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1 Introduction

"Why did I decide to add to the infinite
Series one more symbol ? Why, to the vain

Skein which unwinds in eternity
Did I add another cause , effect, and woe ?" J.L. Borges, The Golem (1]

The central object of these notes is the description of physical systems using
variables which are subject to transformations , such as for example the coordi-
nates measured with respect to a moving frame.

To the extent that the parameters determining the motion of the frame
are just that (i.e., parameters with a time dependence which is externally de-
termined), the resulting classical or quantal treatments do not bring in any
essentially new feature . However , a different approach can be followed: these
parameters may also be treated as genuine coordinates on an equal footing with
the original ones . Since they affect the description of all the other variables
they are traditionally called collective coordinates , while the remaining ones are
called intrinsic . For instance , in the case of a rigid top, the quantal transfor-
mation from the laboratory to the rotating frame can be expressed in terms
of Wigner 's matrices DjK(¢„), depending on the Euler parameters 0,,. These
parameters are treated as variables in the quantal treatment of the motion of
the top , and the corresponding wavefunctions are given in terms of the same
matrices DMK.

This procedure may be generalized to cases in which the intrinsic variables of
the system cannot be frozen ( as in the case of the rigid top) and thus disregarded.
Nuclei with large quadrupole moments behave approximately like quantum ro-
tors . Superfluid systems display "rotational " bands associated with the number
of pairs of particles . A similar situation arises when an extended classical solu-
tion of a field equation such as a soliton breaks the translational or rotational
invariance . Such systems admit an (independent-particle) approximation that
violates a symmetry of the hamiltonian ( i.e., the approximate wavefunctions
do not belong to an irreducible representation of the corresponding symmetry
group). However , the exact wavefunctions do not break this symmetry (i.e.,
they can be labelled by the quantum numbers associated with the irreducible
the representations). In such cases , the symmetry can be restored "through a
motion in the broken symmetry group" . At the level of small oscillations (or

plane waves ) the broken symmetries manifest themselves through the appear-
ance of zero frequency modes (or massless fields ) which make impossible the
naive application of perturbative procedures . However, the zero modes do not
yield a satisfactory description of the motion associated with the breaking of
symmetries , if this breaking is only approximate (as for finite systems).

There are also other types of motion of many-body systems and extended
objects which involve a great number of degrees of freedom and which can
be associated with a certain group of transformations that are not necessarily

1
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symmetries (e.g. dilatations, quadrupole deformations, etc).
The most straightforward treatment that singles out these specially relevant

degrees of freedom is to isolate them from the remaining variables. We may
thus describe the system in a way that displays clearly the role played by the
collective degrees of freedom (this, of course, does not mean that in general
they will uncouple from the other variables). However, this procedure becomes
unfeasible for realistic systems, since these cases must be treated within some
approximation involving independent fermion and/or phonon fields, and in such
representations it is very difficult to isolate the collective variables.

A second (less straightforward) approach is to use an overcomplete system
of collective plus intrinsic variables. For example, in unified models in nu-
clear physics one has intrinsic coordinates describing the nucleons "in a rotating
frame" plus collective variables describing the motion of the frame [2].

More precisely, throughout these notes we understand by collective coordi-
nates as those describing a group of transformations on the system (in fact the
main results of this work can be adapted to the more general case in which the
set of transformations do not form a true Lie group). In general, we do not
know how relevant these particular coordinates may be: this depends on the
system under consideration. The choice of the transformation group is dictated
by the intuition that we have a priori on the dynamics of the system. The case
of strongly broken symmetries is specially clear since we know that these degrees
of freedom dominate the low energy behaviour of physical systems.

The overcompleteness of variables however poses a problem already at a clas-
sical level, which becomes worse at the quantum level: it is not clear for example
what is to be understood by "rotating frame", if the coordinates describing such
a frame are quantum variables. The observation that clarifies this problem of
overcompleteness is the following: a classical system that is described in terms
of variables subject to time -dependent (Canonical) transformations and such that
the parameters defining the transformations are treated as (collective) dynamical
variables on an equal footing with the original variables possesses a local (i.e.
time-dependent) gauge symmetry . This gauge symmetry consists of the group
of all time-dependent transformations which simultaneously moves the frame of
reference and the particle system so as to reproduce the same physical situation.
Choosing a particular transformation of the frame is , in this language , choosing
a gauge.

Now, the classical as well as the quantum mechanical treatment of systems
with gauge invariance has been extensively studied [3,4]. Following the previous
observation and using the Faddeev-Popov [5] path-integral treatment of gauge
systems, Gervais, Jevicki and Sakita and Hosoya and Kikkawa [6] formulated a
functional version of the method of collective coordinates. This method was later
adapted in ref. 17] for the hamiltonian treatment of the many-fermion problem.
Several applications were made involving collective rotations of fermion sys-
tems in two and three dimensions [8]. However, the procedure as it stood was
cumbersome to apply, specially in non-abelian cases . In order to simplify the

2
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calculations a different form of the method was implemented [9]. It was still
based on the Faddeev-Popov path-integral but a gauge condition was imposed
in a way that bears analogy with the Lorentz gauge in electromagnetism.

In recent years a simple and elegant approach for the treatment of gauge
systems has called the attention of many field theoreticians . Instead of reducing
the number of degrees of freedom in the overcomplete description , additional
fermionic variables (ghosts ) are introduced . This apparent complication simpli-
fies the problem, because in gauge systems there is a aupersymmetry involving
variables and ghosts , which was discovered by Becchi , Ronet , Stora and Tyutin
[10,11,12,13].

Recently we have showed how this method can be applied for the classical
and quantal treatment of systems with collective coordinates [ 14]. The resulting
formalism is purely algebraic and thus, in particular , it does not rely on func-
tional methods (although path-integrals can readily be constructed a posteri-
ori). We have applied this method to derive variational as well as perturbative
approximations for rotating systems in two and three dimensions [ 15,16].

The outlay of these notes is as follows: the classical and quantal treatments
of systems described from moving frame of references are discussed in sections
2 and 3, respectively. The central part of these notes is given in section 4,
which contains the treatment following the (supersymmetric) invariance with
respect to a BRST transformation. A parallel formulation in terms of path
integrals (in fact the original formulation in [6] ) is given in section 5. Broken
symmetries are discussed in section 6. Sections 7 and 8 contain illustrative ap-
plications on abelian and non-abelian systems, respectively. The last section
discusses a procedure to obtain (perturbatively ) a purely collective dynamics.
These notes admit different readings: the shortest path in order to operate with
the formalism follows through sections 3, 4 and 6 , and through the examples
in sections 7 and 8. However , the notes are self-contained and thus they in-
clude the formalization and the proof of the BRST procedure. These aspects
are emphasized in sections 2-5.

In these notes we intend to cover three main objectives. The first one is
to present a formalism which both justifies and allows for the correction of
the independent mean-field approximation in many-body problems displaying
a breakdown of symmetries . Our second aim is to convey to the many-body
physicists part of the beauty displayed in recent treatments of gauge systems.
Finally, we illustrate these developments through simple mechanical examples.

Some items in these notes have not been published elsewhere, to the best of
our knowledge. Such is the case, in particular , of the discussion concerning the
structure and metric of the space of wavefunctions associated with the BRST
treatment of collective coordinates.

Discussions with V . Alessandrini and F. Schaposnik have greatly stimulated
this work . The support of colleagues and friends from TANDAR , C.N.E.A. is

gratefully acknowledged.
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2 The classical treatment of systems described
by means of collective coordinates

The present section is devoted to the study of classical systems which are de-
scribed from moving frames of reference . The parameters determining the mo-
tion of these frames are treated as dynamical variables on an equal footing with
the original variables.

In subsection 2.1 we show the analogy between "gauging" a charged field
to obtain electromagnetism and describing the motion of a particle in two di-
mensions from a rotating frame . The lagrangian and hamiltonian treatments
of this mechanical system are discussed in subsection 2.2, stressing again the
analogy with the electromagnetic case . In subsection 2.3 we consider the general
case of a classical system whose dynamical variables are subject to an arbitrary
(not necessarily symmetry ) group of transformations . In appendix 2.A we dis-
cuss the particular problem of a general N-particle system which is described
from a frame of reference that performs rotations in three dimensions . We thus
exemplify some complications due to the non-abelian nature of the group of
transformations . Finally, in appendix 2.B we derive some useful properties of
Lie groups.

Our treatment makes use of the classical formalism for constrained systems
developed by Dirac [17], as described in the presentation of Sudarshan and
Mukunda [18].

2.1 The gauge nature of problems described from mov-
ing frames

Mechanical systems that are described from a moving frame of reference are
indeed mechanical analogues of gauge field theories, with the simplification that
the time is the single variable . As an example , we recall the derivation of
the properties of the electromagnetic field using gauge methods [3] and , simul-
taneously, we translate this derivation to the case of a particle moving in a
two-dimensional plane '. The expressions corresponding to the mechanical case
are given below within square brackets.

We consider a complex scalar field flz), where x denotes both space and
time coordinates [z(t) = q, (t) + ig2 (t), where t is the time ] whose classical
lagrangian density [lagrangian] in the absence of electromagnetic coupling [in
the laboratory frame ] has the form

a„W(x)) = I am4r.aµ,k - V(r, 41) (2.1)

L(z(t), dtz ( t)) = 2 IdtzI2 - V (Z*, z) (2.2)

'Similar considerations can be found in (19] for the three dimensional case.

4
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The gauge principle states that the electromagnetic coupling [the coupling
between the intrinsic and rotational degrees of freedom] arises from an extension
of "global invariance " to "local invariance ". The term with derivatives in the

lagrangian ( 2.1) [(2.2)] is obviously invariant under a constant phase change of
41 [z]

T 17T t
z -+ Uz J U =

exp[-ia] (2.3)

where a is an arbitrary real constant . This transformation is called a global (i.e.
coordinate-independent ) transformation and the theory is said to have global
invariance under the group U(1). If also the potential has circular symmetry

V(W*,P) = V(IW12) (2.4)

V (z`, z) = V(1Z12) (2.5)

by Noether 's theorem there is a conserved current

Jµ = 'Y" a„ 41 (2.6)

i , dz dz*
4i 92 - 9192

(
2

)

=-2(z dt -zdt)-
.7

Now we consider local gauge transformations

it -1 U(x)tiW U(x) = expl-i a(x)] (2.8)

Z -+ U(t) z U(t) = exp[-i a(t)] (2.9)

where a is an arbitrary real function . That is , the transformations at different
points of space-time [time ] are independent of one another . Although a,, ,W [dtz]

transforms in the same manner as '1' [z] under a global transformation, it ac-
quires an extra term under a local transformation

(9µ4, -. U8,+ q' + (aµU)' (2.10)
dtz -+ Udtz + zdtU (2.11)

Therefore , the lagrangian is not invariant under a local transformation. In
order to make the theory locally gauge invariant, we replace 3 ' [dtz] by a
suitable generalization that transforms in the same manner as I [z]. We define
a vector [scalar] field A, (x) [w(t)] called a "gauge field" , which transforms under
the local transformation according to the rule

A,,(x) -+ A,,(x) + aµa (2.12)

w(t) --+ w(t) + dta (2.13)

5
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Then, the "covariant derivative" ["invariant derivative"] defined by

DA1P =_ (a„ + ieAA) T (2.14)

Dtz = (dt + iw )z (2.15)

transforms in the same manner as It [z]

D T • UD 'QAA (2.16)

Dtz -► (dt +iw + idta ) exp[-ia]z = UDtz (2.17)

By replacing aµw [dtz] by D„%Y [Dtz] in (2.1 ) [(2.2)], we obtain a new la-
grangian density £(IY, D, W) [lagrangian L(z, Dtz)] which is obviously invariant
under local gauge transformations . However, it contains the gauge field Aµ (w]
as an external field.

In Maxwell's theory one adds a term involving a"A,, quadratically. The only
gauge-invariant Lorentz-scalar of this type is proportional to F„"Fµ", where

PI,,, (x) = c9 A,, - a, Au (2.18)

is called the field strength tensor. The lagrangian density for a closed dynamical
system invariant under local gauge transformations is

L = -4F,,"F"" + C( W, D, ') (2.19)

The factor -4 in the first term is purely conventional. The global U(1)
symmetry, which is now enlarged with a local symmetry, is said to have been
"gauged". The classical equations of motion following from (2.19) are just
Maxwell's equations . Thus we have "derived" electromagnetism . The charge is
a given real number that fixes the scale of AA relative to W.

In the case of a two dimensional motion , the new lagrangian is

L = 2 IDtzI2 - V (Izf2) = 2 I(4i - wg2)2 + (42 + wgx)2] - V (IzI2) (2.20)

The substitution of the invariant derivative in the lagrangian now yields the
lagrangian in a rotating frame.

The lagrangian (2.20) may also be obtained through the replacement of qi
b y2 q! in the lagrangian (2.2), where

qi = qi cos 0 - q2 sin 0
q2 =q,sin¢ +g2cos0 (2.21)

Therefore, we identify the gauge field w with the angular velocity 4(t). If
the time is our single variable, there is no quadratic term to be added, since

2From now on the prime and umprimed quantities refer to the laboratory and to the moving
frame , respectively.

6
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Foo 0 by definition (eq.(2.18)). The inclusion of a charge would have no

physical consequence other than interpreting w as 4 /e.
The lagrangian (2.20) is not merely invariant with respect to global (time-

independent) transformation but it is also invariant with respect to local (time-
dependent ) ones. This is what is called gauge invariance . We notice that there
appears an extra degree of freedom , the collective degree of freedom ¢, in the
lagrangian (2.20).

Since this example may be easily generalized , we conclude that mechanical
systems which are described from moving frames (and in which the parameters
describing the motion of the frame are treated as genuine coordinates) are a
particular type of gauge systems. Consequently, in the quantization of such
problems we encounter many difficulties that are also present in the treatment
of gauge theories . We intend to apply to the former the solutions that have
been found for these last ones.

2.2 A particle moving in a two-dimensional plane

The lagrangian formalism
The Euler-Lagrange equations of motion

d aL _ aL
=0

dt aqi aqi

can also be written as

a2L 8L a2L .-
agia4_ aqi 8q=aqi 9^

(2.22)

(2.23)

Therefore, the accelerations at a given time are uniquely determined by the
positions and velocities at that time if the determinant of the matrix a2L/a4ia41

does not vanish . This is, for instance , the case for the lagrangian (2.2) in the
laboratory frame

det( a2 ,)=I 0 0 I=1 (2.24)
aqi 4,

However , we want to consider the lagrangian (2.20) corresponding to the de-
scription from a moving frame and to treat the three coordinates qj (q3 = ¢) on
an equal footing . In this case,

a2 L
det(a4iaq') _

1 0 -q2
0 1 q1

-q2 ql qi + q2

= 0 (2.25)

Such a lagrangian is called singular . We want to show now that only two of
the three equations of motion (2.23) are independent of each other. It may be
straightforwardly verified that the vector i in the three dimensional space
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rl1=q2 ; 172=-qi ; n3=1

satisfies the equation

(2.26)

a2L

aQ.aji 17i
= 0 (2.27)

Therefore , if we multiply (2.23) to the left by the vector , , we can check
that

82L aL aV - f
qi

aV
+

- a + aq3
aV aql (qi, , aV aQ2 (qi,, aV

e 5-0I q',.gs=conat. = 0 (2.28)

where we have used the inverse of the transformation equations ( 2.21). This
result expresses the obvious fact that the lagrangian in the laboratory frame does
not depend on the coordinates of the moving frame . Therefore eq. (2.28), which
is derived from the equations of motion , carries no dynamical information and
is valid independently of the original form of V (in fact , it does not even require
that the potential should be rotationally invariant ). In this simple example we
find that there is `something missing', since we are not able to solve the equations
of motion for the three variables . The solutions of the equations of motion of a
singular lagrangian contain arbitrary functions of time . In our case , this is due
to the fact that a lagrangian describing the system from a rotating frame lacks
the information concerning the rotation of the frame itself (in electromagnetism,
Maxwell's equations lack the information on the choice of the gauge).

As mentioned in subsection 2.1, the lagrangian (2.20) has a local time in-
variance which is independent of the original symmetries . It is invariant under
the infinitesimal transformation

bgi = ba(t)g2

42 = -ba(t)gl

b0 - 6Q3 = ba(t) (2.29)

This invariance holds independently of the original form of the lagrangian in
the laboratory frame . While the third eq.(2.29 ) changes the motion of the
moving frame , the first two equations transform the coordinates qi and q2 to the
new frame . A gauge transformation maps a given trajectory into an equivalent
one in which the same physical motion is described from another frame. Two
trajectories belong to the same "class" if they are obtained from each other

8
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through a gauge transformation. All members of the same class represent the
same physical trajectory. To choose a gauge means to select one member of each
class. This is accomplished by imposing a supplementary relation between the
coordinates and velocities.

G(q;, 4,, t) =0 (2.30)

G is called the gauge-fixing function and is arbitrary to a large extent. For
instance , with the selection G = ¢ we are left with the original laboratory
gauge . Another option is to choose G = 92 which amounts to solve the problem
in cylindrical variables, ql being the radial and 4 the angular coordinate. Some
other possibilities are discussed in following sections. It is precisely this freedom
in the choice of G which makes a description using collective coordinates more
flexible than the original one.

The hamiltonian formalism
The departing point of the hamiltonian formalism is to define the canonical

momenta as functions of the coordinates and velocities . Our aim is to work in
a phase-space 3s which includes 0 , I as variables (4 = q3; I = Ps)

As usual , the conjugate momenta are defined by

8L
p; =aL i= 1,2,3 (2.31)

The vanishing of the determinant (2.25) is just the condition for the non-
invertibility of the velocities as functions of the coordinates and momenta. The
momenta are not all independent from each other : there exist relations between
them which follow from (2 .31) and which are called constraints . For instance,
for the lagrangian (2.20), eq .(2.31) yields the three equations

Pi = 41 - g24' (2.32)

P2 = 42+gi4' (2.33)

I = J (2.34)

where J is defined as in (2.7),

J=gi92 -g241=g1P2 - g2Pl (2.35)

The two eqs. (2.32) and (2.33) can be considered to be definitions of mo-
menta, while (2.34) is a constraint.

Since not all the velocities can be expressed in terms of the momenta, we
choose the set of variables (ql) q2, Pi, P2, 0, 4,) and we define the hamiltonian

2
H = FP+4;+J¢-L

9
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2

2^p?+V (2.36)

It is remarkable that the dependence on 43 disappears from the second line:
this is a property of the Legendre transformation. We obtain the equation of
motion following the usual procedure of varying both expressions for H with
respect to the six variables and equating the coefficients of the independent
variations 1211

pi
= -a9

+¢ 8 (J - I)

cIH
- /- (J - I) (2.37)ap4i

where the symbol denotes weak equality : equality when restricted to the
constrained surface in 32 defined by (2.34). These equations are trivial for
43 = q. They imply that the time derivative of any phase space function M is3

M = {M, H} - c{M, (J - I)} (2.38)

where the Poisson brackets are those of 32 . Notice that the constraint is pre-
served by the equations of motion . There is a dependence on the yet unspec-
ified velocity ¢, which is to be expected from the previous discussion using
the lagrangian approach. Accordingly, we must choose a gauge fixing function
G(gi,p:)• From eqs. (2.30) and (2.38)

0 = G = {G, H} - &,(J - I)} (2.39)

Solving 4 and introducing this value in eq. (2.34), we obtain the final expres-
sion for the equations of motion

M-{M,H}- {M, (J-I)}{G,(J -I)}{G,H}= {M,H}D (2.40)

The Dirac brackets

{A, B}D {A, B) -{A, (J - I)) V (.r_1) {G, B}

+{B, (J -1)} (C -1(j_li {G, A} (2.41)

are a generalization of the Poisson brackets and share most of their properties.
From (2.40) we clearly see that if the constraint (2.34) and the gauge condition
(2.30) are satisfied at t = 0, they will be satisfied at any subsequent time.

3 We recall the definition of the Poisson bracket {A, B} = bs ..$, . - -d A&
age bpi bpi aq,
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In phase-space 32, the finite transformation corresponding to the infinitesi-
mal transformation (2.29) may be written

T(a(t)) = exp [-a {(J - I), }]

EZ3 1 - a{(J - I), } + 2a2{(J - I), {(J - I), }} + ... (2.42)

Thus ( J - I) is the generator of the gauge transformation. The Poisson
bracket between this generator and any physical magnitude vanishes, reflecting
the fundamental invariance of gauge systems : while I changes the rotation of the
frame of reference , J changes the coordinates in an appropriate way to leave the
description invariant . In particular , the transformation (2.42) leaves invariant
the phase-space lagrangian.

As in configuration space , the transformation (2.42) maps a given trajectory
in phase space into another trajectory representing the same physical trajectory,
but described from another gauge (i.e., from a different rotating system). This
group of transformations is the gauge group . It leaves invariant the constraining
hypersurface , which is mapped into itself.

Up to now we have seen that the original dynamics of the problem can be
reproduced in a six-dimensional phase-space 32 with the constraint (2.34). We
cast now these results in a form which is also used in the quantal treatments of
sections 3 -5.

We impose the constraint by introducing a Lagrange multiplier 0, which
is also treated as a dynamical variable . The hamiltonian and phase-space la-
grangian can be written in the new phase -space 33

H =
2

2EPi2 + V -1l(J-I)
:=1

3

L = > pj4i + PO-H (2.43)
i_1

where we have introduced the canonical momentum P conjugate to tl. The
term Ptl added in the lagrangian is zero if we impose the new constraint

P=O (2.44)

Hamilton 's equation for P thus yields

O=P=-aH =J-I (2.45)

Therefore , the old constraint (2.34) appears now as a consequence of the
equations of motion and hence it is called a secondary constraint , as opposed to
eq. (2.44 ) which is a primary constraint (it is not a consequence of the dynamics).
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In the present eight-dimensional phase-apace 33 the gauge group of trans-
formations is generated by

T(p(t)) = expl- ,e{P, } + Q{(J - I), }I (2.46)

which leaves invariant the lagrangian (2.43) in the moving frame when restricted
to the surface defined by eq. (2.44).

To conclude this section we show that the hamiltonian H together with the
primary and secondary constraints are a "caricature" of the electromagnetic
problem. The electromagnetic field has the four-fold coordinates AM(x, t) where
µ = i,t and i = 1,2,3 are the spatial indices . The lagrangian density is (c.f.
eq.(2.19))

C = 1F'JPJ
- 1 Fo{F°t (2.47)

4 2
The momenta are defined in the usual way

a'C
Aµ) = Aµ + a,A° (2.48)E,.(x) a(a

They represent the electric field components for µ i. For p = 0

E°=Ao+a°A°=0 (2.49)

which is a primary constraint . The hamiltonian density equals

x = AAEM -,C = ZE;E' + 4F;JF'J - (aIA°)E'

E;E` + 4F,JF'J + A°(ai P) (2.50)

where we have added a divergency . From the equations of motion for Ec we

obtain

E° = aH
aA

= a;E'(x) (2.51)

Therefore the Gauss law appears as a secondary constraint . Table 1 shows
the relation between the electromagnetic and the mechanical case . In electro-
magnetism , as in classical mechanics employing moving frames, we must impose
additional gauge fixing conditions.

2.3 A general canonical transformation

In the present subsection we generalize the previous treatment of collective coor-
dinates for two-dimensional rotations to the case of general canonical transformations 4.

4Although we sometimes continue to use the vocabulary associated with rotations, we are
not restricted to this type of transformations.
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Electromagnetism Mechanical case
Coordinates A x, t 0, ql, q2

Momenta E x, t I, P, pl, p2
Primary constraint Eo x = 0 P=O

Secondary constraint (9i E` = 0 J - I = 0

Table 1: The analogy between the electromagnetic and the mechanical case.

The laboratory variables in the original phase space 71 are denoted by q;, pi
(i = 1, ..., n) . There are k generators which form a Lie algebra L

{JV,JW} = CvwaJr

They generate the transformations

(2.52)

T(o„) = exp (0„ {Jv, }] (2.53)

where the 4„ are parameters '. Given a phase-space function M'(gi', ps) of the
original variables we reexpress it in terms of the transformed variables qj, pi as
follows

M'(q ,pi) = T-1M'(gi,pi) = M(gi, pi) (2.54)

where M'(gi', p;) and M'(qi, pi ) have the same functional dependence while
M'(q,', pi) and M(qi, pi) take the same values . In particular , we can write a
relation like (2.54) for the generators J, themselves, and thus obtain a set of
transformed generators which satisfy the same Poisson bracket algebra (2.52).

Since the transformation is an artifact introduced by us, the laboratory
version of physical functions should be independent of the transformation pa-
rameters 0,,. This fact implies that not all the functions M are physical. In
order to be so, they must satisfy the condition

0 T-1a^v M1 (gi,pC, Ow ) = T_1(
T

)M+
am

(2.55)

5For compact Lie groups the structure constants can be taken to be antisymmetric in the
three indices v, w, a. We will assume this to be the case throughout these notes

sIt may also be possible to parametrize the transformation in a different way, as with the
Euler angles in the case of three -dimensional rotations.
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The matrix S(pa) is a function of the parameters ¢ , and depends on the
particular group of transformations (see appendix 2.B). In eq. (2.55 ) we have
introduced the "invariant" derivative

D. =Swv{Jv„ } + ao v (2.56)

We now raise the ¢v to the rank of true dynamical variables and introduce
their associated momenta which satisfy

{0v, Pw} = bvw (2.57)

The P and P complete the canonical set in the laboratory and in the trans-

formed variables , respectively. We call this new phase-space 32 . The definition

of the transformation (2.53) must be slightly changed in order to insure that it

continues to be canonical in the enlarged phase-space 32 . Thus we now define,
for instance in the canonical parametrization

T(c6a) =Czp ({4' J, }) (2.58)

The transformation T coincides with the previous T when applied to func-.
tions that do not contain the momenta P. However, we note that whereas the
transformation t in 71 is time-dependent (the time-dependency arising from
the parameters ¢„) the transformation T in 32 is time-independent (the 0v now

being variables in 32 ). The transformation T can be verified to act on the
collective momenta as follows

P,;=T-'P.=-ho I''v=SwvJw-Pv

Therefore, the conditions for a function to be physical read

(2.59)

{M'(q,pi,4w),Pv} 0

{M(q , pi, cw ), Fv } = 0 (2.60)

in the laboratory and transformed frame, respectively.
We may also use an alternative form of these conditions. Introducing the

matrix 17(0„) that is inverse to S, we obtain from the last of eqs. (2.60)

{M, ft,} = 0

fv = ?IwvF. = J„ - Iv (2.61)

where the collective generators are defined as

IV = ►IwvPw (2.62)
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In the laboratory frame the constraints f„ take a similar form

f"' = -rlwv
P

w
,

The following commutation relations hold for the general case

{Jv, J
s
w} _ cvw•J8 U. , I.) = -C 14118

cvwefe IF., Fw } = 0

(2.63)

(2.64)

These Poisson brackets are defined within the enlarged phase-space Y. The
difference in sign for the collective angular momentum is well known since the
pioneering work on rotation of molecules.

Since the collective coordinates 4k,,, Pti separate in the laboratory system (and
in fact they are irrelevant for physical functions), we may impose for physical
trajectories the conditions (slightly more severe than (2.55))

P„ = 0

which in terms of the transformed variables read

(2.65)

F. = 0 or f,, = 0 (2.66)

The Poisson brackets between two of these constraints and between the
hamiltonian and each of them vanish on the hypersurface in 32 constrained by
these equations . Thus, they are preserved at all times by the dynamics of the
system.

In the original phase -space the lagrangian can be written

L'=Pi 9i- H'=pi'4i' +P,' v-H'-P^^v (2.67)

The first three terms in the r.h.s. are the ones that one would expect from
a lagrangian in 32. Since T is a time-independent canonical transformation in
32, we have (up to total time-derivatives)

p,4;+P„4v-H'- pi4i+P.^v-H (2.68)

while from (2.59)

Pti¢„ - -F„4„ (2.69)

so that the phase-space lagrangian becomes

L = Pi 9i +P„4v +F„¢„-H

= P4 +SwvJw4v -H

= pi4i - (H - w„J„) (2.70)
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where we have defined
WV = Svwow (2.71)

which is a generalization of the angular frequencies.
Following the same procedure as in (2.37) (i.e., varying H independently

with respect to pt , qt, 091 ¢v ), we obtain

aH 8J1, aH 8F„ (
2.72 )9t - ovSwv = -^v-

ap: apt 8P: api

p. aH 4V Swo aJw
aH ¢v aF° (2.73)

a9t
- 59t aq;

+
5%

where again = denotes weak equality . Similar equations hold for 4v, namely

aFw
-^w aP (2.74)

v

which is trivial From the requirement that the constraints are
preserved at all times we obtain

Aw aH + ^' aFv
(2.75)

Clow Clow

so that we can write for any function in the 2n + 2k phase -space 32

M . {M, H} - ^v {M, Fv} = 0 (2.76)

Note that if M is independent of 0v, Pv, this equation reduces to the familiar
expression (cf. eq . (2.70))

M ce {M, (H - w „J„)} (2.77)

Eq.(2.76) is a generalization of eq.(2.37). It is as far as we can
fixing a gauge.

Let us consider now k gauge-fixing functions G„

G.(9t,pi,0.) = 0

If these gauge conditions are to hold at all times

Provided that

G„ = {Gv, H} - ^w {Gv , F,,,} = 0

go without

(2.78)

(2.79)

det[{Gv,Fw} ] 0 (2.80)
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we may solve (2.79) for 0n and insert these derivatives in (2.76 ). We thus obtain
the time evolution of an arbitrary function in terms of Dirac brackets

M {M, H} - (M, F.) I{G0,F0}[m' {G,,, H}

{M, H} - {M, fw} I{Ga, fp}Irrn {G,,, H}

{M, H}D (2.81)

with

{A, B}D = {A, B} - {A, fw } I{Ga, f @JJ-' {0,,B)

+{B, fw} I{Ga, ff}I;v {G,,,A} (2.82)

We can also verify that the phase-space lagrangian (2.70) is left invariant by
the group of gauge transformations

T(a(t)) = exp[-an(t){ fd, }] (2.83)

These results can be summarised by saying that within the extended -phase-
space ,3z, physical trajectories are restricted to a hypersurface defined by the
constraining equations (2.66). On this hypersurface each trajectory is copied an
infinite number of times . By choosing a gauge , we select a copy of each class of
equivalent trajectories.

Finally, we can include the constraints as in (2.44).

ff=H -f2„ f„ (2.84)

with the primary constraints
P„ = 0 (2.85)

where

{nv, Pw } = E,, (2 .86)

In this new phase-space 33 , eqs.(2 .68) appear as secondary constraints

0 P„
an"

=f„ (2.87)

One can check that in 33 the gauge group is generated by the transformation

[12]

T(i(t)) = ezp[(-^0 + /^onw^avw){P^„ } + Qo{fve }1 (2.88)

which leaves the phase-space version of the lagrangian invariant when restricted

to the hypersurface (2.85).
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appendix 2 .A The three-dimensional rotation of a N-particle
system

If the N-particle system constitutes a rigid rotor , a suitable description can be
obtained from a rotating frame associated with the principal axis of the tensor
of inertia . In this case , the useful coordinates are the collective coordinates
determining the orientation of the moving frame . In this appendix we study the
generalization of this description to the case of a system which is not completely
rigid , and thus the internal degrees of freedom have to be considered as well as
the collective ones. The overcomplete set of variables must be treated in a
self-consistent way.

We start with the lagrangian in the laboratory frame

(2.89)

where i = 1, 2...N and P; is the position vector of the i-th particle . The expres-
sion for the lagrangian in the rotating frame may be found in textbooks

L = 2Ir;+ w'1^t, 12 -Y(r;,¢ti) (2.90)

The angles ¢„ parametrize the motion of the rotating frame . The relation
between the components wti of the angular frequencies and the time derivative
of the angles 0d is written

my = Stl+^(^^)^^, (2.91)

where the matrix S(¢,) depends on the chosen parametrization . As in the previ-
ous subsection we calculate the 3N+3 momenta associated with the coordinates
r;, ¢, (which complete the new phase -space 32 )

P; _ M(*; +w n r,) (2.92)

) (
ew

n *A V n ** + )(. ( ; iacv

^ [ f! 932
m, acv

, ( ).

where the generator . is defined

(2.94)
;
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We find again that the 3N+3 momenta are not independent of each other.
They satisfy three constraint equations which play the same role as eq .(2.34)

Fv=SwvJ.-Pv=0 (2.95)

A new set of constraints is obtained if we multiply F by q, (the inverse of
S)•

fv= 17wvFw = Jv-Iv =0 (2.96)

where
Iv = T/wvPw (2.97)

are to be interpreted as the collective components of the angular momentum in
the intrinsic frame . While the F. commute between themselves , the J,,, I. and
fv are generators of SU(2) algebrae (see appendix 2.B).

{Jv,Jw} = EvweJ8 U., I. ) _ -EvweI.

{fv,fw} = Evwefa {Fv,Fw}= 0 (2.98)

Here Evwe is the Levi-Civita tensor.
Two useful parametrizations for this group are: i)the canonical parametriza-

tion

T (O.) = exp[¢vJv [ (2.99)

and ii ) the Euler parametrization

T(ar) = exp[ tifT3] exp[ej2] exp[SoJ3]

For the canonical parametrization we have

nvw = 5vw Z COt 2 + 02v, 1 1 - 2 COt J - EvwP Ze

sink g v4w ( l sin )E4, (1_co3)
02

with

(2.100)

(2.101)

(2.102)

Similar relations for the Euler parametrization [ 20] are read off from (cf. eq.
(2.97) )

Il = cosh Pn + sint/i cosecB P,, - cotO siniO Psi,

12 = -sin+I Pv + cos +, cosecO P. - cotO cos,i PI,

13 = PV, ( 2.103)
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Similarly to the previous cases, we have three unspecified velocities which
should be fixed by means of the three gauge -fixing conditions

Gv(ri,Pi,0.)=0 (2.104)

A possible choice associating the moving frame with the principal axis is to
equate G, to the non-diagonal components of the quadrupole tensor

G. = Qv+1 .v+2 = mi(rv+1)i(Tv+2 )i (2.105)

appendix 2.B Some useful properties of Lie groups

In this appendix we derive some results that are used throughout the present
notes.

Let J„ (v = 1, ..., k) be k phase-space functions satisfying the Lie algebra
(2.52) with Poisson brackets . We have the identities:

{Jv,J.} -{J.,J.}

{{Jv,Jw}, Ja}=0 (2.106)

(vwa) cyclic

which imply

Cvwa = -Cwva

CvwtCtau = 0

(vwa) cyclic

(2.107)

We shall further assume for simplicity that the cifk are totally antisymmetric7.
We define

j. __ {J,,, }

and from (2.107) we find that:

[Jv, Jw] = cvw,Ja

(2.108)

(2.109)

where [ , ] denotes the commutator . With this algebra we can generate a group
of canonical transformations parametrized by ¢v. For example , in the canonical
parametrization

T(Oa) = exp[kvfv] (2.110)

From the group composition law

7This can always be assumed for compact groups.
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T(4;,°)) = T(O(b)) T(4va))
(e) = 9v(01,b),q'( 'a)) (2.111)

We define the matrix ^vw ab)) and its inverse Svw (0:b) )

=
agv

7vw a0la) (¢,°r=0
w

Sve ►]ew = 6vw (2.112)

Let us consider that the ¢;,a ) are small increments 60a(v). To first order

bovc) = 0nb) + bo(b) = 0vb) + 1vwbo((a)

bo)a) = Svwbo(b)V

After replacement in (2.111 ) we obtain

T(4., + b4,,) = T(ov)T(SUw60w)

(2.113)

. (2.114)

where we have dropped the supraindex b labelling all the parameters that appear
in (2.114). We also obtain to first order

T(Sw05^v) - 1 =

T-1 60v
acv

Therefore , if we subtract T and multiply to the left by T-1 in both members
of eq. (2.114 ) we obtains

T-1

9T
SwvJwCIO"

Furthermore , we obtain from T.T-1 = 1

(2.116)

8T T_1 +TOT- 1
= 8T'1T•+T-

1 aT =0
(2.117)a4U ao„ a^ a

sThe formula (2.116 ) has been derived assuming a canonical parametrization but it is easy
shown to be valid with any other (good ) parametrization.
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Let us now derive differential relations for the q, S. From eq. (2.116) we
obtain

aT
a0v

82T
a0v a0w

TS.. J.

aT

e

T%aw.vJa + SawJs
a'v

T(Ssw .uJs + SawJaStvit) (2.118)

where the comma denotes derivation . Similarly,

a2T
= T(Sa v.wis + SsvisStwit) (2.119)

aow aov

Subtracting and multiplying by T'1 to the left yields

(Suw.v - Stiv .w) Ju + SawStv1Js , Jt] = 0 (2.120)

where we have swapped the indices in the second term of (2.119 ). Using the

structure constants and swapping indices again

Suw.v - Suv.w + S*W Stvcstu = 0 (2.121)

These relations imply other relations between the inverse q

gwagvt .w - I7wtgvs .w = -Ctsut/vu (2.122)

The commutation relations
Using the previous formulae we can derive the Poisson brackets (2.64) as.

follows

{Iv,Iw} = {gaups , gtwPt}

_ {qav, At} qtw Pa - fl7tw, P-) 17,- At

= 17av.t qtw Pa - 1]tw .v qav pt

= (gsv.t qtw - gaw.t qtv) Pa

= -cvwa tita calPt = -Cvwsls

where eq. (2.122 ) has been used . From this relation we immediately find that:
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{fv , fw} = {(Vv - Iv) V. - Iw) ) = Cvw s (J. - Is) = Cvwafs

We may also calculate

{Fro, Fw} _ {(S'.v J. - R,), (StwJt - P- ))

-Sav.w Js + Stw,v Jw + Sav Stw {Js, Jt}

= Sav Stw CstgJ1 - Ssv,w JS + Stw,v Jt

(Saw.v - Suv.w StvSswCatu)Ja=0

where we have applied eq. (2.121).
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The Hilbert spaces associated with collective
coordinates

3.1 The constraints

In the present section we translate the classical results of section 2 to the quantal
language . We start with the Hilbert space Nl of wavefunctions W'(qi) (i =
1, ..., n) and we consider a general group of unitary transformations T(¢„ ). Its
generators J. (v = 1, ..., k) satisfy a closed algebra.

[Jv, JwI = iCvwsJO (3.1)

where [ , ] denotes the commutation operation (c.f. eq . (2.52)). Most devel-
opments in this and the following sections can be straightforwardly extended
to the case in which the transformations T(4„) do not constitute a Lie group
(see comment in section 4), although in the present work we restrict ourselves
to such a case.

The transformation operator reads , in the canonical parametrization9

= exp[-i¢„J„] (3.2)

It relates the wavefunctions V and operators O' in the laboratory frame to
those in the moving frame

IT'> = 11w>
O' = P6 1't (3.3)

In particular , one obtains the transformed versions of the J„ themselves.
We wish to treat the k parameters 0v as genuine coordinates . Therefore, we

define the overcomplete Hilbert space N2 whose wave functions depend both on
qi and 4,,. We also introduce the operators ^o and their canonical momenta A,.
We assume that -oo < 4o < oo and thus that Pv has continuous eigenvalues10

[^o, /'w] = thew

(3.4)
acv

In N2i the laboratory version of physical states kph' > is independent of the
(c.f. eq.(2.55)). (In fact they are the wavefunctions belonging to Nl times a

unit state in the collective space).

9Any other parametrization of the transformation (such as the Euler parametrization of
the three dimensional rotations ) can be used as well.

"However , for example in the case of rotations , we will be free to work in the subspace of
integer values of P. since the rotational one-turn operator ezp[21riP6 ] is, in practical cases a
conserved magnitude , and thus we may choose periodic wavefunctions in 4'„ .
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0 = iTt a^v Iph' >= F„ Iph >

all a
t( t ) +t aov -PtP.11 = Swv(^e)Jw - /v (3.5)

The alternative set of constraints is obtained through the multiplication of
F by 7 (the inverse matrix of S).

fv l ph > = 0

fv = rlwvFw = Jv - fv (3.6)

where

I- 17.v P.

Thus fv is the collective version of J,,. In addition to (3.1), the following
commutation relations are satisfied 11

A, /wj = 0 IIv, I.I = - icvwele

IFv, Fwl = O (fv, fw) = icvw8h,

The constraint operators are generators of the gauge group of transforma-
tions. Physical states carry the zero-representation of such group. Of course,
this does not imply that they are left invariant by the transformations gener-
ated by the j,, or by the collective transformations generated by the operators
I,, separately.

In practical cases it is easier to work with the constraints fv. However, since
the constraints F,, are in involution (i.e., they commute among themselves) they
are useful for demonstration purposes (cf., for instance, subsection 4.2). For any
physical operator acting on N2 (i.e., an operator that maps physical states into
physical states) it can be seen that

(Qph, PPI ^.' 0

IOph, fvl;' 0

The symbol = means that the l.h.s. vanishes if applied to physical states.
As in the classical treatment, we can impose the constraints (3.6) by further

enlarging the Hilbert space as follows: we add k new variables 0,,, their associ-
ated momenta P„ and the corresponding operators f2v and P,, The constraints

(3.6) are dynamically satisfied by the new hamiltonian H

H=H -nufv (3.11)

11The minus sign in the commutation relations for the , is obtained through a quantal
transcription of the procedure followed in appendix 2.B
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with new primary constraints

Pv I ph >= -i anv Iph >= 0 (3.12)

where the functions in the enlarged Hilbert space X3 depend on q;, 0" and fl".
The new hamiltonian preserves the original dynamics for physical states (i.e.,
for those states that satisfy the constraint (3.6)). Physical operators in X3 also

satisfy
[Oph,A,IL- 0 (3.13)

The Hilbert spaces Xl, X2 and X3 are seen to be the quantal counterpart of
the phase spaces 31 , 32 and 33 (cf. subsection 2.3). The constraints (3.5), (3.6)

and (3 . 12), are also the quantal versions of the constraints (2.66) and (2.85).

They tell us that only a subspace of the enlarged Hilbert spaces X2 and X3 is

relevant , the one annihilated by them. In appendix 3.B and section 4 we show
two different formalisms that enable us to operate in these spaces . For this
purpose we must impose the quantal versions of the gauge conditions (2.78).

Finally, it is useful to rewrite these results in the laboratory frame using
the transformation (3.3). The laboratory version of the constraints (2.66) and

(2.85) read:

Pvlph' >_ Iph' >= IPh' >= 0

s p a
JvIph' >= -nwv rwlph' >= it?., , IPh' >= 0

P„Iph'>_-i fly (Phi>=0 (3.14)

whose meaning is clear : in the laboratory frame the physical wave functions of
X3 are independent of the variables ¢,,, fl,,.

Eqs. (3.10) and (3.13) take the form:

a
16'h, .P = [Oph, fv ] „' ^ a Oph ., 0 (3.15)

p a
[b,',h, rv

,
1 ~ -iajv bph = 0 (3.16)

3.2 The inner products

The inner product associated with the original variables q; in the Hilbert space
Nl is given ab initio and we are not free to alter it . However, when we extend
the space Xl to construct X2 and N3, we are introducing artificial dependencies
of wavefunctions on the parameters 4,,, fl,,. The definition of the inner products
in N2 and X3 is to a large extent arbitrary, and we only need to require that
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for physical functions (those which satisfy the constraints ) the overlaps coincide
with the original ones in X1.

The measure is most easily constructed in the laboratory frame, in which
it takes the product form. Given the overlap of two functions T'j, V in the
original space X1

f 'yip V2 dµ(9:) (3.17)

we extend it to functions in X2 in the product form

f qli W2 dµ(9:) dAO (3.18)

In order to define the measure dAO we also require: i) that the operators
be hermitean (and thus that the transformation (3.2) is unitary) and ii) that
the constraint operators be hermitean. This can be enforced either for the con-
straints Fv (eq.(3.5)) or for the f„ (eq.((3.6))). Thus the measure dµ4, associated
with the collective coordinates 4iv depends on the choice of the set of constraints.

For the constraints P. we define the measure as the simple product 12

du'( ) = 11. do,, (3.19)

With this definition the operators ¢", and Fv are hermitean.
In the case of the constraints f,,, we define the measure following the usual

prescription for the rotational case 13

dµ''1 = ^S[ II„d¢„ (3.20)

where IS[ denotes the determinant det[S„w] . We show in appendix 3.A that the

f„ (or, equivalently, the I„) are hermitean with respect to this measure.
At this point we notice that physical wavefunctions in X2 (which are indepen-

dent of c„) have infinite norm . This is characteristic of gauge invariant systems.
The problem can be cured within X2 by redefining the overlaps suitably. We
outline this procedure in appendix 3.B. It will take us close to the treatment
in the "Coulomb gauge" of section 5. However in these notes we emphasize
the procedure discussed in section 4, where we proceed by further enlarging the
Hilbert space.

We now go on to define the overlap associated with the coordinates Il,,. Since
the operators P. commute among themselves (as well as with the constraint

12In these inner product, the integrals extend from - oo to oo (cf. the footnote on p.25).
"In the Euler parametrization of the rotational case

IdI = sin/i

is the familiar factor appearing in the measure associated with the Wigner functions DnrK
1201
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operators P. and fv ) we discuss first the case of a single coordinate f). We
construct the operators

^(frl - i ') _ 2(f2 - an)rn (3.21)

jr., rn1 =1
We could construct a basis for the Hilbert space of the form

nh.o.) e )nooh.o.)
tr

(3.22)

W (1
n^

roOjh.o.) = 0

olh.o.)I0)h.o.) >
= bnmn m

This basis corresponds to the usual inner product in configuration space

(3.23)

oo
< glh >= g' (f))h(f))df2

^n=-oo
(3.24)

According to ref. 1231 it is possible to use such a (positively defined ) metric

in connection with these coordinates.
However, using the freedom that we have in the definition of operations in

the unphysical space , we may introduce an indefinite metric already at this level.

It turns out that this definition is very convenient both from the theoretical

point of view (an equivalence is proved straightforwardly without problems of

regularization ) and from the practical point of view (the actual calculations are

indeed simpler) . We discuss this in further detail in the next section.
The rationale is that the "error" spuriously produced by enlarging the Hilbert

space with the collective coordinate ¢ may be "cancelled" by the introduction
of the Lagrange multiplier f214

(r.)nioo >
vln!

0

(- 1)nbnm (3.25)

Hence N3 has indefinite norm and is not a "Hilbert" but a "pseudo -Hilbert"

space . Let us first explicitly construct this basis in the coordinate representation.
The second of eqs. (3.25) implies

loo >= explft2/21 (3.26)

"This is the case in electromagnetism where an indefinite metric for the photon associated
with the Lagrange multiplier is used 1221.
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and thus
Inn >=

nj
(0 + an ) ' X00 >= -t )n j,(? O l (in) (3.27)

The inner product associated with (3.25) can be written , in coordinate rep-
resentation,

n-ioo

^O=-ioo
T=00

[g(-ir)]*h (ir)dr (3.28)

where fl = it and the conjugation applies both to the constants defining the
function g and to the argument. In (3.28) 11 should be regarded as imaginary
and r as real , since the integration path is taken to be the imaginary axis in Cl.
It is straightforward to show that this inner product satisfies the requirement
that Cl and P should be hermitean. This measure is implicitly used in refs.
[9,15,16].

Finally, we obtain for the inner product of wavefunctions in 3!3 (laboratory
frame)

< tiY'Iw >N Q'=i00 4,=oo(-i)k f II„ dfl,, doo dµ(9:)
t)=-ioo 4.,=-00

14,1(- [)w10w19i )1 * 41141w1 0w19i) (3.29)

fl,=io0 ^,=00

i1lI/2 > s) _ (-i)k f kki IIv dfl„ do„ dµ(4:)
n,=-ioo m,=-00

0.,9i)]*1F1(f1wlOwlq^) (3.30)

With the overlaps < ^ > s) and < I >M the constraints F„ and f,, are

hermitean , respectively.

The problem of infinities in the overlaps of physical wavefunctions is solved
in the next section through a further enlargement of the space.
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appendix 3 .A The hermiticity properties of operators us-
ing the measure associated with the con-
straints ft,

To prove the hermiticity of fv we must show that

J h*'(rlwv 8a )g' dµ4 ) = -(f g`'( llwv ea )h' dµ^ ))* (3.31)
w w

for every g', h' in the lab frame (cf. the second of eqs. (3.14)). Assuming that
surface terms vanish , eq.(3.31 ) requires

) = 0- (3 32)(W llwv
a0

.

t t32 i iE 3 len os equ vaq. ( . )

0
aln kSl

= 17wv.w + llwv
a0w

I
I (3 33)^
Srn.w17wv.w + 17wv

aS
.

Using the expression for the derivative of a logarithm of a determinant

0 = 11wv.w + 11wv1JarSrs.w

11wv.w - 17wvSrsllpr.w (3.34)

Applying eq . (2.122) we obtain

0 = 1lwv . w - 11sv . w'7wrSrs + CrvwllswSre

= 1]wv.w - llav.., + Crvr (3.35)

which is an identity since we have assumed that the ct, ,,, are completely anti-
symmetric.

appendix 3 .B An internal product for the Hilbert space
M2

In order to construct an inner product that is suitable for the treatment in N2
(without further extensions ) we have to modify (3.18) so that it remains finite
and agrees for physical states with the internal product in X 1 . Such an extension
is straightforward in the laboratory frame

< 41;142 >= f Iltn„dµ(9,j')dOv1Fi(4.')T2(9.')b(0v) (3.36)
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