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. and the slavery of fear had made men afraid to think.
But such is the irresistible nature of truth, that all it asks,
and all it wants, is the liberty of appearing.

Thomas Paine in “The Rights of Man” [1]

The only justification for our concepts and systems of
concepts is that they serve to represent the complex of
our experiences; beyond this, they have no legitimacy.

Albert Einstein in “The Meaning of Relativity” [2]
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Chapter 1

Introduction

One often reads about the beauty and importance of general rela-
tivity (GR). It is viewed almost universally as our premier theory of
gravity, superseding Newton’s theory of gravity in a profound way.
We share this view whole-heartedly. However, while there have been
a very large number of papers written in the field, it is disconcerting
to note how little there is in the way of a connection of this large
accumulated effort with the great body of the world’s physicists and
astronomers. Many of these papers are of great mathematical com-
plexity, decipherable only by the experts in the field. Even when
decoded, many, if not most, have little relevance to the important
issues of physics and astronomy. This is unfortunate as gravity is
assuming a greater role of significance in science and the best theory
of gravity should be readily accessible to the non-experts.

Our goal in this book is multi-fold: first, we wish to present the
essentials of general relativity in a simple way so that any physicist
who might have missed training in the field, once having digested the
primary concepts and equations, will not have his or her eyes glaze
over when confronted by some reference to or equation for general
relativity. To do so, we will also cover the essentials of special rel-
ativity to provide a smooth transition to the general theory. For a
detailed development of special relativity, the reader is directed to
the truly classic work of L. D. Landau and E. M. Lifshitz [3] and the
very ‘intuitive approach of H. Bondi [4]. The special relativistic treat-
ment in this book has been particularly influenced by these excellent

thinkers.
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2 1. INTRODUCTION

The reader who is comfortable with the standard development
of special relativity but who is unfamiliar with Bondi’s intuitively
appealing approach might wish to start with Chapter 3. In the
standard approach, we discuss how the physical equivalence of all
inertial reference frames plus the experimental result that the veloc-
ity of light is an invariant form the foundation of special relativity,
Einstein’s theory of space and time in the absence of gravity. These
two cornerstones show us that the old transformations of the space-
time coordinates with the Cartesian coordinates with which we are
familiar, no longer hold and that time is no longer an absolute. The
correct transformations using Cartesian coordinates preserve both
the value and the form of the spacetime interval, the important mea-
sure linking time and space that will lead us into general relativity.
Most importantly, we will show that the lengths of bodies and the
intervals of time are seen to vary in remarkable ways when viewed
in different frames of reference. We will get our first taste of the
importance of extrema in physics, how the minimum possible time
interval between the ticks of a clock is read in the rest frame of that
clock (the “proper time interval”) whereas the maximum possible
length of a body is the length that is measured in the rest frame of
that body (the “proper length”). Being extrema of opposite sense
underlines the reciprocal nature of time and space.

In the development of special relativity, we have our first contact
with the vectors and tensors of four-dimensional spacetime. These
mathematical structures are used with the important Principle of
Least Action, which forms the basis of the fundamental equations of
physics and relativistic dynamics.

In Chapter 3, Bondi’s approach to special relativity builds upon
the Doppler factor between two observers in relative motion. Some
of the basic results of special relativity are re-derived using Bondi’s
simple and appealing framework. It enables us to resolve the so-
called twin or clock paradox, the asymmetric aging of twins who
reunite after a voyage of separation. We will see that there is nothing
mysterious that occurs at the turnaround point in the voyage of the
accelerating twin. Different paths in spacetime track different spans
of time in analogy with the different paths in space which track
different spans of distance.

Having covered the essentials of special relativity, we proceed into
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1. INTRODUCTION 3

the next major step in Chapter 4, the development of general rela-
tivity, Einstein’s theory of gravity. (The reader who is comfortable
with the basics of general relativity might wish to proceed to Chap-
ter 5 or 6, depending upon his/her familiarity with the subject.) We
first discuss the Principle of Equivalence, the local equivalence be-
tween accelerated reference frames and gravitational fields that was
the guiding light for Einstein in his quest for a relativistic theory
of gravity. We also focus on the importance of the approximate
aspect of the Equivalence Principle, how it is spacetime curvature
rather than accelerated reference frames that constitutes true grav-
ity, a point well-articulated by J. L. Synge. That being said, the
usefulness of the Equivalence Principle remains, as illustrated in the
lead-in to the spacetime metric tensor as describing a gravitational
field.

We then proceed with the basic mathematics, tensor calculus,
that is required for technical work in general relativity. (Depending
upon the degree to which the reader may wish to follow technical
aspects, he or she may wish to skim over the sections that follow in
Chapter 4 and then concentrate more carefully beginning with Chap-
ter 5.) With the basic aspects of general coordinate transformations
covered, we proceed to explore the nature of curved spaces, intro-
ducing the important Riemann tensor, which characterizes gravity
in an invariant manner. We then focus upon a key GR departure
from Newtonian gravity, the removal of gravity from the category of
forces. A freely gravitating body is seen to move with zero intrin-
sic acceleration, following the extremal paths, the geodesics of the
spacetime that the body occupies. Motion under gravity as a force is
replaced with free motion following the special paths in curved space-
time in analogy with airline pilots who follow the geodesics, the great
circles on the globe, to minimize distance between two points.

The energy and momentum conservation laws of special relativity
are first generalized to arbitrary coordinate systems using the new
generalized derivative, the “covariant derivative”. Guided by the
Principle of Equivalence, we are led to the conservation laws for
general relativity. Consistency with these laws and the demand for
melding with Newtonian gravity under appropriate conditions brings
us to the Einstein tensor. This incorporates gravity on the left hand
side of the Einstein field equations to equal the source, the energy-
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4 1. INTRODUCTION

momentum tensor, on the right hand side. Having established the
Finstein field equations with the basic background structures and
concepts, we are prepared to study the relativistic world of gravity.

We first study the simple important and very interesting Schwarz-
schild solution of the Einstein equations in Chapter 5, the gravita-
tional field in vacuum under the condition of spherical symmetry. To
do so, we require the concepts of proper distance and proper time in
general metrics, including gravity. The study of the Schwarzschild
spacetime introduces interesting issues, event horizons, black holes
and singularities, issues that have ignited the imagination of the gen-
eral public for decades. As compared to special relativity, there is
a paucity of experimental corroboration for the theory of general
relativity. We outline the various issues regarding these tests.

As there are waves of electromagnetic nature emanating from
the acceleration of charges, Einstein’s general relativity predicts that
there must be waves of gravitational nature arising from the accelera-
tion of masses. In Chapter 6, we discuss these waves briefly. Gravity
waves have never yet been observed directly but their existence is in-
ferred from the motion of certain sources such as the binary pulsar,
PSR19134+16. However, issues concerning energy and momentum
for such waves are not clear-cut. Energy localization has been an
enduring controversy in general relativity. We will bring forward our
hypothesis that energy, including the contribution from gravity, is
most logically localized in the regions of the energy-momentum ten-
sor. This has the unsettling implication that gravitational waves,
assuming the reality of their existence to which we certainly sub-
scribe, are not carriers of energy in vacuum.

Part of the natural appeal of physics is that it encompasses all
scales of dimension, from the very tiniest size, a size so small as to
challenge the imagination, to the universe itself which may in fact
be infinite. In Chapter 7, we wind our way through the hierarchy
of scales in nature, connecting them to the fundamental forces. We
know that the macroscopic physics of our everyday experience breaks
down completely when we reach the quantum scale of atomic physics
at dimension 10710 m. At this level and smaller, the world as we
know it is gone. New forces come into play, the “strong force” binding
the nucleus and the “weak force” responsible for the decay of particles
such as the neutron. Even the familiar electromagnetic force from
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1. INTRODUCTION 5

macroscopic physics must be “quantized”, taking on a new character.

It has been almost universally assumed that gravity must also be
quantized at a certain stage. We have argued that this is not neces-
sarily the case since gravity is fundamentally different: all particles
and fields other than gravity exist within spacetime whereas gravity
1 spacetime, i.e. its curvature. In our view, this aspect sets gravity
apart as the enveloper of all the rest of physics and removes the ne-
cessity for its quantization. However, it is well to ask whether gravity
might play a non-classical role at a scale that arises from equating
the Compton wavelength of a particle where a quantum duality sets
in, to the dimension of contraction at which a body exhibits an event
horizon, bringing into play the full nonlinearity of general relativity.
This occurs at the Planck scale, of dimension 1073% m. While we can
look at this number with its long chain of zeros, we cannot begin to
visualize it as an actual length in any normal sense.

In his earliest work in atomic physics, Bohr had set into motion
the quantization of the hydrogen atom with ad hoc rules that were
remarkably successful for their time. We were inspired by the work of
Bohr to attempt an ad hoc quantization at the Planck scale, adding
spin and charge to the Planck mass.

Interestingly, at the extreme of Planck quantum states, a new
level of the dimensionless fine structure constant « arises, namely
1/128 as opposed to the approximate value of 1/137 of atomic physics.
The 1/128 value has a serendipitous aspect as this is almost precisely
the o value governing high energy radiation in Z-boson production
and decay. We know of no particular reason for these numbers to
match. Perhaps it is a sheer coincidence. However, R. P. Feynman
used to impress upon us that it is the confluence of numbers that
can foreshadow important truths in physics.

The preceding focused upon the smallest of scales. Proceeding to
the very largest series of scales beginning in Chapter 8, we first take
a brief excursion into cosmology, the very largest scale in nature. We
provide some perspective by building the image of the vast dimen-
sions that we will encounter by the use of scaling, reducing the size
of the Sun to that of the head of a pin. From there, we can better
picture the vastness of empty space between the stars and then the
immensity of a galaxy. We will discuss some of the early ideas about
the cosmos and how the modern picture developed.
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6 1. INTRODUCTION

There has been much recent interest in the idea that the uni-
verse is currently in a state of accelerated expansion. We will discuss
this aspect briefly in conjunction with the cosmological term in the
Einstein equations. We will argue that this term should be viewed
most logically as another form of matter, albeit exotic, and not a
“geometrical” adjunct to the theory.

As a primary goal, in Chapters 9 and 10, we will show why gen-
eral relativity must be brought into the greater sweep of dynamical
problems in the universe. These entail the motions of stars in the
galaxies and the motions of galaxies within clusters. Until now, it
was believed that Newtonian gravity was the appropriate theory for
these scales and that general relativity came into significant play
only in situations of ultra-strong (or at least very strong) gravity or
for the dynamics of the universe as a whole. This is a bizarre view:
overall, the gravity of the universe is weak. Since general relativity
is seen as necessary to describe this largest scale, why would one
expect GR to be unnecessary for the second and third largest scales
in nature, those of the clusters of galaxies and of the galaxies them-
selves? To this point, when one encountered the expression “general
relativistic dynamics”, the reference was to those very special situa-
tions in nature such as the case of a closely orbiting pair of neutron
stars where very strong gravitational fields and very high velocities
prevailed. These cases are certainly very interesting but they are of
very limited range. It is worth repeating: the new reality to be faced
is that general relativity reaches into the dynamics of essentially all
of the key basic building blocks in nature, the arrays of the billions
of stars in the galaxies and the clusters of the galaxies themselves.
In the vast majority of these cases, the gravity is not very strong and
the velocities are not very high by standard relativity measure.

The importance in following this new path is immediate: without
general relativity, one is left with serious issues first brought to bear
from the work of F. Zwicky and V. Rubin in having to account for
the higher-than-expected velocities of stars within galaxies and of
galaxies within clusters, velocities having to be rationalized on the
basis of Newtonian gravity. This had led to the belief that the normal
baryonic matter that we see is but a small fraction of the total matter
in the universe, that there is an immense quantity of so-called “dark
matter” that is required to drive these anomalous velocities. This
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1. INTRODUCTION 7

matter was seen to reveal its existence solely by gravitation. Clearly
if the gravitational laws that underpin this belief are removed, the
paradigm shifts. Many would argue that the galactic motions are
no longer the main reasons for belief in dark matter, that the pri-
mary reason is now the need for the extra matter to quickly form
the galaxies and their clusters shortly after matter decoupled from
radiation in the early universe. While early universe studies are the
glamorous focus of current interest, some perspective is useful here:
progress in early universe study has been impressive, but firm pro-
nouncements as to what is required to explain COBE and WMAPs
strike us as unjustified. Alternative scenarios should be, and surely
will be explored in the years to come.

In Chapter 9, we will describe the paradigm shift due to general
relativity. We will describe how S. Tieu and the author accounted
for the high velocities of stars in spiral galaxies by the application of
general relativity and without the requirement for the vast stores of
exotic dark matter as is the case when Newtonian gravity is taken
as the underlying theory of gravity. This raises the phenomenon of
general relativistic velocity to a level of fundamental importance as
an observational tool for situations of weak gravity and velocities
far below that of light, domains previously reserved for Newtonian
gravity. An essential point is this: where general relativity gives a
result for a given physical system different from that provided by
Newtonian gravity, we choose the general relativistic result. There
is nothing controversial about this choice—the great majority of the
world’s physicists would do likewise as general relativity is regarded
as our premier theory of gravity. The issue is the generally prevail-
ing belief that the galactic systems that we studied should have given
the same descriptions with the applications of both Newtonian grav-
ity and general relativity. While our approach and departure from
expectations have received a great deal of attention world-wide in
the media and by many physicists and astronomers in hundreds of
communications, it has also been opposed by an interesting variety
of critics. We have answered their critiques in detailed papers and
in Appendix A, we present a simpler account of both the nature of
the criticisms and our replies to them.

In Chapter 10, we will then proceed to the next size scale to
present an account of how we can rationalize the relatively large ve-
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8 1. INTRODUCTION

locities of galaxies within clusters without the aid of dark matter,
again using general relativity. We will focus on our study of the
spherical collapse under gravity of a pressureless ball of fluid as an
idealized model of a freely gravitating cluster of galaxies. We will
present the contrast between the local and asymptotic measures of
the velocities of the particles, the former that would be perceived
by observers in the vicinity of the galaxies and the latter that as-
tronomers would actually perceive over the vast distances separating
us from the populations of galaxies under study. It is well under-
stood that even in classical physics, velocity is an observer-dependent
quantity. In special relativity, that dependence assumes a more com-
plicated form and it is even more complicated in general relativity.
While these aspects of velocity have been understood, they have been
under-appreciated in the case of general relativity. Our approach in
taking these aspects into careful account leads to an alternative to
dark matter as an explanation for the high galactic velocities seen in
clusters of galaxies.

A key theme of this book is one of repositioning general relativis-
tic as opposed to Newtonian dynamics as an essential tool for the
complete description of the motions of bodies under gravity. Our
work with Tieu on galactic dynamics focuses on the hitherto unjusti-
fied neglect of the application of general relativity and the interesting
effects its incorporation produces. By contrast, in Chapter 11 we will
also discuss our work on the misuse of general relativistic dynamics
in the notion of “closed timelike curves”, often interpreted as time
machines, and how they can be seen most logically as mere mathe-
matical rather than physical constructs.

Finally, in Chapter 12 we will discuss the overall direction of cur-
rent theoretical physics research, its fixation on the need for unifica-
tion of the fundamental forces with gravity. We will argue that there
are reasons for regarding gravity as fundamentally different from the
other forces in nature, in fact that it is not a force at all. Rather
than the standard forces that serve as mechanisms coupling objects
to each other as ingredients within spacetime, gravity is a property of
spacetime itself, its curvature. This is the essence of gravity. While
most relativists, if pressed, would acknowledge this to be the case,
the focus has been lost (or never fully appreciated) by many. One
aim of this book is to restore the realization of gravity’s essence.
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1. INTRODUCTION 9

This book will have accomplished its mission if readers will ap-
preciate the wonders that Einstein has brought to our recognition of
relativity in a now much broader framework as one of the corner-
stones of modern physics.
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Chapter 2

Essentials of Special
Relativity

2.1 Basic principles

Special relativity is Einstein’s theory of space and time in the absence
of gravity. It has at its base, Newton’s principle of relativity which
states that physics is the same in all inertial reference frames. An
inertial reference frame is one in which a body moves with a constant
velocity in the absence of an unbalanced force.

As well, special relativity incorporates the experimental fact that
there exists a maximum velocity for the propagation of a signal in
nature, namely ¢, the speed of light in vacuum. Simply put: there
is a speed limit for interactions in nature.? Given this experimental
fact and given that all inertial frames are physically equivalent, it
follows that the speed of light in vacuum (the speed limit) must
be the same, i.e. ¢, in all such frames. This is certainly counter-
intuitive: if A throws a ball to B at speed V', B will measure the ball
speed as V if B is at rest relative to A but B will measure a slower
speed if B is running away from A and a faster speed if B is running

#The existence of a maximum speed for the propagation of interactions leads
to the conclusion that there can be no truly rigid bodies in nature. For example,
if one were to believe that a steel rod is truly rigid, a push leading to motion at
one end would require an instantaneous pressure wave to flow to every other part
so that each part would move in step. However such an infinite speed pressure
wave does not exist and hence there is some buckling of the rod, however small
[3]. Note the discussion of how close one can come towards perfect rigidity in [5].
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12 2. ESSENTIALS OF SPECIAL RELATIVITY

towards A. If photons, the quanta of light, behaved like ordinary
macroscopic balls, the velocity measurements for them would follow
in the same manner. However, what works for balls does not work
for light. We must constantly remind ourselves, as Feynman had
done with such gusto, that in physics, it is the experiment that is
the ultimate arbiter. While the injection of common sense reasoning
is very important for our understanding of physical reality, it is the
experiment that can over-ride our most cherished presuppositions,
and when this occurs, we must yield.P

The constancy of the speed of light leads to the necessity that the
notion of absolute time, a prime example of a cherished presupposi-
tion of classical Newtonian physics, must be abandoned. Intervals of
time as well as intervals of space, the measured lengths of bodies, are
seen to be relative to one’s frame of reference. This in turn leads to
the necessity of focusing upon “events” in space and time, not just
where some event E has occurred, but where and when that event
has occurred relative to the frame of reference that is being used
to label it mathematically. It is essential because, as we shall see,
the temporal relationship between events is no longer an absolute
in relativity but rather it is dependent upon the reference frame of
the observer. It should be noted that in normal parlance, the word
“event” usually refers to some happening of significance. In physics,
events need not have any particular significance and are generally
defined simply as points in a spacetime plot, with time plotted on
one axis and space plotted on axes perpendicular to the time axis.

A particularly shocking consequence of the invariance of the speed
of light in vacuum is the necessity to abandon the seemingly common-
sense notion that the simultaneity of events is absolute. To illustrate
this, consider a railway car moving along the track at speed V. In
the middle of the car, a match is struck and receptors fixed at both
ends of the car record the arrival of the first photons from the flash.
Clearly they record the arrivals at the same time as they are totally
equivalent receptors. Within the frame of the car, there is no physical
significance to their being at the back or the front of the car; the
distance from the match is the same for both and the speed of the
photons is the same in both directions.

PThis applies with particular force in the bizarre domain of quantum phenom-
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2.2. SPACETIME INTERVAL-LORENTZ TRANSFORM 13

However, observers standing along the track have a different pic-
ture of the events. They see the receptor at the back of the car
moving towards the source of the light and the receptor at the front
moving away from the source. While the photons are traveling to
the back end, relative to the reckoning of the outside observers, the
back end receptor has a decreased distance for the photons to reach it
while the front end receptor has an increased distance for the photons
to reach it. Since the speed of the photons as viewed by the outside
observers along the track is the same value ¢ in both directions, just
as was the case for the rest frame of the car, clearly they will say
that the event of photons reaching the back end of the car preceded
their arrival at the front end. Simultaneity relative to the rest frame
of the car does not translate into simultaneity in the frame of the
outside observers along the track.

Had the outside observers calculated according to the classical
compounding of velocities, they would have viewed the photon ve-
locities towards the rear and front ends as V' —c and V +c¢ respectively
rather than —c and ¢ and they would have deduced simultaneity in
their frame as well. Counter to our intuition and experience with
material objects, the speed V of the light source has no effect on
how the outside observers gauge the velocity of the light. The key
is the invariance of the speed of light in relativity in abolishing the
absoluteness of simultaneity.

2.2 The spacetime interval and the Lorentz
transformation

Consider two events: a photon emitted at (x1,y1,21) at time ¢; and
absorbed at (x2,y2,22) at time ¢y relative to a reference frame K.
Since the photon speed is ¢, the distance traversed can be expressed
as c(ta—t1) or as /(w2 — 1)2 + (y2 — y1)% + (22 — 21)2. For any two
events, we define the square of the spacetime interval si5 between
them as

sta=c(ta—t1)? = (w2 —21)* = (2 —1)* — (22 — 21)*.  (2.1)
Its value is seen to be 0 for the events on the path of the photon

given the two ways of expressing the same distance traversed by
the photon. Note that this interval squared has been defined with
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14 2. ESSENTIALS OF SPECIAL RELATIVITY

differing signs, a positive time interval squared and a negative space
interval squared. This is crucial in what follows and it incorporates
the essential difference between time and space.

We could equally well consider the photon events from the point
of view of a frame K™* and we would find (2.1) again with the symbols
starred, apart from ¢ which would be redundant since ¢ = ¢* by
experiment. Thus we have

52y = s%35 = 0 (2.2)

for the spacetime interval squared between photon events. This can
also be expressed for infinitesimally separated photon events as

ds* = dsx®> =0 (2.3)

where
ds® = Adt* — da® — dy® — dz* (2.4)

is now the expression for the infinitesimal spacetime interval squared.

It can be shown [3] that the invariance of the spacetime interval
for events on the path of a light ray leads to the invariance of the
spacetime interval for events that are not on the path of a light ray,
i.e. when the interval as expressed in either (2.1) or (2.4), is not
zero. The invariance of the spacetime interval between events is an
essential fact in relativity.

Let us label an event as E : (t,z,y, z) relative to observer frame
K. Let an observer K*, moving at speed V along the x direction car-
rying axes (x*,y*, z*), label this same event. The K* observer will
assign spacetime coordinates to this event as E : (t*,z*,y*, 2*). It
is straightforward to show that the familiar classical transformation
between the coordinate systems x = x* + Vit*,y = y*, 2 = z*,t = t*
incorporating the absoluteness of time, will not correctly relate the
coordinates of the event in the two frames because this transforma-
tion will not preserve spacetime intervals in the form of (2.1) or (2.4)
between distinct events. The transformation leads to an unwanted
cross-term in dx*dt* for infinitesimally separated events. It is simple
to verify that the correct transformation that preserves the form is
the Lorentz transformation

* * * *
T+ Vit . . c*+Va*/c
= Y=Y , 2=z ct = ———. (25)
2727 ’ ’ 272
1-V2/c 1-V2/c
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2.3. LORENTZ CONTRACTION AND TIME DILATION 15

In Section 3.4, we will derive this transformation using measurements
with beams of light.

The V/c term in the new time transformation and the square
root factors display the smallness of the effect of relativity when the
relative velocity between the frames is much less than ¢ and the crit-
icality of the effect when V' is close to ¢. The transformation also
contrasts the stark change that relativity imposes upon the relation-
ship between ¢ and t* as compared with the Newtonian absolute time
relation ¢ = t*.

With frame K* moving with velocity V relative to K, it follows
that K moves with velocity —V relative to K*. Therefore the inverse
transformation is effected by replacing every un-starred coordinate
with its starred counterpart while letting V' go into —V. The result
is

. x—Vt ct—Vz/c
x

— gy =yt =2t = ————.
V1-V2/c? V1-V2/c?

(2.6)

2.3 Lorentz contraction and time dilation

From the Lorentz transformation, it is easy to show that the length of
an object as measured in its rest frame, the “proper length”, is max-
imal: an observer moving relative to the object measures a shorter
length, the phenomenon called “Lorentz contraction”. Consider a
meter stick at rest in the K frame along the z axis, its left end at
xy, and its right end at xr at all times t. The K frame observers
measure its length [ as | = xp — xr = 1 meter. Using the first of
(2.5), we will deduce the length I* of the stick as observed in the
frame K™*. We have, for the relationship between the coordinates,

xp + Viy TR+ ViR 27)

wEAovge T Ao veE

By choosing different combinations for the values of t7,t%, we can
realize any length that we wish for the stick length [* = a3 — 27,
as viewed in K*. This being the case, a logically useful definition
of length is called for. This is the value of x} — x7 when taken
at a common time t* for the left and right end z* values. Then,
subtracting the first from the second of (2.6), the time terms cancel
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16 2. ESSENTIALS OF SPECIAL RELATIVITY

and we have
* *

V1-=V2/c?
Thus [* = [4/1 —V?/c? and since /1 — V?/c? < 1 for non-zero V,

we see that [* < [, i.e. the stick appears shorter than 1 meter.

TR — X = (28)

One might ask if this kind of derivation could have been applied
just as well to the inverse transformation, the first of (2.6), to deduce
the opposite, that it is the frame in which the stick is seen to be
moving that shows a bigger length. This is not the case. Recall
that the left end of the stick is at x = xp for arbitrarily chosen ¢
and similarly for the right end. Thus, attempts to use this equation
merely reveals that any length can be attributed to the stick in the
frame K* by choosing values of t appropriately.

A key aspect is the lack of symmetry in the comparison. The
stick is at rest in one special frame and this sets it apart from all
other frames in which it is seen to be moving. However, another
kind of comparison does have symmetry. If observers in K measure
the lengths of sticks that are at rest in K™, the K observers will
say that these sticks are shorter and if observers in K* measure the
lengths of sticks that are at rest in K, the K* observers will say that
these sticks are shorter. This is a comparison with perfect symmetry:
each stick has its proper length in its rest frame and each stick is
being compared symmetrically with length as judged in the adjacent
moving frame. This reflects the total physical equivalence of the two
frames of reference and the objects being compared.

We now consider how lengths of intervals in time compare. A
time interval read in the rest frame of a clock, what we define as
the “proper time”, is minimal: observers in a frame moving relative
to the clock would deduce that the time interval is longer, the phe-
nomenon generally referred to as “time dilation”. To see this, we
now consider a clock at rest in the K frame and compare an interval
of time that is read in the clock’s rest frame K to the corresponding
interval read in the frame K* in which the clock is seen to be moving.
Let the clock’s position in K be x¢ which is the case for all times t.
Let the first click demarking the start of the interval be at time ¢y
and the final click demarking the end of the interval be at time t5.
The length of the interval At is equal to t5 — t1. From the second of
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2.4. CAUSALITY 17

(2.6), we have
.«  cti=Vaxc/c «  cty—=Vaxc/c

e V1=V2/c2’ 2 V1-=V2/c?
for the two ticks of the clock demarking the time interval. Subtract-
ing the first equation from the second in (2.9), we have t — t] =
At* = At//1 —V?/c2. Since the square root factor is less than 1,
we see that At* > At. Again we see the reciprocal nature of space
and time: lengths shrink and time intervals expand. Proper lengths
are maximal and proper time intervals are minimal. Note that since
ds? in (2.4) is an invariant and since dr = dy = dz = 0 in the rest
frame of a clock, the proper time interval can also be characterized

by ds/c.

(2.9)

2.4 Causality

Due to the presence of both positive and negative signs in ds?, the
spacetime interval squared, the values of ds? can be positive, negative
or zero. Spacetime intervals that are zero in value are called “null” or
“lightlike” intervals. Intervals whose squares are positive are called
“timelike” and intervals whose squares are negative are called “space-
like”. For discussions involving intervals and the important issue of
causality, it is useful to define the “light cone”. This is the geometric
figure that the totality of possible light rays intersecting the base
event traces out in a spacetime diagram. It is simplest to display
this with two spatial dimensions in the x,y plane with time running
in the axis perpendicular to this plane. The photons that are con-
fined in space to the x, y plane and that intersect the spacetime point
(t,z,y,2) = (0,0,0,0) trace out trajectories in this picture that are
straight lines through the (0,0, 0,0) origin point and are at constant
slope with respect to the t axis. Clearly the assembly of all such pho-
tons traces out two cones, the one above the (x,y) plane displaying
the photon events in the future of the base event and the cone below
disﬁlaying the past photon events.

‘Events that are connected to a base event by a timelike interval,
whén displayed in a spacetime diagram are seen to be connected by
a line that lies within the light cone® and hence can be causally re-

“For example, the history of a body at rest at the spatial originx =y =2 =0
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18 2. ESSENTIALS OF SPECIAL RELATIVITY

lated with an absolute sense of which event came “before” and which
event came “after” the base event. By contrast, events separated by
a spacelike interval to the base event are connected by a line outside
of the light cone and hence can never be causally related to the base
event. (No signal can exceed the speed of light in vacuum.) For such
events, it is easy to show that one event can occur before, after or
even simultaneous with the base event, depending upon the frame of
reference chosen to label them. This is not a cause for consternation
as such outside-the-light cone events can never be causally related
to the base event. Such events can never occur at the same spa-
tial position as the base event and hence are said to be “absolutely
separated” from the base event.

This is to be compared to timelike separated events which can
be seen to have occurred at the same spatial position by the right
choice of reference frame but which can never be seen to occur at
the same time. As well, for two events A and B that are timelike
separated, if A occurs before B in one frame, it will be seen to be
so in any other frame. For such events, there is a definite ordering
in time. Let us say that event B occurred after event A in some
reference frame. Then it will be so in all frames. This is so because
to realize a reference frame in which there is a reverse order in time,
one would have to proceed through a succession of transformations
passing through the frame in which the events are simultaneous. But
this is impossible, given that the events are timelike separated.

Having a definite ordering in time is consoling as the causal or-
dering connection that could link such events in a given frame must
retain that ordering in all frames to avoid a logical inconsistency. In
graphic terms for example, if event A were a mosquito biting one’s
arm and a later event B would be the slap of the mosquito into paste,
it would be a physical absurdity were the events to be seen in reverse
order in a different frame. While a film run backwards would show it
as such, it would not be a realization of unfolding events in nature.
The laughter that such reverse-run films provoke is a testament to
their non-physicality.

With time intervals being non-absolute in relativity, changing
from frame to frame as do the space intervals, it is useful to regard

traces out the t axis as its spacetime trajectory, the axis of the light cone, which
is, of course, within the light cone.
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2.5. VELOCITY TRANSFORM-ABERRATION OF LIGHT 19

the set of spacetime coordinates (ct,x,y, z) as the components of a
four-dimensional vector 2 = (2%, 2!, 22, 23) with i = 0,1, 2,3, whose
“length” squared is defined as (z°)? — (z1)? — (2%)? — (23)% = (ct)? -
22 — y? — 2. This is a dimension step up from elementary three-
dimensional mathematics with the added twist of a different sign
for the square of the new fourth coordinate z° = ct relative to that
of the three space coordinates. It is necessary to incorporate this
difference in keeping with the invariance of the spacetime interval
under a transformation between coordinate systems. The difference
in sign is the characteristic that makes time essentially different from
space.

One often reads that relativity places space and time on the same
footing with time being just another coordinate like the space coor-
dinates. However, this is misleading: one should say that space and
time, while being of equal significance in their alterability, are in a
sense placed on a reciprocal rather than an equal footing. As well, it
is essential to emphasize that our experience in nature is that while
we can fix our spatial position, we cannot stop the flow of time.

Actually, ¢ is more precisely referred to as a Lorentz “contravari-
ant” four-vector. This name distinguishes it from a slightly different
four-vector (with a subscript rather than superscript index) x;, the
Lorentz “covariant” four-vector. Its components are related to z?
as vg = 2,24 = —2%,a = 1,2,3. This is very useful as it enables
us to express the invariant c?t? — 22 — y? — 22 very succinctly as
x;z° with the repeated index denoting a summation over 0,1,2,3.
Four-dimensional scalar products must always be formed with re-
peated indices where one is a subscript (covariant) and the other a

superscript (contravariant).

25 Transformation of velocity and the
aberration of light

We now consider how the motion of an object appears from the
vantage point of the frames K and K*. Let v, = dz/dt be the x-
component of the velocity of the object and let vy, v, be the y and z

components, all as viewed in K. Similarly, let v} = dz*/dt* be the z*

velocity component seen in K™ and vy, v; be the y*, z* components

as seen in K*. To compare the velocities seen in the two frames,
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20 2. ESSENTIALS OF SPECIAL RELATIVITY

we take differentials of (2.5), keeping V', the given relative velocity
between K and K*, constant:

dz* + Vdt*
de = ——,

V1=V2/c2
dy = dy*, dz=dz", (2.10)
cdt — cdt* +Vdz* /e

V1-V2/e2
Dividing dx, dy,dz by dt in (2.10), we find the relationship between
the velocity components in the two frames as

o — vy +V
14+ Vur/ce?

vy/1—V2/c?

=_4¥Y @ 2.11
W T Ve 2 (2.11)
Y viy/1—=V?2/c?

N 1+ Vui/c2

This rather complicated transformation reverts to the simple New-
tonian connection

Ve =0, +V, vy =v,, v, =] (2.12)

in the Newtonian limit of velocities much smaller than c.

Using (2.11), we can relate the directions of the velocities of ob-
jects relative to the coordinate axes. With no loss in generality, we
consider the motion of the object to be in the z,y plane with € be-
ing the angle between the velocity vector (vg,v,) and the x-axis as
viewed in K and 6* being the corresponding angle as viewed in K*.

Thus
vy = vCos b, vy = vsinf,
vy =v cosb”, v, =0v"sind
where

v=/v2+02, v =/ ui? +us (2.14)

Thus, from (2.13) and (2.11),

v*y/1 —V2/c?sin 60* (2.15)

tanf = ” ”
v*cosO* +V
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2.6. FOUR-VECTORS AND FOUR-TENSORS 21

By setting v* = ¢, the object becomes a photon and the formula in
(2.15) becomes the relativistic expression for the aberration of light,
the change in the direction of the propagation of light in changing to
a new moving reference frame. In the Newtonian limit (V' < ¢), the
aberration formula reduces to the familiar expression

A =0"—0=(V/c)sinb". (2.16)

2.6 Four-vectors and four-tensors

Just as z* transforms to z°* as in (2.6), so too it is useful to define
any set A’ of four functions of the coordinates z’ as the compo-
nents of a general Lorentz four-vector. This is provided that these
functions transform to new functions A*" in the same manner as z'
(i.e. as in (2.6) when one changes to a new coordinate frame z*".
Lorentz four-vectors (and four-tensors) are the basic mathematical
objects in special relativity. The essence of what makes a vector
or a tensor lies in the nature of the transformation of the object
(the set of functions) when expressed in a different reference frame.
For vectors, once we designate four arbitrary functions A* of the co-
ordinates z’ as the components of a Lorentz four-vector in the z?
coordinate frame, the new form of this four-vector A*" in any other
Lorentz frame z'" is completely determined by the transformation
(2.6) with A%, Al A% A3 replacing ct, x,y, z (as well as their starred
counterparts) in (2.5).

A vector can also be described as a tensor of first rank. A set of
16 functions B%* with i and k each taking on the values 0,1,2,3 are
said to form the components of a second rank Lorentz four-tensor
provided this set transforms as does A® for each of the two indices in
B similarly for third and higher rank tensors. The rank of a tensor
is given by the number of indices attached to it. Thus, a vector is also
a tensor of first rank. A scalar is a tensor of zero rank (no indices).

Since velocity v = dz®/dt,o = 1,2,3 is of great importance in
physics, we require the four-vector generalization, the four-velocity
u’. One might first be tempted to define this as dz*/dt. But recalling
the relativity of time intervals, while dz? is a four-vector, dt is not a

4We adopt the convention of [3] that Greek indices range over the space indices.
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22 2. ESSENTIALS OF SPECIAL RELATIVITY

scalar and hence the product of dz® with 1/dt is not a four-vector.
However ds is a scalar, and therefore four-velocity is defined as®

u' = da'/ds. (2.17)

Also of importance is four-acceleration w? which in special rela-
tivity is naturally defined as

w' = du'/ds. (2.18)

However, we will see in what follows that this procedure for acceler-
ation is inadequate in general relativity.
Another important four-vector is the energy-momentum four-
vector pi,
p' = meu'. (2.19)

where m is the mass. The spatial components p® = (pz, py,p=) con-
stitute the relativistic components of the linear momentum

p* = mvo‘/m. (2.20)

and the time component p° is F/c where E is the relativistic energy

E=mc®/\/1—v2/c (2.21)

From this, we have the base level of energy of a body, the energy as
measured in the body’s rest frame (v = 0), to be the very important
and familiar mass-energy identification

E = md. (2.22)

Straightforward calculations with (2.20) and (2.21) reveal the impor-
tant connections beween relativistic energy, momentum and velocity

E? = p* + m?ct (2.23)

and
p=FEv/c. (2.24)

where p = /p,2 + p,? + p.2, the magnitude of the three-momentum.

°Note that u’ thus defined is dimensionless. It could have been defined with
ds replaced by ds/c to recover the usual dimensionality for velocity. However, it
is customary not to do so and it becomes irrelevant in the increasingly common
usage of coordinates for which c is taken to be 1, as we will adopt in later chapters.
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2.7. SPECIAL RELATIVISTIC DYNAMICS 23

2.7 Special relativistic dynamics

Having the basic elements in place, we turn to the question of how
bodies move within the theory of special relativity. There is a basic
principle that deals with this and much more. It is called the “Action
Principle” or, more formally, the “Principle of Least Action”. Many
have come to regard this principle as the most basic in all of physics.
In the broadest terms, it states that for any physical system, there
exists an invariant integral called the “action” such that when the
system evolves from state A to state B, it does so in such a manner as
to minimize the action. The integral is evaluated over the region in
which the system evolves. In the case of a body, it is over its path (a
curve) in spacetime between the initial and final spacetime points. If
we are considering the evolution of a field such as an electromagnetic
field, it evolves over its domain, three-dimensional space between an
initial and a final time. Accordingly, the action integral for this case
is over spacetime, covering all of three-dimensional space and over
time between the limits of the initial and final states. The invari-
ant action integral is expressed in generality for arbitrary assumed
evolutions and the physically correct evolution is the one that mini-
mizes this integral. Just as in simple calculus, the minimum is found
by setting the first derivative to zero but now, the derivative must
be evaluated over a path rather than at a point. Performing these
calculations requires a knowledge of the calculus of variations which
is beyond the scope of this book. Readers who wish to follow this
mathematics should consult [3].

In their most elegant form, the great equations of physics, the
Maxwell equations of electromagnetism, the field equations of gen-
eral relativity, even quantum mechanics can be realized through the
Action Principle. Fermat’s Principle in optics, describing the path
of a light ray through a medium of varying refractive index as one
that minimizes the time, is a realization of the Action Principle. It is
interesting to contemplate the fact that the most basic phenomena of
nature are tied to extrema. The challenge is to discover the appropri-
ate Lagrangians to create the action integrals and for this purpose,
there is no magic wand available. However, there is a widespread
sentiment that all bona fide physical theory emerges from an action
integral, that the Action Principle is paramount. Feynman [6] pro-
vides a highly recommended lively account of the Action Principle
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24 2. ESSENTIALS OF SPECIAL RELATIVITY

in his characteristic style.

Richard P. Feynman (1918-1988) was one of the most distinguished
and accomplished theoretical physicists of the 20th Century. His
contributions to quantum electrodynamics earned him the Nobel
Prize along with J. Schwinger and S. I. Tomonaga. His three-
volume “Lectures on Physics” [6] continue to be a great resource for
beginning students, graduate students and researchers in physics.
One of the most colorful and inspiring lecturers, his interests and
contributions spanned a variety of fields beyond physics.

For a free body in special relativity, the invariant available to us
is the spacetime interval and hence the action integral S is simply

S = K/ds, K = constant (2.25)

taken between the limit spacetime points A = (t1,21,%1,21) and
BE‘:;: (ta, x2,y2, 22) representing the spacetime points from which the
bédy begins its motion to where it ends its motion.

- The action integral is a solely mathematical construct. The ac-
tual physical path is revealed in setting the variation of the action to
zero, in searching out from the infinite number of imaginable unphys-
ical types of evolutions, the unique physical path that constitutes the
minimum, i.e.

55 = 0. (2.26)

The ¢ is the variational calculus derivative representing the first
derivative of this integral taken not at a single point as in ordinary
calculus but over the entire path between A and B.

Using the calculus of variations, the result is

du’ B
ds
which tells us that the four-velocity u’ of the body is a constant. This
comes as no surprise but it is useful to follow through this simplest
application of the very important Action Principle (see [3]).
The constancy of u’ over the path implies, through (2.19) that
the four-momentum p’ is constant, and hence the energy and linear
momentum are constant.

0 (2.27)

Documents

Document Sharing Hub
Copyright World Scientific Publishing Co.

Provided by IHS Markit under license with WILEY Licensee=/, User=,
No reproduction or networking permitted without license from IHS Not for Resale,

Full document details: WSPC GENRL RELAT DYNA 2009


http://www.avadocuments.com/doc/wspc-genrl-relat-dyna-2009
http://www.avadocuments.com/doc/wspc-genrl-relat-dyna-2009

2.7. SPECIAL RELATIVISTIC DYNAMICS 25

While the choice of action integral for a free body is quite straight-
forward, the choice for more complicated systems is correspondingly
more complicated. To be noted is that when the action is expressed
as an integral over time, the integrand is the Lagrangian, L, the
function that we first encounter in classical mechanics,

S = /Ldt. (2.28)

It can be shown [7] that the dynamics embodied in the key physics
equation (2.26) is equivalent to the Lagrangian satisfying Lagrange’s

equations
d (0L oL

However, while the Lagrangian that we first encounter in classical
mechanics is the difference between the kinetic (7') and potential
(U) energies,

1
L:T—U:imzﬁ—U (2.30)

the Lagrangian in relativistic physics applies to fields as well as par-
ticles and assumes a variety of complicated forms. As the simplest
example, for a free body, the potential energy is a constant which
can be taken to be zero for convenience. The comparison of (2.25)

and (2.28) using
02
ds = cdt\/1 — = (2.31)

[which follows from (2.4)] yields the relativistic Lagrangian for a free
body

L=Key/l-—. (2.32)

For small velocities, the relativistic Lagrangian (2.32) must approach
the classical mechanics Lagrangian (2.30) (with U = 0). We make
this comparison by expanding the square root in (2.32) and retain
up to the lowest non-vanishing order term in the velocity,

2
L~ —Kv*/2ec. (2.33)
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26 2. ESSENTIALS OF SPECIAL RELATIVITY

Comparing the v? terms in (2.33) and (2.30) gives K = —mc and
hence the relativistic Lagrangian for a free body isf

L=— 21—f 2.34
= —mc 2 (2.34)

With the relativistic Lagrangian (2.34), we apply the standard for-
malism to derive the relativistic momentum and energy:

p* = OL/ov™ (2.35)

or
mu®

L (2.36)

= V1—02/2

The energy is®

E =p®v® — L =mc*/\/1—v2/c2. (2.37)

We see that the energy and momentum derived in this way match
the expressions that we had found in (2.21) and (2.20) by using
(2.19). However, the latter have the added virtue of showing us
that (E/c,p®) constitute a Lorentz four-vector. As a result, given
the energy and momentum in one Lorentz frame x*, by the Lorentz
transformation, we know how to find these quantities in any other
Lorentz frame 2" with the transformation format of (2.6):

p* _ Pz — VE/C2
/11— V2/02’
Py =Dy, Dz =D (2.38)

B E—-Vp,/c

1=V
2.8 Relativistic Doppler shift

The power of Lorentz covariance is well-illustrated in the relativistic
Doppler formula, displaying the difference in the frequency of light

fAn additive constant could be retained but it has no physical significance and
is most conveniently set to zero.
¢Here « is summed over 1,2, 3.
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2.8. RELATIVISTIC DOPPLER SHIFT 27

perceived by an observer in motion relative to that observed in the
rest frame of the source of light. The derivation requires the introduc-
tion of a new four-vector called the “wave four-vector” with symbol
k*. The time component k° is taken to be the angular frequency™ w
divided by ¢ and the three-vector k¢ is defined by

K = Lo (2.39)
c

where n® is a unit vector in the direction of wave propagation. We
recall that while we can designate any set of four components k*
to constitute a Lorentz four-vector, the above formulated definition
has value only if its components in a new frame z** have the same
significance in terms of frequency and wave propagation direction as
they had in the original frame x’. That they do indeed have this
significance is seen from the fact that the inner product

Kz = wt — k*z® (2.40)

is the phase of the wave which is a scalar. By the “quotient rule”
(see [8]), since x; is an arbitrary Lorentz four-vector and the phase of
the wave is a scalar (see [9]), the wave four-vector as defined above
for all frames is truly a bona fide Lorentz four-vector.

Having this established, the work is essentially done; we know
how Lorentz four-vectors transform, in the manner of (ct,x,y, z) in
(2.5), i.e.

L0 K+ (V/e)k!”
V1I-Vv2je2

. kY + (V/e)kO" (2.41)
1= vZie

k2 — kQ*’ ]6'3 — k?)*‘

Consider the source of light to be at rest in z’ with the observer
whose frame is 2'" moving with velocity V relative to the source and
in the x direction as usual. Let a be the angle between the direction
of wave propagation and the z* axis as viewed in the z*" frame.
Then

kY = (w*/e) cos . (2.42)

w = 27v where v is the actual frequency.

h

Documents

: Document Sharing Hub
Copyright World Scientific Publishing Co.
Provided by IHS Markit under license with WILEY Licensee=/, User=,
No reproduction or networking permitted without license from IHS Not for Resale,

Full document details: WSPC GENRL RELAT DYNA 2009


http://www.avadocuments.com/doc/wspc-genrl-relat-dyna-2009
http://www.avadocuments.com/doc/wspc-genrl-relat-dyna-2009

28 2. ESSENTIALS OF SPECIAL RELATIVITY

Substituting (2.42) into (2.41) and using (2.39), we find

s wy1-V2e? (2.43)

YT 1+ (V/e)cosa'

This is the Doppler shift formula in all accuracy, even for relativistic
velocities. Note that with V' > 0 and « between 0 and 7/2, the
observed frequency w* is less than w, the red-shift. Also, for V <« ¢
and « not close to m/2, (2.43) yields the familiar classical expression
for the fractional change in frequency

wiow  Aw —(V/c) cos a. (2.44)

w w

“Returning to (2.43), consider the special case where a = 7/2, i.e.
the observer sees the light arriving perpendicular to his! direction of
motion.

In that case, cosa = 0 and

Wt =wy/1-V?2/c2. (2.45)

Thus, the observer sees a red-shift with the same value (as required
by symmetry) whether he moves to the right (V' > 0) or to the
left (V < 0). Tt is very small (of order V?2/c?) compared to the
usual shifts for non-relativistic velocities. This is a purely relativistic
effect, stemming from the non-absoluteness of time, without even an
infinitesimal residue in pre-relativity physics. It is often referred to
as the “transverse Doppler shift”. By contrast, in classical physics,
a frequency shift can only occur if there is a component of the light
propagation velocity in the direction of motion of the observer.

To make sense of sources moving at very high velocities, as-
tronomers must use the relativistic equations above to properly in-
terpret their observations.

We have covered the essential aspects of special relativity in this
chapter. For further details, the reader is directed to the classic
treatise of Landau and Lifshitz [3].

'For this and subsequent references to a person in the abstract, “his” means
“his/her” and “he” means “he/she”.
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2.8. RELATIVISTIC DOPPLER SHIFT 29

Lev D. Landau (1908-1968) is generally regarded as one of the
most distinguished theoretical physicists of the 20th Century. His
major works spanned several areas of physics and he was awarded
the Nobel Prize for his important development of the theory of
superfluidity. His ten-volume Course on Theoretical Physics with
E. M. Lifshitz remains a key research tool for physicists world-wide.
Tragically, Landau suffered major injuries in a traffic accident from
which he never fully recovered.

Before proceeding to general relativity, we revisit special relativ-
ity from the ingenious approach of Bondi.
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Chapter 3

Bondi’s k-Calculus
Approach to Special
Relativity

3.1 Introduction

Bondi [4] has developed a unique highly intuitive approach to spe-
cial relativity that displays some of the essential characteristics with
spacetime diagrams.

Sir Hermann Bondi (1919-2005) was a distinguished mathemati-
cian and cosmologist. With T. Gold and F. Hoyle, he developed the
Steady State theory of the universe, widely believed but eventually
discarded upon the discovery of the cosmic microwave background
radiation. As well as his development of the k-calculus approach
to special relativity, Bondi wrote several important papers on a
variety of subjects in general relativity.

It makes extensive use of the relativistic Doppler factor k that re-
lates inertial reference frames in relative motion and the fundamental
new aspect of relativity vis-a-vis Newtonian physics, the invariance
of the speed of light. We will see how clearly this approach resolves
the so-called twin paradox, a key stumbling block for many who are
first introduced to relativity. The word “calculus” to describe the
Bondi method is misleading as his method relies upon elementary
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32 3. SPECIAL RELATIVITY VIA K-CALCULUS

Figure 3.1: Light shone from Ava to Beta and vice-versa with inter-
vals displaying their complete equivalence.

algebra and could be taught to junior high school students.

We consider two inertial observer twins Ava (A)* and Beta (B)
in relative motion. In Figure 3.1, the horizontal axis is # and the
vettical axis is t. The diagram is displayed from the perspective of
Ava who is shown to be at rest in (z,¢) and Beta is seen to move in
théE positive = direction.

The spacetime diagrams that follow have the closest connections
to simple plane geometry from the vantage point of the rest observer.

b

Some time after Ava meets Beta (the point at which their lines
cross in the diagram and at which point they both set their clocks
to 0), Ava shines light toward Beta for a period T' by her (Ava’s)
clock. Beta receives the light for a proportional amount of time kT

& Ava—Greek—“An eagle”.
bBeta—Czech—“Dedicated to God”.
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3.2. VELOCITY-DOPPLER FACTOR CONNECTION 33

where the k constant symbol is the Doppler factor connecting the
observers. The lines with arrows indicate light rays.

Later, Beta sends light toward Ava for the same period T and
since Ava and Beta are totally equivalent physically, Ava observes the
light for the same period as Beta had observed the earlier light from
Ava, namely kT. Note that the geometrical appearance aspects such
as the slopes of outgoing light rays, are necessarily biased in favor of
the rest observer. Only relative to the rest observer are the light ray
slopes always at 45 deg.

3.2 Velocity—Doppler factor connection

Ava wishes to determine Beta’s speed relative to herself. For this,
a different process is required, as shown in Figure 3.2. Immediately
upon meeting Beta at O, Ava shines light to Beta for a period T and
as in Figure 3.1, Beta receives the light for a period k7. Ava and
Beta agree that as long as Beta receives light from Ava, she (namely
Beta) sends light back to Ava.

Since this emission period from Beta is kT, the reception of Beta’s
light by Ava is the Doppler factor k times the emission period, i.e.
k(kT) = K°T.

From here it is a simple procedure to deduce the relative velocity
between Beta and Ava. All that is required is to determine the
distance between Ava and Beta at a convenient point and how much
time has elapsed since their meeting at O to achieve that separation.
The point P that is chosen is where Beta has received the last photon
from Ava and has sent her last photon back to Ava. Ava reckons that
she has sent her last photon reaching P at time 7' and has received
the last photon back from Beta at time k27. Thus, the time for
the photon to reach P and return is k27 — T. Multiplying this by
¢, the photon speed, we get twice the OP separation. Therefore
the OP separation is D = c(k®*T — T)/2. Ava also reckons that
the last photon reached P at the half-way point in time from the
emission at time 7' and the reception at time k27, namely at time
T* =T+ (k*T — T)/2 = (k* + 1)T/2. Finally, the relative velocity

: *
vis D/T* or
k?—1
V=g (3.1)
k*+1
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K(KT)

ngure 3.2: Determination of the speed of Beta relative to Ava.
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3.3. VELOCITY COMPOSITION-DOPPLER FACTORS 35

Solving for k yields the relativistic Doppler factor k in terms of

relative velocity®
[14+wv/c
k= . 3.2
1—wv/c (32)

The following properties are noted:

1) k =1 for v = 0 which is logical since there is no Doppler shift
when there is no relative velocity.

2) k> 1if v > 0 which is logical since a relative recession entails
an increase in period, decrease in frequency, increase in wavelength,
or red-shift.

3) Similarly, £ < 1 for v < 0. In this case there is a relative
approach and hence a blue shift.

4) If v — —v then k — 1/k.

3.3 Composition law for velocities and
Doppler factors

We now determine the relativistic composition law for velocities.
Consider a third observer Cayla (C),% introduced as in Figure 3.3.
Let Ava emit light to Beta for a period T'. Beta receives the light
for a proportional time period ka7 where kap is the Doppler factor
between Ava and Beta. For as long as Beta receives the light, she
transmits to Cayla who receives it for a period kpc(kapZ) where
kpc is the Doppler factor between Beta and Cayla. At this point
we invoke the key feature of special relativity, the invariance of the
speed of light: we can view the direct transmission of light from Ava
to Cayla for a period T being received by Cayla for a time kac with
the same photon lines that were already used for the previous two-
step process. This is because the light speed does not get boosted
in the two-step process as compared to the direct transmission. As
a result, we can equate the reception times by Cayla of the one-step
and two-step process. Canceling the common factor T', we have

kac = kapksc. (3.3)

“The positive root solution is chosen to maintain the same direction of flow of
time for the two observers.
dCayla—“pure”.
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KacT=Kkgc (KagT)

Figure 3.3: Determination of the compounding velocities in relativity.
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3.3. VELOCITY COMPOSITION-DOPPLER FACTORS 37

Similarly, if we were to introduce a fourth observer Della (D)¢, we
would have

kap = kasksckcp (3.4)

and so on for an arbitrary sequence of observers. Let us now work
in units where ¢ = 1 (we will restore the symbol later). Returning
to the three observers in Figure 3.3, from (3.1) and (3.3) we have

oAc = kac? —1 _ kap®kpc? — 1
kac?+1  kaplkpc?+1

(3.5)

Now using (3.2) repeatedly in (3.5) for the k factors in terms of
relative velocities, after simplification we find (with the explicit ¢
now restored)

VAB t UBC

- " 3.6
1 + vapvpc/c? (3.6)

VAC
This is the familiar relativistic law for the composition of velocities.
If we let ¢ approach infinity, we retrieve the usual Newtonian velocity
composition law

UAC = UAB + UBC. (3.7)

If the relative velocities of the observers are small compared to c,
the effect of using (3.6) instead of (3.7) is small. However, for “rela-
tivistic” velocities, the effect is dramatic. For example, with vag =
vpc = 3c¢/4, the correct composition law (3.6) yields vac = 24¢/25,
a velocity less than ¢ as must be the case and considerably different
from 1.5¢ that would result from (3.7).

Of particular interest is the elegant simplicity of the composition
law for Doppler factors as a simple multiplicative sequence in (3.4) in
contrast to the awkward composition law for velocities in relativity
(3.6). The simplicity of the former is understandable as it reflects
the invariance of the speed of light and it is the Doppler factor that
characterizes the connection between observers vis-a-vis light prop-
agation. Note, however, that the Newtonian composition law, (3.7)
(and its familiar extension to more observers, even non-collinearly)
for velocities does have the simplicity that the Doppler factor com-
position displays. This is a reflection of the absoluteness of time in
Newtonian physics. The Newtonian composition proceeds pictorially

°Della-English-“A woman from the island of Delos”.
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38 3. SPECIAL RELATIVITY VIA K-CALCULUS

with vectors pasted end-to-end, having each observer’s clock in step
with all the rest.

In the next section, we display the non-absoluteness of time as
an algebraic formula.

3.4 Derivation of the Lorentz transformation

The Lorentz transformation is the recipe for the labeling of event
coordinates by one inertial observer relative to another. To derive
this recipe, we return to our two twin observers Ava and Beta and
consider an event E which Ava labels (¢,z) and Beta labels (¢*,z*).
Ava and Beta synchronize their clocks when they meet at O and Ava
decides to send a photon so that it arrives in coincidence with the
event E. At that point, it is reflected back to Ava. Since for Ava,
the event is at position z, the photon must have been sent from Ava
at time t — z/c to arrive at time ¢ at E. It will arrive back to Ava a
time x/c later, i.e. at time ¢+ z/c.

Since the speed of the photon is also ¢ for Beta, the photon in-
tersects with Beta at time t* — x*/c for the inbound path and at
time t* + x*/c for the outbound path. From our earlier discussion
regarding the relationship between time intervals, we see from Figure
3.4 that

t" —z*fc=k(t —x/c) (3.8)

where k is the Doppler factor between Ava and Beta.

Similarly we can focus on an emission time interval of t* 4+ z*/c
from Beta to Ava with a reception time interval ¢ + z/c by Ava’s
reckoning. Therefore we have

t+x/c=k({t"+x"/c) (3.9)
Eliminating x* between (3.8) and (3.9), we find

2" = t(k + 1/k) — (z/c)(k — 1/k) (3.10)

920* = w(k + 1/k) — (ct)(k — 1/k) (3.11)

Substituting the expression for k from (3.2) into (3.10) and (3.11),
we find as in (2.5), the important Lorentz transformation
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t+(XC)

t+(x*/c)
E: (tX) re. A
(t*x*) re.B

t*-(x*/0)

Figure 3.4: Derivation of the Lorentz transformation by the Bondi
method.
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