski space M of SR (that, as
already stressed, is strictly connected to the electromagnetic interaction,e

ruling the operation of the measuring devices). In this framework, there-
fore, it is not necessary to postulate a “symmetry breaking” mechanism
(like the Goldstone one in gauge theories) to let particles acquire mass.f

Mass itself would assume a relative nature, related not only to the interac-
tion concerned, but also to the metric background where one measures the
energy of the physical system considered. This can be seen if one takes into
account the fact in general, for relativistic particles, mass is the invariant
norm of 4-momentum, and what is usually measured is not the value of such
an invariant, but of the related energy. As it will be seen in Chap. 14, it
is possible indeed, in this framework, to give a geometrical meaning to the
electron mass, and relate it to the breakdown of local Lorentz invariance.

dHowever, the problem of mass requires to be considered in more detail (see Chap. 14).
eActually, as we shall see in Part III, this is strictly true only for E > E0,e.m., where
E0,e.m. � 4.5 µeV is the threshold energy for the e.m. interaction, i.e.

M̃(ge.m.(E))|E�4.5 µeV = M.

fOn the contrary, if one could build up measuring devices based on interactions different
from the e.m. one, the photon might acquire a mass with respect to such a non-e.m.
background.
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18 Description of Interactions by Energy-Dependent Metrics

To end this chapter, let us notice that the deformation (3.3) of the
Minkowski metric is expected to apply to the description not only of
extended particles, but also of quantum pointlike particles, as far as their
energy is such that one cannot neglect their associated cloud of virtual
quanta.

The problem of a metric description of a given interaction is thus
formally reduced to the determination of the coefficients bµ(E) from the
data on some physical system, whose dynamical behaviour is ruled by the
interaction considered.
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PART II

RELATIVITY IN A DEFORMED
SPACE-TIME
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CHAPTER 4

GENERALIZED PRINCIPLE OF RELATIVITY
AND LORENTZ TRANSFORMATIONS

4.1. Deformed Special Relativity

In order to develop the relativity theory in a deformed Minkowski space-
time, one has to suitably generalize and clarify the basic concepts which
are at the very foundation of SR.

Let us first of all define a “topical inertial frame”:

(i) a topical “inertial” frame (TIF) is a reference frame in which space-time
is homogeneous, but space is not necessarily isotropic.

Then, a “generalized principle of relativity” (or “principle of metric invari-
ance”) can be stated as follows:

(ii) all physical measurements within every topical “inertial” frame must
be carried out via the same metric.

We shall call “Deformed Special Relativity” (DSR) the generalization of
SR based on the above two postulates, and whose space-time structure is
given by the deformed Minkowski space M̃ introduced in Chap. 2.

4.2. Deriving the Deformed Lorentz Transformations

It follows from the above points (i), (ii) that the transformation equations
connecting topical “inertial” frames, i.e. the generalized Lorentz transfor-
mations, are those which leave invariant the deformed metric when passing
from a topical “inertial” frame K, to another frame K ′, moving with con-
stant velocity with respect to K. Then, physical laws are to be covariant
with respect to such generalized transformations.

In other words, the generalized Lorentz transformations are the isome-
tries of the deformed Minkowski space M̃ . We shall refer to them in the
following as deformed Lorentz transformations (DLT). Their explicit form
can be derived by the same procedure followed in order to find the Lorentz
transformations in the usual Minkowski space.
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22 Generalized Principle of Relativity and Lorentz Transformations

Consider two TIF, K and K ′; by definition, the DLT’s leave invariant
the deformed interval (2.5), i.e.

b2
0c

2t2 − b2
1x

2 − b2
2y

2 − b2
3z

2 = b2
0c

2t′2 − b2
1x

′2 − b2
2y

′2 − b2
3z

′2. (4.1)

Moreover, it can be assumed, without loss of generality, that the frames
K and K ′ are in standard configuration (i.e. their spatial frames coincide
at t = t′ = 0). By choosing the boost direction along x̂1 = x̂, we have
therefore y′ = y, z′ = z and Eq. (4.1) reduces to

b2
0c

2t2 − b2
1x

2 = b2
0c

2t′2 − b2
1x

′2. (4.2)

From space-time homogeneity it follows that the functional relations
between the two sets of coordinates {x, y, z, t} and {x′, y′, z′, t′} must be
linear. Then, in general, the deformed coordinate transformations are to be
searched in the form




x′ = A11x + A14t

y′ = y

z′ = z

t′ = A41x + A44t

(4.3)

where the coefficients A11, A14, A41, A44 depend a priori in general on v
and x̂ (and, parametrically, on the energy).

Notice that the origin O′ of TIF K ′ must move in K with velocity
v = v1x̂, and therefore:

x′ = 0, x = vt ⇔ A14 = −vA11 ⇔ x′ = A11(x − vt). (4.4)

Replacing (4.3), (4.4) in (4.2) yields

b2
0c

2t2 − b2
1x

2 = b2
0c

2(A41x + A44t)2 − A2
11b

2
1x

2(x − vt)2 (4.5)

which implies the following 3 × 3 quadratic system:




c2 = c2A2
44 −

(
b1

b0

)2

A2
11v

2

−1 = c2
(

b0

b1

)2

A2
41 − A2

11

0 = c2
(

b0

b1

)2

A41A44 + A2
11v

(4.6)
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with general solution

A11 = A44 = ±
(

1 −
(

vb1

cb0

)2
)−1/2

(4.7)

A41 = ∓
(

vb2
1

c2b2
0

) (
1 −

(
vb1

cb0

)2
)−1/2

= −
(

vb2
1

c2b2
0

)
A11. (4.8)

The final result is



x′ = γ̃(x − vt) = γ̃

(
x − β̃

b0

b1
ct

)

y′ = y

z′ = z

t′ = γ̃

(
t − vb2

1

c2b2
0
x

)
= γ̃

(
t − β̃2

v
x

) (4.9)

where v is the relative speed of the reference frames, and

β̃ =
v

u
; (4.10)

γ̃ = (1 − β̃2)−1/2. (4.11)

Transformations (4.9) do formally coincide with the isotopic Lorentz
transformations. However, in the present context their physical meaning is
different, as it is easily seen e.g. by the identification of the maximal causal
speed u with the speed characteristic of the quanta of a given interaction
(see Sec. 3). In particular, the parametrization (4.10) of the deformed veloc-
ity parameter β̃ in terms of u immediately shows that is always β̃ < 1, so
that γ̃ never takes imaginary values (contrarily to the isotopic case). More-
over, no reference at all is made, in this framework, to the existence of an
underlying “medium”.

It must be carefully noted that, like the metric, also the generalized
Lorentz transformations depend on the energy. This means that one gets
different transformation laws for different values of E, but still with the
same functional dependence on the energy, so that the invariance of the
deformed interval (2.5) is always ensured (provided that the process con-
sidered does always occur via the same interaction).

Indeed, the energy E can be considered fixed also because, from a
quantum point of view, energy can be transferred only by finite amounts.
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Differentiating Eqs. (4.9), we get therefore
{

udt′ + t′du = γ̃(udt − β̃dx) + [dγ̃(ut − β̃x) + γ̃(tdu − xdβ̃];
dx′ = γ̃(dx − β̃udt) + [dγ̃(x − β̃ut) − γ̃(tβ̃du + tdβ̃)],

(4.12)

where, by the above argument, dE = 0 and therefore dγ̃ = dβ̃ = du = 0.
Squaring (4.12) and subtracting, we find

dx′2 − u2dt′2 = γ̃2[(dx − β̃dt)2 − (udt − β̃dx)2] = dx2 − u2dt2 (4.13)

where in the last step use has been made of Eq. (4.2). Exploiting the explicit
expression of u, Eq. (2.9), one has finally

ds′2 = ds2, (4.14)

i.e. the deformed Lorentz transformations (4.9) are actually the isometries
of the deformed Minkowski space M̃ , in spite of their dependence on the
energy.

As already stressed in Chap. 2 (see Eq. (2.10)), it is possible to have
u ≥ c and therefore c ≤ v ≤ u, i.e. superluminal motions are allowed. Let
us remark that the possibility of tachyonic speeds is accomplished, within
this framework, without any recourse neither to imaginary quantities nor to
singularities in the transformation laws (unlike the standard case), because
it is always v ≤ u (even if v ≥ c), so that the relativistic factor γ̃ (Eq. (4.11))
takes only real values, as already noted above.

4.3. Maximal Causal Speed Revisited

In M̃ , it is possible a priori to consider two scalar products between 3-
vectors v1,v2: the standard, Euclidean one · , defined by means of the metric
tensor gik = δik, and the deformed one, induced by the deformed scalar
product ∗ in M̃ , and defined by means of the metric tensor −ηik(E) ESCoff=
b2
i (E)δik (where the sign − is obviously introduced in order to get a positive

3-vector norm) as follows (cf. Eq. (2.5)):

v1 ∗ v2 ≡ −
3∑

i=1

ηij(E)(v1)i(v2)j

=
3∑

i=1

b2
i (E)δij(v1)i(v2)j

= b2
1(E)(v1)1(v2)1 + b2

2(E)(v1)2(v2)2 + b2
3(E)(v1)3(v2)3. (4.15)
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In the following, |v|∗ will denote the absolute value of a 3-vector with
respect to the deformed scalar product ∗ (cf. Eq. (2.5′)), whereas the nota-
tion |v| = v will be used for the norm of v with respect to the standard
product ·.

As is well known, the maximal causal speed in M is obtained by putting
ds2 = 0, whence

ds2 = 0 ⇔ c2dt2 − dx2 − dy2 − dz2 = 0 ⇔ dx2 + dy2 + dz2

dt2
= c2. (4.16)

Then one interprets c as the maximal causal speed along any direction
of the (Euclidean) space R3 (embedded in the pseudo-euclidean Minkowski
space-time M). Such an interpretation is obviously based on the physical
fact that c coincides with the light speed in vacuum, and on the isotropy
of R3. Therefore c represents the value of any of the three components of
the maximal causal velocity vector (m.c.v.) of SR, uSR, namely:

uSR = (c, c, c). (4.17)

Then, c2 is not, in general, a square modulus, but the square of any
component of uSR, whose square modulus (with respect to the Euclidean
scalar product ·), is instead:

|uSR|2 ≡
3∑

i=1

(ui
SR)2 = 3c2 (4.18)

so that

ui
SR =

1√
3
|uSR| ∀ i = 1, 2, 3. (4.19)

The above procedure must be suitably modified in the DSR case, due
to the space anisotropy of M̃ .

Actually, in order to sort out a single component of the 3-vector m.c.v.,
in a general 4-d special-relativistic theory (characterized by a diagonal
metric tensor gµν({O}), where {O} is a set of observables corresponding
to non-metric variables), one has to exploit a “directional separation” (or
“dimensional separation”) method, which consists of the following three-
step recipe (ESCoff throughout):

1. Set ds2̃ equal to zero:

ds2̃ = 0 ⇔ g00({O})c2dt2 +
3∑

i=1

gii({O})(dxi)2 = 0. (4.20)

Copyright World Scientific Publishing Co. 
Provided by IHS Markit under license with WILEY Licensee=/, User=, 

Not for Resale, No reproduction or networking permitted without license from IHS

--`,,```,,,,````-`-`,,`,,`,`,,`---

Full document details: WSPC ENER GEO 2004

http://www.avadocuments.com/doc/wspc-ener-geo-2004
http://www.avadocuments.com/doc/wspc-ener-geo-2004


July 1, 2004 16:7 WSPC/SPI-B206: Energy and Geometry chap04

26 Generalized Principle of Relativity and Lorentz Transformations

2. In order to find the ith component ui({O}) of the m.c.v., put dxj =
0 (j 	= i), thus getting

g00({O})c2dt2 + gii({O})(dxi)2 = 0. (4.21)

3. Evidence on the l.h.s. of (4.21) a quantity with physical dimensions
[space]
[time] = [velocity]; at this point, we have two different subcases:

(I) One carries to the l.h.s. of (4.21) dxi

dt (which amounts to consider the
3-d Euclidean product ·), thus getting an anisotropic m.c.v.:

ui({O}) ≡ dxi

dt
=

(g00({O}))1/2

(−gii({O}))1/2 c ∀ i = 1, 2, 3. (4.22)

(II) One carries to the l.h.s. of (4.21) (−gii({O}))1/2 dxi

dt (which amounts
to consider the 3-d deformed product ∗ defined by −gij({O}) =
δij |gii({O})|, thus getting an isotropic m.c.v.:

ui({O}) ≡ (−gii({O}))1/2 dxi

dt
= (g00({O}))1/2c ∀ i = 1, 2, 3.

(4.23)

The two subcases I and II differ essentially by the different way of imple-
menting the space anisotropy. In the former case, the anisotropy is embed-
ded in the definition of m.c.v.; in the latter one, in the scalar product.a

Specializing the above equations to the DSR framework, we get there-
fore, in the two subcases:

(I)
ui

DSR,I(E) ≡ ui(E) = c
b0(E)
bi(E)

(4.24)

aLet us notice that the directionally separating procedure can be consistently applied
only to (special- or general relativistic) metrics which are fully diagonal. This is obviously
due to the mixings between different space directions which arise in the case of non-
diagonal metrics.

Of course, such a procedure gives (in either subcase) the same standard result when
applied to SR. In fact:

ui
SR = (−gii)1/2 dxi

dt
= (g00)1/2c =

dxi

dt

=
(g00)1/2

(−gii)1/2
c = c ∀ i = 1, 2, 3.
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|uDSR,I(E)| =

(
3∑

i=1

(ui
DSR,I(E))2

)1/2

= cb0(E)
(

1
b2
1(E)

+
1

b2
2(E)

+
1

b2
3(E)

)1/2

(4.25)

The vector u is the (spatially) anisotropic generalization of the maxi-
mal causal speed derived in the (spatially) isotropic case, Eq. (3.8);

(II)
ui

DSR,II(E) ≡ wi(E) = cb0(E) (4.26)

|uDSR,II(E)|∗ =

(
3∑

i=1

b2
i (E)(ui

DSR,II(E))2
)1/2

= cb0(E)(b2
1(E) + b2

2(E) + b2
3(E))1/2 (4.27)

whence

ui
DSR,II(E) = (b2

1(E) + b2
2(E) + b2

3(E))−1/2|uDSR,II(E)|∗ (4.28)

i.e. in this subcase (unlike the previous one, see Eqs. (4.24) and (4.25)) one
can state a proportionality relation by an overall factor (even if dependent
on the metric coefficients) between ui

DSR,II(E) and |uDSR,II(E)|∗.
We have therefore shown that the two different procedures of direc-

tional separation lead to two different mathematical definitions of maxi-
mal causal velocity, an isotropic (w, Eq. (4.26)) and an anisotropic (u,
Eq. (4.24)) one. The choice between them must be done on a physical basis
(see Subsec. 4.4.3).

4.4. Boosts in DSR

4.4.1. Boost in a Generic Direction

In this case, the relative velocity is v = v1x̂ + v2ŷ + v3ẑ, and we have to
suitably generalize definitions (4.10), (4.11) as follows:

β̃ ≡ v
u

≡
(

v1b1(E)
cb0(E)

,
v2b2(E)
cb0(E)

,
v3b3(E)
cb0(E)

)
(4.29)

γ̃ ≡
(
1 − |β̃|2

)−1/2
(4.30)

where (cf. Eq. (4.17))

u =
(

c
b0(E)
b1(E)

, c
b0(E)
b2(E)

, c
b0(E)
b3(E)

)
. (4.31)
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28 Generalized Principle of Relativity and Lorentz Transformations

Notice that β̃ ≡ v
u 	= v

u . This follows from the anisotropy of the 3-vector u,
and it is to be compared with the SR case, where β ≡ v

u = v
c . In general,

it is possible to state that

m
n

=
1
n
m ⇔ n = (n, n, n)

i.e. iff n is a spatially isotropic 3-vector.
In order to derive the expression of the deformed boost in a generic

direction, it is possible to use the same method of the previous case (see
Appendix). However, it is simpler to consider the notion of parallelism
between 3-vectors in M̃(E)b and decompose the space vector x in two
components, x‖ and x⊥, parallel and orthogonal, respectively, to the boost
direction v̂

x = x‖ + x⊥ (4.32)

x‖ ≡ v̂(v̂ ∗ x) =
v

|v|2∗
(v ∗ x) =

v
v ∗ v

(v ∗ x)

=
∑3

i=1 b2
i (E)vixi

∑3
i=1 b2

i (E)(vi)2
v 	= ˆ̃

β(ˆ̃β ∗ x)

=
β̃

|β̃|2∗
(β̃ ∗ x) =

β̃

β̃ ∗ β̃
(β̃ ∗ x) =

∑3
i=1 b2

i (E)β̃ixi

∑3
i=1 b2

i (E)(β̃i)2
β̃ (4.33)

(with ||∗ denoting the absolute value of a 3-vector with respect to the
deformed scalar product ∗, whereas the notation || will be used for the
3-vector norm with respect to the standard product ·)

xi
‖ ≡

∑3
k=1 b2

k(E)vkxk

∑3
k=1 b2

k(E)(vk)2
vi 	=

∑3
k=1 b2

k(E)β̃kxk

∑3
k=1 b2

k(E)(β̃k)2
β̃i (4.34)

x⊥ ≡ x − x‖ = x −
∑3

i=1 b2
i (E)vixi

∑3
i=1 b2

i (E)(vi)2
v

	= x −
∑3

i=1 b2
i (E)β̃ixi

∑3
i=1 b2

i (E)(β̃i)2
β̃ (4.35)

bThe definitions of parallelism and orthogonality are to be meant in the sense of the
deformed 3D scalar product ∗ (see Eq. (2.5)).
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xi
⊥ ≡ xi −

∑3
k=1 b2

k(E)vkxk

∑3
k=1 b2

k(E)(vk)2
vi

	= xi −
∑3

k=1 b2
k(E)β̃kxk

∑3
k=1 b2

k(E)(β̃k)2
β̃i. (4.36)

It is easily checked that indeed

x ∗ v =
3∑

i=1

b2
i (E)xivi =

∑3
i=1 b2

i (E)xivi

∑3
i=1 b2

i (E)(vi)2

3∑
k=1

b2
k(E)(vk)2

=
∑3

i=1 b2
i (E)xivi

∑3
i=1 b2

i (E)(vi)2
v ∗ v = x‖ ∗ v = |x‖|∗|v|∗ (4.37)

x⊥ ∗ v = x ∗ v − x‖ ∗ v = 0. (4.38)

Then, applying the boost (4.9) to x‖ and x⊥ yields



x′
‖ = γ̃(x‖ − vt)

x′
⊥ = x⊥

t′ = γ̃

(
t −

3∑
i=1

vib2
i (E)

c2b2
0(E)

xi

)
= γ̃(t − B̃ · x) = γ̃(t − B̃(∗) ∗ x)

(4.39)

where we put

γ̃ ≡ (1 − β̃ · β̃)−1/2 =
(
1 − β̃

(∗) ∗ β̃
(∗))−1/2

=

[
1 −

(
v1b1(E)
cb0(E)

)2

−
(

v2b2(E)
cb0(E)

)2

−
(

v3b3(E)
cb0(E)

)2
]−1/2

(4.40)

β̃
(∗) ≡ v

w
=

(
v1

cb0(E)
,

v2

cb0(E)
,

v3

cb0(E)

)
=

1
cb0(E)

v (4.41)

w ≡ (cb0(E), cb0(E), cb0(E)) (4.42)

B̃ ≡ v
u2 =

(
v1b2

1(E)
c2b2

0(E)
,
v2b2

2(E)
c2b2

0(E)
,
v3b2

3(E)
c2b2

0(E)

)
(4.43)

B̃(∗) ≡ v
w2 =

1
c2b2

0(E)
v. (4.44)

It follows therefore that the deformed boosts admit a double treatment,
either:

(I) In terms of the Euclidean scalar product ·, of the (anisotropic) m.c.v.
u and of the related velocity parameters β̃ and B̃, or
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(II) in terms of the deformed product ∗, of the (isotropic) m.c.v. w and of

the related velocity parameters β̃
(∗)

and B̃(∗).c

Then, the space vector transforms as:

x′ = x′
‖ + x′

⊥ = γ̃(x‖ − vt) + x⊥

= x + (γ̃ − 1)v̂(v̂ ∗ x) − γ̃vt = x + (γ̃ − 1)
v

|v|2∗
(v ∗ x) − γ̃vt (4.45)

and we eventually find the expression of the deformed boost in a generic
direction: 


x′ = x + (γ̃ − 1)

v
|v|2∗

(v ∗ x) − γ̃vt

t′ = γ̃(t − B̃ · x) = γ̃(t − B̃(∗) ∗ x).
(4.46)

4.4.2. Symmetrization of Deformed Boosts

As in the case of standard SR, it is possible to symmetrize the expression
of boosts in DSR by introducing suitable time coordinates.

Let us first consider a deformed boost along x̂i (i = 1, 2, 3); the
symmetrization transformation (a “dimensionally homogenizing dilato-
contraction”) of t is given by

x0 ≡ uit = c
b0(E)
bi(E)

t; xi′ ≡ xi. (4.47)

The deformed metric tensor in the new “primed” coordinates, {xµ′} =
{x0, x, y, z}, reads:

η′
µν(E) ESC on= ηαβ(E)

∂xα

∂xµ′
∂xβ

∂xν′ = diag(b2
i (E),−b2

1(E),−b2
2(E),−b2

3(E))

ESC off= δµν [b2
i (E)δµ0 − b2

1(E)δµ1 − b2
2(E)δµ2 − b2

3(E)δµ3]. (4.48)

Equation (4.9) takes therefore the symmetric form in xi e x0 (ESC off):


xi′ = γ̃(xi − β̃ix0);

xk �=i′ = xk �=i;

x0′ = γ̃(x0 − β̃ixi).

(4.49)

Transformation (4.49) does not symmetrize the deformed boost in a
generic direction (unlike the case of SR, where the same transformation

cIt is possible to show that, in this case, more equivalent forms of the deformed boost
(4.39) exist. As is easily seen, this is due to the fact that, in general, ˆ̃

β �= v̂ and ˆ̃B �= v̂,

whereas ̂̃
β(∗) = v̂ = ̂̃B(∗).
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x0 = ct symmetrizes both boosts). In this case, the symmetrization is pos-
sible only if the treatment II (based on the deformed scalar product ∗) is
used.

In fact, by using the proportionality (see Eqs. (4.41) and (4.44) and the

footnote at p. 36) among β̃
(∗)

, B̃(∗) and v, the following transformation on
t (see Eq. (4.42))

x0 ≡ cb0(E)t = wkt (∀ k = 1, 2, 3); xi′ ≡ xi (∀ i = 1, 2, 3) (4.50)

does symmetrize Eq. (4.39) in x‖ e x0:



x′
‖ = (1 − β̃

(∗) ∗ β̃
(∗)

)−1/2(x‖ − β̃
(∗)

x0)

x′
⊥ = x⊥

x0′ =




(1 − β̃
(∗) ∗ β̃

(∗)
)−1/2(x0 − β̃

(∗) ∗ x)

= (1 − β̃
(∗) ∗ β̃

(∗)
)−1/2(x0 − β̃

(∗) ∗ x‖).

(4.51)

Under transformation (4.51), the metric tensor becomes:

η′
µν(E) ESC on= ηαβ(E)

∂xα

∂xµ′
∂xβ

∂xν′ = diag(1, −b2
1(E),−b2

2(E),−b2
3(E))

ESC off= δµν [δµ0 − b2
1(E)δµ1 − b2

2(E)δµ2 − b2
3(E)δµ3]. (4.52)

Therefore the symmetrization of the deformed boost in a generic direction
makes the 4-d metric isochronous, since η′

00 = 1 so that τ = t (namely
proper time coincides with coordinate time).

Let us finally notice that, like in the SR case, the boost in generic
direction expressed in terms of x e t (Eq. (4.39)) cannot in general be
symmetrized.

Apparently Eqs. (4.9) are asymmetrical in the behaviour of x′ and t′,
unlike the usual Lorentz transformations, which are fully symmetric when
putting x0 = ct. However, such asymmetry is only formal. It can be removed
by introducing, in analogy with the electromagnetic case, a time coordinate
defined in terms of the maximal causal speed u in the generalized Minkowski
space considered:

x0 = ut =
(

b0

b
c

)
t (4.53)

and changing the metric tensor η into

η′ = diag(b2,−b2,−b2, −b2) = b2g. (4.54)
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32 Generalized Principle of Relativity and Lorentz Transformations

Then, the generalized Lorentz transformations in M̃ ′ take the symmet-
rical form




x0′ = γ̃(x0 − β̃x1);

x1′ = γ̃(x1 − β̃x0);

x2′ = x2;

x3′ = x3.

(4.55)

It is easily seen that the deformed Minkowski spaces M̃ and M̃ ′, with
metrics (2.2) and (4.54) respectively, are isometric, because they have the
same interval (2.5). They are therefore fully equivalent in every respect,
and it is therefore possible to use indifferently either transformation (4.9)
or (4.55). The main advantage of the latter ones is that, due to relation
(4.53), the formulae holding for M̃ ′ are immediately got from those of the
standard special relativity by simply replacing everywhere c by u.

4.4.3. Velocity Composition Law in M̃ and the Invariant
Maximal Speed

We have seen in Sec. 4.3 that the directionally separating approach (manda-
tory in the deformed case) yields two different mathematical definitions u
(Eq. (4.24)) and w (Eq. (4.26)) of maximal causal velocity in DSR. The
choice between them must be done on a physical basis, by checking their
actual invariance under deformed boosts.

To this aim, one has to derive the generalized velocity composition law
valid in M̃ . For a deformed boost in the direction x̂i, differentiating the
inverse of Eq. (4.9) yields (on account of the fact that dE = 0 in DSR)
(ESC off):




dxi = γ̃(dxi′ + vidt′)

dxk �=i = dxk �=i′

dt = γ̃

(
dt′ +

vib2
i (E)

c2b2
0(E)

dxi′
) (4.56)

with γ̃ given by (4.11). Since

dxi

dt
= vi,

dxi′

dt′
= vi′,

dxk �=i

dt
= vk �=i,

dxk �=i′

dt′
= vk �=i′ (4.57)
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one gets the deformed velocity composition law (in compact notation,
ESC off)

vk =
vk′ + δikvi[

1 +
(

bi(E)
b0(E)

)2
vivi′

c2

]
{γ̃(E) + δik[1 − γ̃(E)]}

. (4.58)

This relation can be expressed in terms of the standard 3-d scalar prod-
uct · (and therefore of the anisotropic maximal velocity u) (approach I) as

vk =
vk′ + δikvi[

1 +
v · v′

(ui(E))2

]
{γ̃(E) + δik[1 − γ̃(E)]}

=
vk′ + δikvi[

1 +
β̃ · v′

ui(E)

]
{γ̃(E) + δik[1 − γ̃(E)]}

(4.59)

where

β̃i(E) =
vi

ui(E)
; γ̃(E) = (1 − β̃(E) · β̃(E))−1/2. (4.60)

Alternatively, we can use approach II, based on the deformed scalar
product ∗ (and therefore the isotropic maximal velocity w) and write
Eq. (4.59) as

vk =
vk′ + δikvi[

1 +
v ∗ v′

(wi(E))2

]
{γ̃(E) + δik[1 − γ̃(E)]}

=
vk′ + δikvi

[
1 +

β̃
(∗) ∗ v′

wi(E)

]
{γ̃(E) + δik[1 − γ̃(E)]}

(4.61)

with

β̃(∗)i(E) =
vi

wi(E)
; γ̃(E) = (1 − β̃

(∗)
(E) ∗ β̃

(∗)
(E))−1/2. (4.62)

It is now an easy task to check the truly maximal character of the two
velocities. Indeed, if vi′ = ui(E), one gets, from Eq. (4.59)

vi =
ui(E) + vi

1 +
vi

ui(E)

= ui(E) (4.63)
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whereas, for vi′ = wi(E), Eq. (4.61) yields

vi =
wi(E) + vi

1 +
(bi(E))2vi

wi(E)

	= wi(E). (4.64)

We can therefore conclude, on a physical basis, that u is the maximal,
invariant causal velocity in DSR, and it plays in the deformed Minkowski
space M̃ the role of the light speed in standard SR.d

It is also easy to see why — although approach (II) looks at first sight
more rigorous mathematically, because it permits to connect the peculiar
features of spatial anisotropy of DSR to the deformed product ∗, “naturally
induced” from the metric of M̃(E) — actually it’s approach (I) which yields
the physically relevant result. Indeed, the velocity u is just defined as dx

dt ,
and it therefore represents the physically measured velocity, for a particle
moving in the usual, physical Euclidean 3-d space. On the other hand, this
result clearly shows that the space anisotropy introduced by the deformed
metric is not a mere mathematical artifact, but it reflects itself in the phys-
ical properties (imposed by the interaction involved) of the phenomenon
described by the deformed space-time.

The comparison of the deformed boost expression (Eq. (4.9)) with the
corresponding ones of the standard Lorentz boosts shows clearly that the
transition from SR (based on M) to DSR (based on M̃) is simply carried
out by letting

uSR = (c, c, c) → uDSR(E) =
(

cb0(E)
b1(E)

,
cb0(E)
b2(E)

,
cb0(E)
b3(E)

)
. (4.65)

In other words, the difference between M and M̃(E) (at least as far as
the finite coordinate transformations are concerned) is completely embodied
in the 3-vector m.c.v. u.

dOf course, in the case of space isotropy, we get an isotropic maximal causal velocity
given by (cf. Eq. (2.9))

ui
iso(E) = ui

DSR,II(E)|bi(E)=b(E) = c
b0(E)
b(E)

∀ i = 1, 2, 3

|uiso(E)| =

( 3∑
i=1

(ui
iso(E))2

)1/2

=
√

3c
b0(E)
b(E)
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