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PREFACE 

This booklet is intended to be a very simple collection (at an introductory level) of topics 
bridging diffusion phenomena (in a wider sense) and emulsion behaviour. It is the result 
of some years of experience in the field of oil-in-water emulsions, carried out in some 
pharmaceutical Companies. 

In general, the only mathematical tool necessary to the reader is nothing but a basic 
knowledge in differential and integral calculus, because the book is intended as a 
preliminary guide for Pharmacists dealing with emulsion, both as beginners and at 
research level. The main task was the reduction and standardisation of mathematical 
formalism whenever possible, and many arguments have been introduced recalling their 
more familiar macroscopic background. 

Indeed, some topics are not very simple and sometimes the mathematical formalism was 
unavoidable, but - in most cases - development and calculus have been actually reported 
step by step, to let the reader easier understand the conceptual meanings. Moreover, 
whenever a "new" concept is used, it is also introduced or followed by a short explicative 
note. In general, all Chapters are quite readable by every pharmacist with an almost good 
mathematical background (except, maybe, Chapter 2 and few Sections devoted to 
particular topics, which could be postponed), and some more advanced topics have been 
placed in Appendices. 

In general, arguments, discussions and examples arise from pharmaceutical literature 
about oil-in-water emulsions: indeed, the pharmaceutical use of emulsions (as carriers for 
drugs, or in intravenous nutrition) is increasing day by day, and many Pharmacists are 
now dealing with emulsion stability and compatibility problems, even if their knowledge 
is often limited to practical observations, and hence, this booklet could be useful also to 
recall the meanings and basis of their observations, also in order to stimulate their 
interest in this fascinating topic. 

In each chapter, some textual references are mentioned: nevertheless, the book has been 
written using some "fixed" general references, as main guidance and help through the 
development of main and specific arguments: these references should be used for a more 
advanced study, a more detailed understanding and a more comprehensive bibliography. 

The general references are both textbooks and original papers, as follows: 
1. Textbooks 
0 the A.W. Adamson's "bible" in the field of surface physics: "Physical Chemistry of 
Surfaces" (5th. edition, Wiley Interscience, 1990); ii) two top-level books by R.J. 
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viii 

Hunter: "Foundations of Colloid Science" (Vol. I and II, Clarendon Press, 1990) and 
"Zeta Potential in Colloid Science. Principles and Applications" (Academic Press, 1988); 
Hi) the classic text written by N.S. Goel and N. Richter-Dyn "Stochastic Models in 
Biology" (Academic Press, 1974). 
2. Original papers 
i) the masterpiece article by S. Chandrasekhar "Stochastic Problems in Physics and 
Astronomy" (Rev. Mod. Phys., vol. 15, pp. 1-89, 1943); ii) three fundamental papers 
written by M. von Smoluchowski: "tfber Brownsche Molekularbewegung unter 
Einwirkung Uuflerer Krafte und deren Zusammenhang nut der verallgemeinerten 
Diffusionsgleichung" (Ann. d. Physik, vol 48, pp. 1103-1112, 1915), "Versuch einer 
matematischen Theorie der Koagulationskinetik kolloider Losungen" (Zeitschrift f. 
physik. Chemie, vol. 92, pp. 129-168, 1916) and "Drei Vortrdge Uber Diffusion, 
Brownsche Molekularbewegung und Koagulation von Kolloidteilchen" (Physik. 
Zeitschr., vol. 17, pp. 557-571 and 585-599,1916). 
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1. DIFFUSION 

Diffusion is a phenomenon deriving from a non uniform distribution of one or more 
system properties: this fact could be determined by a gradient of temperature, velocity, 
concentration, and so on. The particles sited in the regions in which the parameters have 
higher value, transfer the parameters by means of their movement and collisions with 
other particles, such that the parameter will be more uniformly distributed among all 
particles of the system. Since the particles travel an average path equal to their mean free 
path before a collision, one may generally agree that they actually carry the given 
parameters, and this renders the thermal conduction (heat transfer), the viscosity 
(momentum transfer), the molecular diffusion (density transfer), and, in general, all the 
irreversible processes called transport phenomena. 

1.1 Particles in a box 
Consider a set of N particles, or gas molecules, located in some adjacent boxes in series 
(see figure 1.1), such that i-th box contains nt- molecules, and N = JVn,-. Assuming that 
molecules may jump with equal probability to adjacent boxes, i.e., from i-th to (i+l)-th 
and (i-l)-th, with a constant transition frequency 9 (we may also assume that <p does not 
depend on the i-th box position), per unit time we shall have <pn/2 particles jumping 
from i to i + 1 and cpnj/2 jumping to i - 1: in the meanwhile, 9nl+i/2 molecules initially 
sited in the (i+l)-th box and <pn,_i/2 initially in the (i-l)-th box will reach the i-th box. 
From the above assumptions, one obtains the rate equation for the molecule population in 
the i-th box as the sum of all contributions to nit so as to have: 

dn((t) 1 1 1 1 

hence: 

^ P 4 < p ( n ' + 1 + n ' - 1 - 2 n ' ) ' (U) 
and the particle fluxes J between adjacent boxes may be written: 

^ i + l = 2(p(ni""ni+l)' ( L 2 ) 

and 

Ji<r>i-l = - j <P("i - * M ) . d-3) 

dt = 2 ^ 1 +-(pnw-- j W - - q w , 
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CHAPTER 1 

rigure 1.1. ine considered model is soown: moiecuies 
may jump from their box to an adjacent one. We must 
assume that jumps between non adjacent boxes (see dotted 
arrow) are not allowed. 

One easily observes that the net fluxes depend on the n,-, ni+1 and n^i values, and 
obviously become equal to zero when n(- = n,+1 = n,-.̂  thus, the rate equation, i.e., the 
conservation equation for our system is: 

dniit) 
dt - *i<->i+l" ~Ji<r>i-l- (1.4) 

Now, following the method outlined by Ghez [1] to obtain continuum equations, we will 
assume that boxes are sited in sequence along the x axis, and that each box has length A, 
such that xi = AJ represents the coordinate of the i-th box (of course, also *,• ± j = A(i ± 
1)), thus we may introduce a function flx9t), defined by the formula: 

f(x,t)\x=Xi = H ( 0 . (1.5) 

Since the Taylor's formula for a function j{x£) derivable k + 1 times, tells us that: 

f(b,Qs if ia .?)■ 
i= lV 

i*I ■d. 3*/(*,C) 
dx1 a<x£b, 

x=ay 
then, expanding j{x,t) up to second order terms, we obtain: 

/^')U,+ i=/^')U I
+ A^-1 

X=Xj 2 ^ 

2 
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PARTICLES IN A BOX 

and 

/ M , = X I . - I = / ( * . < ) U ( - A ^ 1 A2 d2f(x,t) +-A" 
dx2 

|JC=JC,-

hence, using definition (1.5), we get the expressions for n l+i and n^: 

and 

*i+l (*) = »*( ' )+A 

Wi-lto = «i(')-A 

3/U,0 
3* 

a/u,o 

+ I A 2^ /U0 
|JC=X/ 3*2 

lx=jci 

3* 
, lA2#fix.t) 

\X=Xi dx1 
|JC=X,-

hence, invoking equation (1.1) for the balance of n,-, we obtain a partial differential 
equation describing the diffusion process in terms of the concentration c(x,t) =j{x,t)/A as 
follows: 

Mx,t) l„k2d2c(x,t) 
(1.6) 

Now, to balance the continuous flux we must combine the fluxes as given in equations 
(1.2-3), hence using the values for n l+i and w,_i previously obtained: 

and: 

_ 1 df(x9t)\ W l — ^ A — 

i Ayuo ^<-H-l=~J<PA 
3* 

|JC=JC/ 

IJC=JC. 

4 V a*2 

4 V 3x2 

■JC=X,-

(1.7) 

(1.8) 
■JC=JC,-

We see that in equations (1.7-8), the fluxes differ for the second term on the r.h.s., thus 
eliminating these divergent terms, and again using the concentration, we may assume that 
an equation for continuous flux in each box has the form: 

2 ax 
(1.9) 

and comparing r.h.s. factors in equations (1.6) and (1.9), we easily get (see Appendix 1): 
dc(x,t) _ dJ(x,t) 

dt dx 

» 

3 
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4 CHAPTER 1 

from which, defining the diffusion coefficient: 

Z> = |<pA2, (LID 

the half-product of transition frequency times the squared one-step length (thus, D is 
measured in cm2 s_1), and using definition (1.11) in equations (1.10), (1.9) and (1.6), we 
obtain, starting from a discrete one-step model, three equations respectively 
corresponding to the well-known phenomenological equations for macroscopic diffusion 
and for all other transport phenomena, like Ohm's law. More precisely: 
i) from equation (1.10) we have: 

dc(xtt) dJ(xj) 
dt dx (1.12a) 

which is the continuity equation, and indicates that the system obeys the mass 
conservation law; 
ii) from equation (1.9) we get: 

/ ( , . , ) = - D * £ £ . (1.12b) 
OX 

which corresponds to the first Fick's law, where the minus sign in front of r.h.s. is put to 
render the fact that particles must flow in the direction of regions with lower 
concentration; 
II'O from equation (1.6) we have: 

^ = D ^ . (1.12c) 
dt dx2 

which corresponds to second Fick's law, arising as a consequence of previous one, and is 
called the diffusion (or the heat) equation, describing for any initial density distribution a 
monotone and irreversible evolution towards the equilibrium state [2]. 
According to first Fick's law, when the system reaches its steady-state, the amount of 
mass leaving a region in the unit time is equal to mass entering the same region, and the 
mass changes in each region is the sum of in and out contribution. For example, in a 
region limited between a and b (with a < x < b\ the total mass will be: 

tb 

m(t)=\ c(x,t)dxf 

Ja 
thus: 

dm(t) Cb dc(x,t) 
dt 

i = r 3C(JC, 

Ja dt 
dx, 

and, by virtue of Fick's law: 
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PARTICLES IN A BOX 

dm(t) Cb dJ(x,t) 
dt dx 

dx = J(xa,t)-J(xb,t). 

In our previous assumptions, we set both 9 and A constants, thus D is a constant, too. In 
the more general case in which, for example, transition frequency 9 is a function of 
position along JC, or of n, then D becomes also a function, and equation (1.12c) must 
account for this fact. Hence, as general form for the Fick's second law, we should have 
written (1.12c) as follows: 

3C(J« 

dt dx[ dx \9 

thus: 

dc(x,t) 
dt 

dD dc | Z ) d 2 c 
dx dx dx2' 

(1.13) 

riguic i.z.. oiuipic uiuuci ui a uucc-uiuiciiMuiiai lmiuuui 
walk. A particle moves from origin 0, jumping in one of 
the three possible directions JC, y or z, reaching its final 
position in the point P(jc,y,z), ranging r from origin; each 
jump has unitary length and has the same probability to 
be oriented in each direction JC, y or z. The distance r of P 
from origin is given by the relation r2 = JC2 + y2 + z2. 

The random walk in three dimensions (see an example in figure 1.2) requires three 
parameters i, j , and k to locate each box in the Cartesian three-dimensional space, 
whereas nn^ is the number of particles in the box. If we take into account three constant 

5 
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6 CHAPTER 1 

transition frequencies <p,-, <fy and <p* for the three possible directions of jumps, we obtain 
the flux vector J(r,t) in three dimensions as: 

7 = -Z>gradcU,y,z,0, (1.14) 
whereas 

3 c ( w , ; ) = , d i v J > ( 1 1 5 ) 

dt 
hence, inserting equation (1.14) into (1.15), we have the general equation: 

acu,y ,z ,o = d i v ( £ > g r a d c ) > (116) 
dt 

which, if D is constant, may be written as: 
dc(x,y,z,t)=DV2Cf 

dt 
where 

[dx1 dy2 dz 

= D " LK*'"; (1.17) 

V 2 0 = divgrad(.)=V[V(.)] = 

is the Laplacian operator in Cartesian coordinates. 

1.2 Solution of the diffusion equation 
Let us rewrite Equation (1.12c): 

dc(x9t)_ d2c(x,t) 
dt dx 

there are some methods to find the general solution of equation (1.17). For example, we 
may find a solution by assuming that at initial time c(x,0) = 8(x), being 8(JC) the Dirac 
delta. Now, using the Fourier transform: 

c(k,t)={ °°c(jt,f)e**<&, 

we may rewrite equation (1.17) in the simpler form: 

^ = -D*2c(*,,), dt 
with solution: 

c(k9t) = Ce-Dkt
f 
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MEAN FREE PATH 

from which, being c(k,Q) = 1, we obtain C = 1. 
Using the inverse transform, we have: 

c(*,0 = — I "V^e"1*2'*** 2nJ-
thus, we obtain the solution for the diffusion equation in the form: 

1 f x2 
c (^ )=TOTexp-^r (118) 

1.3 Mean free path 
We may define the mean free path X as the average distance travelled by particle between 
two consecutive collisions with other particles; collisions occur randomly, and this is the 
reason why we are dealing with a "mean" free path. This last is generally written using 
equation: 

being (v) the average velocity of particles during an unitary displacement, and Z the 
number of collisions. The mean free path could be also expressed in probabilistic terms 
as follows: 

—q(x)dx, 
0 A 

where q(x) is the probability that no collisions occurred while particle has travelled a 
distance x. 
Assuming that a particle has the same probability of a collision in any interval [*, x + dx], 
and since the average number of collisions per unit length is given by 1A,, then the 
probability to have a collision in the interval dx is: 

whereas the probability that no collisions occur is, of course, 

rtM-l-f. 
Now, if we define with #(x) the probability that no collisions occur in JC, then, for the 
whole interval [x+dx], we have: 

7 

% ■ ■ z' 

P(dx)= dx 
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CHAPTER 1 

q{x + dx)=q(x)q{dx) = [l~y{x). 

Thus, expanding in series l.h.s. of (1.19): 

ax A 

hence the solution of equation (1.20) represents a Poisson distribution 13]: 

q(x) = e-x,k, 
from which we obtain the probability to have a collision: 

p(x) = l-Q-x/x. 

1.4 Diffusion and Fokker-Planck equations 
The equations of the form of (1.2) are useful to describe time evolution of a given 
process q(t) involving a series of ordered states i; in a general way, for a process q(t) we 
may write: 

MM) 
dt 

[ = ^(y\x)q(yj)-^(x\y)q(x9t)t (1.19) 

where <p(ybt) is the transition frequency between x and v. Equations like (1.19) are 
generally called master equations (see also Appendix 2). 
The master equation could be used to study the position x(t) of a given set of particles 
undergoing monodimensional diffusion along x. Let us define P(x,t)dx the probability 
that an arbitrary particle is sited in the interval [x, x + dx] at time t. Now, defining 
Q(y,x)dydt as the probability for a particle initially sited in x to undergo after a time 
interval dt a transition to a position in the interval [y, y + dy]9 then the master equation 
for the total probability flux is: 

^ ^ = j^(y,t)Q(x9y)-P(xyt)Q(y,x)]dy. (1.20) 

Assuming that transitions are allowed only between adjacent sites, then Q(y,x) must show 
a sharp peak around x, and otherwise must rapidly decrease to zero. 
On the basis of this assumption, putting % = y-x, such that Q(y,x) = Qixlfy, we have the 
peak around the value ^ = 0. Thus, we are allowed to expand (1.20) in Taylor's series 
around £ = 0, which, truncating at second term and omitting negligible values, gives a 
Fokker-Planck equation [4,5] (see Appendix 3), written as: 

8 

dq(x) 
dx T « * > . 
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DIFFUSION AND FOKKER-PLANCK EQUATIONS 

dP(X,t)=_ a [ai (x)p(x t)]+i #[a2(x)Pixt)]t ( 1 2 1 ) 
3f 3JCL 2 3JC2 

where 

ai(*)= f + V(*lS)4 = ̂  = (v*K (1.22a) 
and 

f + ~ ((<fc)2) 
«2 W = %2P(x\%)<R, = ^--L. (1.22b) 

J-oo Of 
It is important to note the analogy between the microscopic equation (1.21) and the 
macroscopic equation (1.12c). As above written, this last describes an irreversible 
monotone evolution towards an equilibrium state, whereas, the term containing the first 
derivative in equation (1.21) accounts for a systematic slowing down effect. Thus, 
Fokker-Planck equation describes the overposition of a viscous force and the diffusion 
driving force. If, for example, at initial time we have the velocity distribution centred in v 
= v0, after a time t, the maximum of velocity distribution will be centred on a lower 
velocity (due to systematic friction), whereas the peak will broaden due to diffusion in 
the velocity. 
As we already saw, if no external forces are acting on the particles, (1.28) reduces to 
same form of (1.12c), with solution: 

/(jc,0 = - l expj-^^j. (1.23) 
V4TCD7 [ ADt 

From (1.23) we have 

(x) = xo, (1.24) 

and 

(x2Sj = xl+2Dt, (1.25) 

which, in a three-dimensional space, is to be written as: 

( r 2 ) = r0
2

+6Z>f. 

Thus, in the case of absence of external forces acting on the system, the Gaussian 
broadens, remaining centred on XQ (see also figure 1.3). 
To analyse the situation arising if external forces act on the system, let us assume that 
particles are subject to a force F = -fie, and let us define a parameter A (i.e., the drift of 
particles), such that for a spherical particle of radius R moving in a fluid with viscosity t|, 

9 
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10 CHAPTER 1 

Figure 1.3. Computer simulation showing evolution after / = 5 s of particle distribution around their 
initial position in x = 0. The value attributed to D was IQr2 cm2 s'1. 

and according to Stoke's law, it must be A = 1/(6KT\R) = B'1 (where B is the frictional 
parameter). At steady-state state the average viscous force must balance external force, so 
as to have: 

A 
hence, given (1.22a): 

(vx) = ai(x) = -fAx. 

Now, assuming XQ = 0 in equations (1.24-25), from equation (1.22b) we have a2(x)=2D. 
But, since D=AKT = KT/6TO\R9 we obtain: 

a2(x) = 2AKT, 

A 
= 0, 
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DIFFUSION AND FOKKER-PLANCK EQUATIONS 11 

and (1.21) becomes: 

dp(xj)=/A a (xPHAKT?p ( 1 2 6 ) 

dt dx dx 
If we use (1.26) for a set of particles initially centred in XQ, the general solution will be: 

P{Xft)=\ f ZZZ expL /U^oexp{^})2| 
y2KKT(l-exp{-2fAt}) *\ 2KT(l-exp{-2fAt))] 

and therefore we have: 

(x) = x0t-kA\ (1.28) 

and: 

(x2) = ~(l- exp{-2 fAt})+xl exp{-2/Ar}. (1.29) 

Thus, when t -»<*>, one obtains: 

to-o. 
and: 

Equations (1.27-29) correspond to the situation of an Ornstein-Uhlenbeck process 
satisfying initial condition P(x,t\xQ,tQ) = 8(JC - XQ), and in which the Fokker-Planck 
equation reads: 

a/»u,^0 . fo)= ,j. [ jcPUf | ; t0 ) to ) ]+£92^^o^o) ) (L30) 
ot ox 2 dx 

with k > 0 and D(x,t) £ 0. The analogy of equations (1.30) and (1.26) is evident if one 
finds the solution P(x,t\xQ,tQ), which assumes the form: 

and becomes: 

asr-»©°. 

k I kx2 

P(xtoo\XOttQ) = ̂ — exp - — f, (1.32) 

<*2)= 
KT 

'' f ' 

Wl*0.'<))=, I 
JrtDf] 

it 
.-exp{-2*(f-f0)} 

cx 1 k[x-Xoexp{-k(t-to))] 
1 CXP 2D[l-exp{-2k(t-t0)}] ' 

(1.31) 

(1.27) 
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12 CHAPTER 1 

1.5 Moments of the process 
Equations (1.22a-b and (1.24-25) represent respectively the first and the second moment 
of the process. The n-th moment may be obtained with equation (see Chapter 4): 

(*(*)*)=[ °° xnc(x,t)dx, 

Le, for the first moment: 
-+oo 

(x(t)) = I xc(x,t)dx, 

thus, after integration over x we get: 

at ' 
which gives the same result of equations (1.22a) and (1.24), showing that average 
position of particles does not change in time. 
To evaluate the second moment, we have to multiply both sides of diffusion equation by 
JC2, and then to integrate again, so as to have: 

dlx2(t)) 
dt 

and hence: 

(x2(f)) = 2Df, 

exactly corresponding to equations (1.22b) and (1.25). 

1.6 Remarks about rotational diffusion 
We have considered the behaviour of physically isotropic particles. Indeed, non-spherical 
(ellipsoidal) particles may be subject to overposition of translational and rotational 
motion, this last being determined by the non-spherical symmetry in the collisions with 
the surrounding fluid (or by the imposition of an electric field if particles are dipoles), 
and ellipsoidal particles become rotors, characterised by a rotational axis, hence there 
must be an orientation distribution with respect to a given direction in the space. 
Assuming that c(fl)<ft> the number of particles oriented within an angle included in the 
interval [#, fl + d&\ with respect to a given axis x (see figure 1.4), after a time t, some 
particles will change their orientation by virtue of a rotation imposed by asymmetric 
collisions (for example, determined by thermal motion in the fluid), and in analogy with 
Fick's first law we have a resulting angular flux: 
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REMARKS ABOUT ROTATIONAL DIFFUSION 

dt d$' 
where R is the rotational diffusion coefficient (measured in s_1), and 

dc 

13 

is the orientation density. 

P d-b 

figure 1.4. Representation or v + ao angle witn respect 
to a fixed axis x. 

At steady-state, the rotation with angular velocity co is balanced by a rotational friction 
force M, depending on co: 

Af =-flrco, 

and in analogy with linear diffusion, one has: 

being Br the rotational friction parameter, describing the force necessary for rotation with 
unitary angular velocity. For spherical particles of radius R, one may see from fluid 
dynamics that: 

Br=87CT|/?3. 

Hence, ellipsoidal particles undergoing Brownian motion are subject to rotational 
diffusion R, and this movement may be treated as the translational diffusion. In 
particular, if <d> is the average change in particle orientation after a time tt then we must 
have: 

R = 
KT : v 
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14 CHAPTER 1 

(o2«)= ARt. 

The diffusion equations for particles subject to an electric field E and with dipolar 
moment p have been reported by de Groot and Mazur [6] in the form: 

and 

where: 

y = gT j s m f l U — (parcsinfl)+p£r/>£ 

^J-l-ltofJLRZL+nBrpEto* dt sinfl3fll I d$ rF 

sin# 

In the previous equations, the distribution function p of particle orientation is given in 
terms of polar coordinates (see Appendix 4) instead of normal Cartesian ones. After 
opportune manipulations of the diffusion equation, it is possible to show that for a set of 
particles initially oriented at ft = 0: 

<cosfl) = e-2*', 

hence, the time required to obtain an isotropic distribution with (cos#) = 0 will be t = R-1 

(Hunter [7]). 

Figure 1.5. Prolate and oblate ellipsoids. 

By solving the Stokes equation, it is possible to obtain, for a prolate ellipsoid (see figure 
1.5), the following expression for rotational diffusion (see Perrin [8]): 
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DIFFUSION EQUATION FROM A MATHEMATICAL POINT OF VIEW 15 

KT 
R = - ZJ 4){3[ln(l+V^)~ln^2(2-^)VrV--3g

2}, 
16nt\a q 

a and b respectively being the major and minor axis of ellipsoid, whereas q = b/a. The 
equivalent form for oblate ellipsoid is: 

* = 3KT 
I6nr\ab2(l-q4) 

q2(2-q2)Uq2-l) a rc tanf^ t f^ l + l l 

1.7 Diffusion equation from a mathematical point of view 
The diffusion equation (also called the heat or the Fourier equation), should be written in 
the form: 

df(x,y,z,t)_ j 2 f 3 2 . a2 . a 2 1 f(x v 7 rt 

but is normally given in the monodimensional form: 

M^ = a2*l^l, (1.33) 
dt dx2 

which corresponds to one of the most important second order partial differential equation 
(PDE), together with the wave equation: 

d2f(x,t) _ .2 a2/(*,t) 

and the Laplace equation: 

dtz ° dx2 

82/(x,y) d2f(x,y) _ 

Equation (1.33) is classified as a parabolic differential equation, since, given the general 
form for second order PDE 

the relation B2 - AAC = 0 is true at least over some points of (x,y). 
A solution of diffusion equation has been already obtained in Section 1.2 by using the 
Fourier transform. Nevertheless, it could be interesting to solve the diffusion equation 
using the method of separation of variables, which leads to formal solution on the basis 

A(x + B(x ^^2f 
,y)—-— 

dxdy 

\-C(x >3V 'WU XX,x 
' dx' By ' 

A 
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16 CHAPTER 1 

of the specific boundary conditions: moreover, this approach will be useful as a basic 
example of solution of a differential equation. 
The first task is the separation of variables in equation (1.33): this is done by assuming 
that: 

f(xtt) = X(x)T(t), (1.34) 
where X(x) is a function of position only and T(t) is a function of time only. In this case, 
we have: 

and: 

thus, equation (1.33) reads now: 

and separating the variables: 

dt 

d2f(x,t) f+ = X"T, dx 

XT' = a2X"Ty 

X" T 
X " a2T* 

Since each side of above equation depends only on a variable, then we may assume that 
both members are equal to a constant, here called -\|/2, hence: 

X" 2 T' 2 

■ 7 = - r ; -2^=-V' 
A a T 

from which we have: 
X" + y2X = 0; (1.35) 

T'+a2y2T = 0. (1.36) 
Equation (1.35) has general solution: 

X(x) = A sin\|/jc+B cos\|fjc, (1.37) 
A and B being two arbitrary constants, whereas equation (1.36) may be easily solved to 
get: 

T(t) = Cexp{-a2y2t}t (1.38) 

where C is also an arbitrary constant. 

df(x,t). 
dt 

=xr, 
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DIFFUSION EQUATION FROM A MATHEMATICAL POINT OF VIEW 17 

Thus, invoking equation (3.34) we have the solution: 

f(x,t) = (Asin\|tt+Bcos yx) exp[-a2y2t}, (1.39) 

where we put C=l . 
Equation (1.39) satisfies diffusion equation: on the other hand, it must satisfy also 
boundary conditions, which depend on the problem we must analyse. 
For example, assume that we are dealing with a diffusion along the x axis between the 
limits XQ = 0 and *i=l. Let us set initial conditions as: 

/U,0) = <p(*); 0<*<1, 
and boundary conditions as: 

/ (0,0 = 0; /(1,0 = 0; Vt£0. 
For x = 0, we have: 

/(0, t) = 0 = B exp{-a2y2'}' 

/(*,*) = A exp{-a2\|f2*} sin \|tt. (1.40) 

/(l , t) = 0 = A exp{-a2y2'} sin y , 

thus, B = 0 and: 

Forjc= 1, we have: 

and a nontrivial solution is found for sin y = 0, hence: 
y = mi; n = 0,±l,±2,..., (1.41) 

and inserting equation (1.41) into (1.40) we get the solutions of the diffusion equation: 

/„(*,*) = An exp{-M/i2*} sinn7ix, (1.42) 

where we put n = (Pit2, taking only positive n values. But, since equation (1.42) gives all 
the independent solutions, and since equation (1.33) is linear and homogeneous, then the 
sum of all/n(;t,f) will be a solution of diffusion equation, and therefore we may write: 

oo 

f(x,t) = V An exp{-nn2*} sinn rct (1.43) 
n=l 

as a general form of the solution of diffusion equation according to boundary conditions. 

17 
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18 CHAPTER 1 

1.8 Examples of diffusion-like equations 
One ehcounters differential equations of the same form of (1.12c) in other physical 
processes involving continuity and transport. Bearing in mind the first Fick's law: 

OX 

we could find some other equations describing fluxes, and having the equivalent form. 
For example, we recall the heat flow equation (Fourier's law): 

dT 

the Poiseulle's law: 

7 = - K , 
dx 

j= 
^P 

-c—, dx 
and the equation for electrical current (Ohm's law): 

dV 
J=-*TX-

The analogy of diffusion equation with equations of heat transfer is evident because the 
continuity equation takes the form: 

_ 37" 37 
cp3T~a? 

C being the thermal capacity for the unitary mass, p the density, and T the temperature. 
Using the flux as written in the Fourier equation, in which K stands for the thermal 
conductivity coefficient, we obtain: 

dT d2T 

where 8 = K/pC, is the thermal diffusivity. It is to note that 0 has the same dimensions 
(cm2 s-1) of the diffusion coefficient D. 
An analogous set of equations is necessary to describe the momentum transfer in a fluid: 
in this case the fluid velocity obeys the continuity equation: 

dv dT 
paT"a? 

where T is the shear stress, which, according to Newton's law, is related to velocity and 
position by means of equation: 

7 = 
~3c 

-D^r-
dx 
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DIFFUSION AS A STOCHASTIC PROCESS 19 

where r\ stands for the dynamic viscosity of the fluid. Combining the two last equation, 
and defining the kinematic viscosity \i = r|/p, we have the diffusion relation: 

dv 32v 

where \i also has the same dimensions of D. 

1.9 Diffusion as a stochastic process 
Diffusion in physics may be treated using the stochastic processes theory (see also 
Appendix 1), where the diffusion processes are special cases of Markov ones [9]. More 
precisely, Arnold [10] has shown that a diffusion process is a Markov process having 
small probability to suffer large amplitude variations over small time ranges, and having 
the transition probability P($,jc,f,B) completely determined by the drift vector / and 
diffusion matrix B = {by}. 
The first property may be written in the form: 

Pr{\M(t)-M (s)\<> *\M(s) = x} = l-o(t-s), 

whereas the second property may be demonstrated observing that each diffusion process 
in the n-dimensional space Rn is characterised by a differential operator L such that: 

1=1 i=l >=1 J 

which must correspond to the infinitesimal operator A (also called generator) of the 
process, defined by equation: 

for IQ <; t £ 6. According to Arnold, the correspondence between generator and 
differential operator may be seen by rewriting the generator in the integral form: 

A[$($,f)] = lim- I [g(s+t,y)-g(s,x)]P(s9x9t+s,dy), 
UQ t JSf 

then, using the conditions for a diffusion process for the driftjfojr): 

lim 1 (y-x)P(stx,t9dy)=f(s,x); 
tis t-SJ£&y-x\ 

L = 
i=l 

d 
1 

1 

1=1 i=l 

c)_3i_> 

1 uo / 
feBdf"), 

T dv 

Copyright World Scientific Publishing Co. 
Provided by IHS Markit under license with WILEY Licensee=/, User=, 

Not for Resale, No reproduction or networking permitted without license from IHS

--`,,```,,,,````-`-`,,`,,`,`,,`---

Full document details: WSPC TOP DIFF EMUL 1995

http://www.avadocuments.com/doc/wspc-top-diff-emul-1995
http://www.avadocuments.com/doc/wspc-top-diff-emul-1995


20 CHAPTER 1 

and for the n x n diffusion matrix &(s,x): 

lim I (y-x)(x-y)' P(s,x,tfdy) = B(s,x), 
tis t-sJez\y-x\ 

one evolves that it must be: 

as 
hence, for time independent functions: 

A,L-2/(«)£4ti>.,)3|r. 
1=1 * j=l ;=1 ' J 

A = a s T - + ^ . & 
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2. BROWNIAN MOTION 

The stochastic approach to Brownian motion studies the effects exerted by the fluid on 
the Brownian particles. Thus, this approach describes the whole process in a 
phenomenological way, and does not matter about the nature of interactions between 
fluid and particles. Using the stochastic theory, one is dealing with a process which can 
be divided in two parts: i) a frictional effect exerted by fluid on the particles, which are 
slowed down; ii) the random movement of the particles, assumed to be caused by a 
fluctuating force exerted by the medium. Since one cannot exactly know the value of the 
fluctuating force, then one should attempt to understand its statistical properties; the 
further step will be to know the probability of a given change in position and velocity of 
the particle after a given time range. There are several references available in scientific 
literature about Brownian motion (both as physical event and as stochastic process) but, 
possibly, one of the most clear and interesting is the paper written by Chandrasekhar [1], 
which will be used as guide and general reference in this Chapter. 

2.1 General introduction 
Brownian motion (or Brownian movement) is observed when particle immersed in a 
fluid interacts with fluid molecules, which transfer energy to particles by means of 
random collisions occurring during very short time ranges, of the order of 10"21 s [1]. 
The collisions with fluid molecules give a series of successive displacements of the 
particle, which undergoes a random movement through the liquid, done by the sum of 
different trajectories assumed by the particle after successive collisions (see figure 2.1): 
each trajectory, indeed, is given by the sum of all the momenta transferred from fluid 
molecules to the particle during each collision. 
On the basis of equipartition principle, and considering particles as big molecules, one 
may estimate the mean quadratic velocity of a particle with mass m, by using the formula 
relating kinetic energy and thermal energy: 

Imv 2 = * * 7 \ 
2 2 

from which: 

m 
being K the Boltzmann constant and T the absolute temperature. 
The Brownian movement is generally observed in all the cases in which a body is 
immersed in a fluid, if dimensions of the body are of the order of the mean free path of 
the fluid molecules: a common example is given by the galvanometer, in which 

tf= 3KT 
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22 CHAPTER 2 

Brownian movements resulting by collisions with gas molecules constitute a limitation 
for this instrument. 

Figure 2.1. Simplified picture showing the net displacement 
suffered by a spherical Brownian particle after six simultaneous 
collisions with surrounding fluid. See text for more details. 

An useful approach to analyse Brownian motion is given by Langevin equation (see next 
Section), where the velocity changes of particles are taken into account by means of the 
overposition of an inertial term (depending on both fluid viscosity and particle size and 
shape) and a rapidly fluctuating force (called also white force or stochastic force), 
characterised by the fact that its mean value is zero, thus this force is negligible over 
large time scale, but it is fundamental for the mathematical treatment of time scales of 
order of a collision. 

2.2 Langevin equation 
When a Brownian particle moves in a surrounding fluid, the motion is slowed down by 
the dissipative action of fluid itself; one assumes that the frictional coefficient P for the 
particle is independent of the velocity of the particle. Assuming that we are dealing with 
a spherical particle with mass m and radius R moving in a fluid having a viscosity r|, the 
frictional coefficient will be: 

m p= 6KT\R 

m 
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LANGEVIN EQUATION 23 

One must also assume that the medium exerts a fluctuating force on the particle, and that 
this force depends only on elapsed time. If we assume also that effects of frictional and 
fluctuating forces are additive, and that no other external forces are acting on the system, 
then the motion of the particle will be described by the Langevin equation [2,3]: 

du ndr _, x , _ . . — = H3—+5(0, (2.1a) 
dt dt 

where r and u respectively are the position and velocity of the particle, and S(t) is the 
term due to fluctuating force. If also external forces are acting on the system, a third term 
F(r,t) should be added to (2.1a), so as to have: 

^ = -P^+S(f) + F(r,f). (2.1b) 
dt dt 

As one easily sees in (2.1a) and (2.1b), the motion of particle at time t does not depend 
on the motion at preceding time t - dt, and does not determine the motion at a successive 
time t+dt, and this is due to assumption that collisions with external fluid molecules are 
instantaneous. 
From what written above, and assuming that time required for variation of macroscopic 
quantities is much greater than time elapsed between two successive fluid-particle 
collisions, we may define a small time interval At, in which all the macroscopic variables 
undergo very small changes, so as to have: 

{u(t))»{u(t+At))-{u(t)). (2.2) 

In this time interval, indeed, we also must assume that S(t) was subject to a great number 
of fluctuations, and therefore S(t+At) and S(t) are quite uncorrelated: this set of 
assumptions allow us to describe the very small velocity changes of the Brownian 
particle during collisions with fluid molecules [1]. 
More precisely, in time interval At the particle undergoes a net acceleration B(At) given 
by: 

B(A0 = J S&)d%, 

as the total contribution of all the microscopic random accelerations suffered during time 
At. 
Consider a series of simple steps r,, whose magnitude and direction do not depend on the 
previous ones r^: we take into account a distribution function fy(r,) giving the 
probability distribution that a step rt is in the interval [rt, rt + drj. Thus, the problem is to 
find the probability P(Ar,Af) that, after a time interval At, the particle is sited at a 
distance Ar from its original position. 
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24 CHAPTER 2 

This problem is similar to random flights problem [4,5]: in the monodimensional case, in 
which all steps have the same length, if the particle is sited at the origin at t = 0, the 
probability that the particle lies at m after N steps (with -N<m<N) will be: 

P(m,AO = - P ( m - l , t f - l ) + - P ( m + l , # - l ) , (2.3a) 
2 2 

with 

/>(l,l) = />(-l,l) = | . (2.3b) 

We may see that equations (2.3a-b) refer the same situation one encounters by tossing a 
coin N times; in this case, m represents the net difference between heads and tails. Again, 
we observe that m is even or odd only if Nis respectively even or odd. The probability of 
each sequence of N steps leading to position m is therefore (1/2)^, and the probability 
P(m, N) will be the number of series of steps leading to m multiplied times (1/2)^. 
Using the Fourier transform 

flv(0= 5/(m,A0expH7m}, (2.4) 

equations (2.3a-b) reduce to: 

PN(l) = coslPN^(l) (2.5a) 

and: 

Pi(/) = cos/, (2.5b) 

from which: 

^ ( / ) = (cos/)*. 

Thus, inverting transformation (2.4): 

P(m,N) = — f (cosl)Nexp{ilm}dl. 
2itJ-n 

Now, using the relation: 
N 

(cos/)" = T F T .,„ exp{HN-2n)il}, 
2" ^ nl(N-n)\ 

we can obtain: 
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LANGEVIN EQUATION 25 
N 

N\ sinn(N-2n-m) 1 X^ N* 
P(m,N) = -^ry — 

2N^n\(N-n)\ 
...... ..,. n(N-2n-m) 

#i=0 
in which the last term on the r.h.s. vanishes for N -m-2n * 0. Hence we have: 

/>(m,A0 = 0, 
for m even and N odd, or vice versa, and 

P(mtN) = -
>(*=s)(*±=) 

for both m and N even or odd. 
Now, for N -> oo and m « N, we may use the Stirling's formula: 

where, with notation 0(a) in the r.h.s. we indicate terms the order of a. Hence: 

\n[P(m ,A0]' *IiV4 
2) 2 

— — H T I 

In 

(■■ 

Lfl» 
# 

M 
)n[2n] 

2 
-tfln2. 

Thus, by means of the series expansion 

I N) N 2N2 [N*) 

we obtain: 

\n[P(mtN)] = ]n\ 

Hence, we get the asymptotic relation: 

m 

P (OT(Ar)^exp{-^}. 
Now, given the step length /, with a time d between two successive steps, we are allowed 
to define the new variables 

x = ml; At = Nftf 

Inn! = fn+-jlnn-n+-ln2K+o(/i *); n-»oo, 
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26 CHAPTER 2 

thus, the probability that the particle lies in the interval [x, x + Ax] after a time At 
becomes: 

P(x,At)Ax = y£,P(m,N) 

where the factor 1/2 in the r.h.s. of above equation accounts for the fact that for each N 
(even or odd) the contribution becomes only from one half of the m values (even or odd). 
Hence, we have: 

P( x, At) = , expi =̂ \, 

and, putting/2/(2^) = D: 

1 f x2 

P(x,At)= ,A nA exp^ -—— \. (2.6) 

Now, if the positions of the particle are subject to the spherically symmetric probability 
distribution ^(irl2), then equation (2.6) reads: 

P(Ar,At)= , l expj"^}- (2'7) 

V(47cDA/)3 I 4DAt) 
By analogy with this problem, we shall assume that the probability distribution of B(At) 
will have the same form of (2.7), i.e.: 

/f*(A,)]= , l . exptl^I, (2.8) 

where q is a constant, and represents a fluctuation-dissipation theorem. To better specify 
the nature of qf we must take into account some opportune assumptions (see next 
Section) about equilibrium of velocity distribution function. 

23 Diffusion coefficient in velocity space 
The solution of the Langevin equation (2.1) is: 

«-«oexp{-p*} = exp{-p*} f exp{K}Sfe)^, (2.9) 
Jo 

2/ W i> 

1 f x±_ 
j4nAtl2/2i> eXP{ 4Af/2/2< 
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DIFFUSION COEFFICIENT IN VELOCITY SPACE 27 

and since the statistical properties of both sides of (2.9) must be the same, one may 
define the quantity: 

* = exp{-p*}f'exp{K}Ste)^, 
Jo 

hence, dividing the interval [0, t] in N intervals At, and assuming that At obeys equation 
(2.1), then we can write: 

X = £ e x p { - p ( * - i At)}B(At) = ] T X,. 
i i 

Again, we are dealing with a problem similar to random flights one, as seen above: using 
a similar mathematical treatment we have: 

P ( X ) = = | 4 ^ ^ e x p { 2 ( ^ - 0 } ^ | e x p H X | 2 | 4 j r e x p { 2 p ( ^ - 0 } ^ | L 

Thus, the velocity distribution function in the velocity space is: 

^ L P J 2q(l-txp{-2fr)) (2.10) 

and for long time ranges we have the asymptotic expression: 

From equation (2.11), we note that the system has an irreversible evolution up to a 
Gaussian distribution, which is the Maxwell-Boltzmann equilibrium distribution, and that 
this evolution does not depend on UQ. According to this statement, the constant qf 
representing the diffusion constant in the velocity space, must be appointed in such a 
manner that: 

€ = r — > m 
where m is the mass of the particle. 
To completely evaluate the distribution function for the Brownian particle in the velocity 
space, it is therefore necessary to consider that fluctuations are accounted in the Langevin 
equation, and that time scale for S(t) changes is much smaller than time scale for 
macroscopic variable changes; moreover, the net accelerations suffered by particles in the 
intervals [t, t + At] depends only on At, and the distribution function for acceleration is 

(2.11) P{u, °°l«o) t)H P « 2 

2q[ 

p{ )m ^HO-expi^DT J^-upextK-fi 
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28 CHAPTER 2 

Gaussian, while the velocity is asymptotically distributed according to a Maxwell-
Boltzmann statistics. 

2.4 Fokker-Planck equation in velocity space and phase space 
The problem of finding the probability distribution function may be simplified and 
reduced to finding the solutions of the Fokker-Planck equation. In this case, we will deal 
with less restrictive assumptions about fluctuating forces, and further restrictions may be 
considered as boundary conditions to be imposed in the solution. 
One must assume that the Brownian motion of the particle is a Markov process, thus the 
probability distribution P(u91 + At) obeys equation: 

P(u,t+At)=[p(u-Au,t)y(u-Au;Au)d(Au), (2.12) 

where \j/(w;Aw) is the transition probability for an increase An in the velocity after a given 
time At. Expanding (2.12) in power series respectively of At and Au, we obtain the 
Fokker-Planck equation: 

P(u9t)+?f-At+0(At2) = 
dt 

- \ \ \ 
p-

V 
-y—^ 

1 ' 
41 

i 
duf ' 

» 
♦X-

«<7 

32/> 

) 

^-xft*,4?f^2;£w-
x d( Aui) d(Au2) d(Au$), 

and using the expressions: 

(Aui)=\ Aui\\f(utAu)d(Au); 
J—oo 

W)-I Aufy(u,Au)d(Au); 

{AuiAujj = j AuiAujy(u,Au)d(Au)f 

the Fokker-Planck equation becomes: 

Copyright World Scientific Publishing Co. 
Provided by IHS Markit under license with WILEY Licensee=/, User=, 

Not for Resale, No reproduction or networking permitted without license from IHS

-
-
`
,
,
`
`
`
,
,
,
,
`
`
`
`
-
`
-
`
,
,
`
,
,
`
,
`
,
,
`
-
-
-

Full document details: WSPC TOP DIFF EMUL 1995

http://www.avadocuments.com/doc/wspc-top-diff-emul-1995
http://www.avadocuments.com/doc/wspc-top-diff-emul-1995


FOKKER-PLANCK EQUATION IN VELOCITY SPACE AND PHASE SPACE 29 

P ( M ) + | A , + 0 ( A , > ) = -±({AUi)P)+^({AuiAuj)P) 

+o((A«/A«;A«it)), (2.13) 

In the Langevin equation the frictional coefficient contains all the continuous effects, 
whereas the stochastic force behaves randomly; thus, passing to the limit At -> 0 in 
equation (2.13), we obtain the general form of the Fokker-Planck equation in velocity 
space as follows: 

dt dut {At)2 duiduj I At J 
(2.14) 

But, the Langevin equation (2.1) tells us that: 

Au = -$uAt + B{At), 

then, taking into account equation (2.8), and bearing in mind that the asymptotic 
distribution is a Maxwell-Boltzmann, we get: 

^ . ( ^ f - p j j * ^ } . (,15) 
Moreover, since: 

(AM,) = -pM,Ar, 

and: 

( A « , A « , ) = ^ : 8 M + O ( A 0 2 , 

then, we obtain the special case of (2.14): 

r ^ n m * cut, 
ot dUi m du. 

and its fundamental solution, for which: 

P(II,OI«O) = 8 ( I I - « O ) , 

is given by equation (2.10). 
In the phase space, the distribution function in equation (2.12) becomes: 

29 

Copyright World Scientific Publishing Co. 
Provided by IHS Markit under license with WILEY Licensee=/, User=, 

Not for Resale, No reproduction or networking permitted without license from IHS

--`,,```,,,,````-`-`,,`,,`,`,,`---

Full document details: WSPC TOP DIFF EMUL 1995

http://www.avadocuments.com/doc/wspc-top-diff-emul-1995
http://www.avadocuments.com/doc/wspc-top-diff-emul-1995


30 CHAPTER 2 

P(r,utt+At)={{p(r-Ar,u-Au,t)v(r-Artu-Au;Ar,Au)d(Ar)d(Au), (2.17) 

thus, again invoking the Langevin equation we get: 
Ar = uAt, 

and considering an external force F(r,t) acting on the system: 

Aw = -(P«-F)Af+£(Af), 
hence: 

y(r,w;Ar, Aw) = \|f(w;Aw)8(Ar-wAf). 

Thus, and inserting the external force term -FAt in the exponential of equation (2.15), we 
may evolve: 

+0((AuiAujAuk))9 

hence, passing to the limit At -> 0, one obtains the Fokker-Planck equation in the phase 
space as follows: 

dP 3? J P J , m $KTd2P „ t o , 

ir+ M<V^aTp^ ( w'P ) * ^ p (218) 

2.5 Diffusion equation and diffusion coefficient 
We will consider a system given by a fluid having n Brownian particles not uniformly 
distributed (thus there is a concentration gradient), and we will assume that mutual 
interactions between particles can be neglected. The distribution function P(r,u,t) in the 
phase space will be the product of the distribution functions of each particle, so as to 
have: 

n 

P(r,utt) = YlPi(n>»i>*)> 

where all P,- obey the Fokker-Planck equation. 
In the system, we will observe the overposition of Brownian movement and diffusion of 
Brownian particles, by virtue of the concentration gradient. Since the first process occurs 
in a time scale of the magnitude of p_1, then one may assume that over a greater time 
scale, the distribution function of particles has the form: 

(?♦,*)*♦«-»--£;iwH4=;{MF) 

>r,Au)d(Ar)d(Au)9 
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UNCERTAINTY IN BROWNIAN MOTION 31 

l}(ij.«*.0 = ̂ (1.0(2^7) V2 e x p | - ^ | + 8 / 5 ( ^ « , - , 0 , (2.19) 

where the second terms accounts for a small additive effect due to diffusion, and depends 
on the order of magnitude of the concentration gradient 
The integration over u of the Fokker-Planck equation (2.18) after opportune 
manipulations, leads to equation: 

from which, using equation (2.19) and taking into account only small order terms, we 
evolve the diffusion equation: 

^ A = D^rMrht), (2.21) 

where we put: 

D = -—= = , (2.22) 
Pm B 6icr\R 

D being the "classical" diffusion coefficient and B a mobility factor: this relation 
represents the fluctuation-dissipation relation in the configuration space. 
Since the particle density in a point x of the space is: 

c(^,0 = ^J8(jc--r j f)P(r,M,r)dr l^ij, 
j= l 

and taking into account only small order terms, such that: 

c(xtt) = 1£ni(x,t), 
i=l 

we may show that the spatial distribution obeys the diffusion equation: 

^ l = DV2c(x,t). 
dt 

2.6 Uncertainty in Brownian motion and physical meaning of P 
Remarkably, the information we have about the motion of Brownian particles is given by 
diffusion coefficient, which allows us to obtain a probability distribution for the particle 
position, and not the exact position. Diffusion coefficient, indeed, is a macroscopic 

(2.20) 
# " " - & / ' * * ' "ihl"hdu> 
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32 CHAPTER 2 

parameter, and Brownian motion is affected by some uncertainty, which could be 
formally similar to quantum mechanical one. For a complete discussion of this 
relationship, one may refer to Furth [6], who made a comparison between Brownian 
motion and quantum mechanics; a very clear presentation of this topic is also in the paper 
written by Galluzzi [7], whose approach will be used as main reference in the following 
discussion. 
We will see that the Brownian uncertainty could be found to be formally similar to the 
well known Heisenberg uncertainty principle of the quantum mechanics, i.e., 

A#Ap =—h 

(here p stands for the momentum mv), even if this formal analogy does not correspond to 
a genuine physical equivalence of the uncertaintys. In quantum mechanics indeed, the 
Heisenberg equation arises from experimental observation and measures, which 
introduce perturbations in the system, whereas Brownian uncertainty mainly depends on 
random interactions with the medium. 
Given a particle subject to monodimensional Brownian motion, there exists a probability 
density q(x,t) such that q(x,i)dx accounts for the probability that at time t the particle lies 
in the interval [x, x + dx]. Since the total number of particles remains unchanged, the 
probability density obeys the well-known continuity equation: 

dq(x,t)_ dJ(x,t) 
dt dx 

in which J(x,t) represents the probability flux. The starting point is the assumption that 
last term is generally given by two distinct contributions: the first corresponding to forces 
exerted on the Brownian particles, and the second is due to diffusion caused by collisions 
with fluid molecules. These relations could be written for analogy: 

JF=qvF, (2.24a) 
and: 

JD=<1VD» (2.24b) 

even if we know that the contribution due to diffusion must obey the well known Fick's 
law: 

JD = -D^A, (2.25) 
dx 

and hence we must assume that in equation (2.24b) the diffusion velocity is: 

vD = -D^(lnq), (2.26) 

(2.23) 
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UNCERTAINTY IN BROWNIAN MOTION 33 

The explicit form for vD must be obtained using the new continuity equation, arising 
from insertion of equations (2.24) and (2.25) into (2.23): 

dt ~ dx2 * a* 
which, if Vf and D are constants, reduces to: 

^ = ̂ _ ^ _ ^ _ ^ ] | , (2.27) 

TrD^-VFvx' 
and the normalised solution has the familiar form: 

representing the Gaussian probability distribution. 
In this equation, the average value, initially set to be zero (i.e., we assumed that the 
particles are at the origin of the coordinate system at initial time), changes in time by 
virtue of the external driving forces, so as to have: 

(*) = vFf, 

whereas the second moment of the process is subject to contribution of the diffusion 
coefficient, and its value increases in time according to equation (see also equations 
(1.24-25) in Section 1.4): 

< * > 2Dt. (2.29) 

and on the basis of equations (2.26) and (2.27), one may obtain the explicit form for vD 
by writing: 

x-vtf_ 
vD=- 2t 

" It ' 
thus, 

M=o, 
while: 

(2.28) q(x ,0 = 1 
"\lAnDt 

expj- (x-vFt) 
ADt \ 
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