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PREFACE

These notes have been given over the past several years in an one-
semester course to second-year graduate students in the Plasma Physies Section
of the Department of Astrophysical Sciences of Princeton University. The
students generally have (or assumed to have) some basic knowledge of plasma
dynamics in terms of single-particle and fluid descriptions. The topics
covered in these notes, therefore, are selective and tend to emphasize more on
kinetic-theory approaches to waves and instabilities in both uniform and
nonuniform plasmas.

This work was in part supported by The Department of Energy and The
National Science Foundation. I am thankful to Rosemary Fuchs, Terry
Greenberg, Cecelia O'Brien, and Barbara Sarfaty for their patience and careful

typing of the manuscript.
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CHAPTER I.

General Properties of Electromagnetic Waves in Dielectric Media

§I.1 Plasma as a dielectric medium

In this chapter, we shall discuss some general properties pertinent to
linear electromagnetic waves in plasmas. In fact, these properties are
sufficiently general and, hence, fundamental that they are applicable to other
dielectric media.

Let us assume that the plasma or, equivalently, the dielectric medium to
be time-stationary and spatially homogeneous. The perturbed (wave) electric

field, 5@(5, t), can then be taken to assume the plane-wave form; i.e.,
8E (x,t) = 6E exp (lwt - 1 k-x) . (I.1.1)

Here, k 1is the wave vector and w is the frequency. Whether (w,k) is real or
complex depends on the detailed nature of the problem. For example, w30 is
real if we are interested in wave properties driven by an external source
oscillating at frequency wy. Kk, however, can become complex as in the case of
evanesceﬁt waves. On the otherhand, if we are interested in an initial value
problem ?e.g., stability analysis), w is then complex. This point can be
realized;by interpreting Eq. (I.1.1) as the Laplace-in-time and Fourier-in-
space trénsform. Thus, we have, in this case, Im w > O to ensure causality
(i.e., 8E » 0 as t » - =) and k is real.

In response to 8E, charged particles will jiggle and acquire
velocities, GY, and, hence, there will be perturbed current densities,
8J (x,t). Since we are only interested in linear effects and the background
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8 (0,k) = g (w,k) - 6E (w,k) . (1.1.2)

Here, ¢ is the conductivity tensor. For the present discussion, we shall
simply assume ¢ and Eq. (I.1.2) are given.

Substituting Egs. (I.1.1) and (I.1.2) into the following Maxwell's

equations
VxE=- (1/c)aB/at , (1.1.3)
VxB= (UNJ + BE/Bt)/C ; (I.1.4)

and noting that E = 50 + 8E , V x Eo =0, ago/at = 0 and etc., we find

k x 6E = w 8B/c (I.1.5)
k x Gé = - (w/e) {I + iliw g/w]'éé
= - (u/e)D - sE . (1.1.6)

Here, l‘is the unit tensor and D = I + ilw g/w 1s the equivalent dielectrie

tensor. Combining Egs. (I.1.5) and (I.1.6), we obtain
> 2
[kk-k"I+% D] -6E=¢c-6E=0 . (1.1.7)

In deriving Eq. (I.1.7) , we have used the vector identity
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In order that Eq. (I.1.7) has non-trival solution of §E, the determinant of

am

must vanish; i.e.,
s(m,lf) =1l g(w,lf) I =0 . (1.1.8)

Equation (I.1.8) is the so-called dispersion relation. That is, from Eq.
(I.1.8) we can obtain a relation between w and k, w = w(k), and, thus, plot
the w vs. k dispersion curves.

In general, given a k, the dispersion relation can contain multiple (or,

sometimes, infinite) number of w roots. Indexing these w branches by j, we
then have
w = wj(k) for j = 1,2..... . (I.1.9)

In plasma physics literatures, the various w branches are sometimes called
normal modes. Substituting Eq. (I.1.9) into Eq. (I.1.7), we can then
determine the eigenvector Séj corresponding to the eigenvalue mj. From
Géj the polarization of the perturbed electric (or magnetic) field for the jth

branch (normal mode) with respect to k or the equilibrium magnetic field BO

is then known.

Homework #1

(1) Illustrate with an example the above mentioned concepts: conductivity
tensor, dispersion relation, w branches (or modes), eigenvector SE and wave
i Documents
polarization. Document Sharing Hub
Copyright World Scientific Publishing Co.
Provided by IHS Markit under license with WILEY Licensee=/, User=,
No reproduction or networking permitted without license from IHS Not for Resale,

Full document details: WSPC WAV INSTBLT PLAS 1987


http://www.avadocuments.com/doc/wspc-wav-instblt-plas-1987
http://www.avadocuments.com/doc/wspc-wav-instblt-plas-1987

_4-

(2) Consider the following Inverse Laplace transform ¢(t) = Ic (dw/27) x
e 10t/p(w). How will you choose the integration contour ¢ to ensure causality
for (i) D (w) has no zeroes in the upper-half (Im w>0) plane? (ii) D (w) has

finite number of zeroes in the Im w > 0 plane?

(3) (i) what is the condition that s¢(x,t) is Fourier transformable in x;
i.e., so(k,t) = [dx ch(x,t)e_lkx exists? (ii) Suppose that ¢ at t = 0O is
sufficiently smooth and of finite spatial extent; i.e., 8¢(x,t=0) = 0 for

Ix| > d. Is é¢(x,t) Fourier transformable for any finite t and why?

§1.2 Two time-scale analysis

In plasma, due to the presence of weak dissipation or source, waves tend
to either grow or decay slowly with time. In many cases of interest, the
dissipation or source is sufficiently weak such that the characteristic growth
or decay rate is much smaller than the typical oscillation frequency Wy The
wave process is then said to possess two time scales and we may assume §E to

be of the following form
8E (t) = 8E (et) exp (-imot). (1.2.1)

Here, for simplicity of discussions, we have neglected spatial dependence and

taken 8E to be a scalar and e << 1 is a small parameter. Thus,
|a8E/at|/{u SE| ~ ole) << 1. (1.2.2)

Using Egs. (I.2.1) and (I.2.2), we shall explore some imp1iEOCHMMEN S
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6A(w) = B(w)SE(w) (1.2.3)
with w being, strictly speaking, the Laplace-transform variable, we have
- o ~
= — . I1.2.4
SA(et) B (wo + i at) §E(et) (I.2.4)

Proof of Eq. (I.2.4): From Eq. (I.2.3), we have

iw(t'-t)

sA(t) = [sh(w) e ™% du = [dw Bw fg—g' SE(t')e (1.2.5)

Taylor expanding B(w) about wzw and noting Eq. (I.2.1), Eq. (I.2.5) becomes

6A(t)i%: emlugt Ig—z'- sE(et') [dw (B(w,) + -g—g—o (6-u)...] ellumu)(E-t)

-iw t - .
_ o rdt' \ 3B i3
= e I—eﬂ SE(et')[Bluy) + 5= 3¢ +---) [duwe

i(w-w_ ){(t'-t)
at °
(o]

_ o-lw t 3B .3 v osp ' - .
= e % [B(mo) + a g+ .-l fdt' sE(et')s(t-t) ;

that is,

B, 2 -
s F gt ...] 8E(et). (I.2.4)

§A (et) = [B(wo) + S

Equation (I.2.4) can be derived alternatively by noting that

Lp—1[- iw §E(w)] = %E SE(t) = - ie_imot(wo + i gf)éé (et). (1.2.6)
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-iw t

sa(t) = e 7" Blu + 1 1) SE(et)

aor
sA(et) = B (ugr 12 SE(et). (1.2.4)

Next, we note the existence of two disparate time scales presents an
unique opportunity of separating dynamics on the two scales. For example, we
may average out the fast oscillations in order to examine only the slow time-
scale phenomena. This concept of averaging out the fast oscillations (phase
averaging) is essentially the same one used in deriving guiding center motion
where the cyclotron motion is the fast oscillation and is averaged out. 1In
the present case, the phase-averaging method is simple. Let

-iw t

SA(t) = [64 (et) e © +c.c.l/2 ,

~iw t

§B(t) = [6B (et) e © + c.c.]l ; (1.2.6)

we then have

O> | =

§A(E) 8B(T) = [ Peene) eB(e) dt

t

n 4 A
[s4 6B + 8A &Bl/4 . (I.2.7)

Here, A, the integration interval is chosen such that

t
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1sa w o » 1; (1.2.8)

i.e., for the A_ time scale, §A is frozen (adiabatic) and can be taken outside

t
the integral.
We now examine the implication of the above results, Egs. (I1.2.4) and

(I.2.7), to the Maxwell's equations, Eqs. (I.1.3) and (I.1.4). First,

from B - Eq. (I.1.3) - E- Eq. (I.1.4), we have

|w

(BB e+ p)] . (1.2.9)

1<
.
o
n
|
.::l—‘
E
[=+]
r

Here
E = cg x g/un (1.2.10)

is the Poynting vector. Equation (I.2.9) is often referred to as Poynting's
conservation theorem. Neglecting spatial dependence and noting that
E = Eo + §E, B = §O + 8B, Eq. (I.2.9) yields, the following expression

quadratic in the wave quantities

1 ] ]

In B st 6B + SE - (Urm &J + 3T §E) = 0. (I.2.11)
We now note that the Laplace transform of U 8d + %E SE is given by

Lo(Uw6d + 30 6E) = bm 8J(w) - iw 6E(w) = - iw D(w)-6E(w) . (1.2.12)

Thus, if we let
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~ -iw t
SE(t) = [ sE(et)e ©° + c.c.]/2 (I.2.13)

and similarly for &B(t), we find, using Eq. (I.2.4)

~-iw t
Un 6J + a §E = (1/2)e %o [-i(w + 1 a—)D((.u +1 a—) . 6}5]
~ at T~ o at’=" o at ~

Lugt 3 3, o
+ (1/2)e (- D (ug + 1 59)D(-w + 1 3g) 6B ]

-iw t ~
o . 3 3
= (172){e [- iw D(w)) + v [w,D(w )] 371+ 6E

iwot 3 3 ~3%
+ e [iwo 2 (—wo) + 55; [mo 2 (-wo)] EE]»Gg }. (I.2.14)

Substituting Eq. (I.2.14) into Eq. (I.2.11) and performing the phase

averaging, we have, term by term,

3 N S - %
8E- (Unsd + Frs sE) = (1/4) (- mosg -Q(mo)-ag + g 51::-13(-:»0)-51:: +
L 3 .n S 3 o*
8B - 5= [w D(w )] 5 8E + oE- o (w,D(-w )1+ 3¢ 6E}. (1.2.15)
Defining

where h and a denote, respectively, Hermitian and anti-Hermitan components;
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and
*
D (w) = (1721){D - ohH"}. (1.2.18)
T * *
Here [Aij] = Aji ; 1.e., the complex conjugate of the transpose of A. We
note, futhermore, that from realizability condiion
*
(1.2.19)

D (-u) =D (u).

The proof of Eqg. (I.2.19) is straightforward by noting that both 8E and

38E/3t + UnsJ are real physical quantities. Equation (I.2.15) then reduces

to, assuming |2a| < Igh],

~ % ~ * #
-iw 8E © D..8E, + iw_ 8E.D.. 8E. + 8E. — [w D, ] 2= sE,
o J oJiti o J J at

~ 3 * 3 ~ _ ~% 3 a_
+ SE, [w ] 5T SE, = 2m0¢SEj(Dji) SEi + 3T [SE o (w D,

i Jw o'ij

All together, phase averaging Eq. (I1.2.11) leads to

T SW + 87 Yo SE Qa-sg = 0,
where
" 1 12 * 3 2
o = Ty LB+ o2 o= (g D=6

(1.2.21)

(1.2.22)

is the wave energy. We note that 8W consists of three components: the
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magnetic field energy ]6§|2, the electric field energy and coherent particle
kinetic (mechanical) energy. The latter two contributions are combined into
the second term in Eq. (I.2.22). This is clear by noting Eq. (I.1.6)

(i.e., D = I + illng/w)}. Thus,

o¥ ¥ 02 LI : -
8E - —— (w D )-6E = |8E|© + 8E - 5;; (iling), -6E . (I.2.23)

Since §J = ¢ - 8E , which is due to particle coherent dynamics, the meaning of
particle kinetic (mechanical) energy is transparent.
Equation (I.2.21) clearly shows that in plasmas wave energy may either

decrease or increase depending on the anti-Hermitian part of D. As a simple

example, we take k=0 and D = D_ I . We then have, noting éB=0,
1 3 3 -2 1 ~2
167 at [amo (woDsh)l'SEI 1+ 87 ‘”ODsa"SEl = 0. (1.2.24)

Equation (I.2.24) has the solution

|6E|® - IGESOI2 exp (2vt) (1.2.25)
with
Y/wo = - Dsa/[B(woDsh)/amo]. (I.2.26)

Noting also that in this case Dg, = Re(Dgy) = Dy, and Dg, = Dgy. Thus, for

waves with positive wave energy a( )/Bwo > 0, we would have wave growth

wD
o sr

(decay) if the dissipation, i.e., w D_., 1s negative (positive). The converse

o si

is true for negative-energy waves. Finally, Egs. (I.2.2'DoectiniBAt®?)
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indicate that the consistency of the two-time-scale analysis requires the

previously stated assumption
DI 7 1D, ~ 0 (e) << 1. (1.2.27)

§1.3 Analysis with two time and space scales

In plasmas, spatial dependence plays a crucial role. In particular, it
gives rise to the wave dispersion; i.e., w depends on the wave vector k. As
in the case of temporal variations, wave spatial variations also often
exhibits two scales, one rapid and one slow. Such two-space-scale phenomena
can occur due to various reasons; e.g., dissiation or source, propagation of
wave packet, weak nonuniformity, etc.

Thus, in general, we would allow fast and slow variations in both time

and space. B8E(x,t) can then be expressed in the following form
6g(t,§) = ag(et,ex) exp(ilf0 - X - iwot). (1.3.1)

We can then carry out analyses similar to those done in Sec. §I.2. For

example, given the following relation in (w,k) space
s8(u, k) = B (u,k)-8E(u,k) (1.3.2)

where (w,k) are the Laplace and Fourier transform variables, we can find, in

the (t,x) space, that

- i . Ca o
613(1-:1:,55) = [g(wo+ i k -1 3{()] 8E (et, eg).

3

3 % (1.3.3)
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Expanding Eq. (I.3.3) to first order, we obtain

R (w_, )
z __AL________ 9_
GAi(et,eg) = [Bij(wo, ot oy (1 )
3B, . (w_,k !L)
o AL 0000 (5 By yeE (et ex)
om

(I.3.4)

Here, we have used indicial tensor representation to clarify the operations.

We can of course carry out a similar phase averaging both in time and space.

This is straightforward and we shall not discuss it.

In stead, we shall substitute Eqs. (I.3.1) and (I.3.4)

into Maxwell's

equations, Egs. (I.1.5) and (I.1.6), and examine the results order by order.

For this purpose, we note that

and assume, more specifically,

- N - -
| 8E -[a(woga/awol-sgl/lcg -[a(mogh)/awol-sgl ~ 0(e) <«

In the zeroth order, 0(1), we obtain the expected result

~ 2 2 -
gh(mo,lso)-Gg = [EOEO - ko £ + (mo/c) Bh] 8E = 0.

Equation (I.3.6) gives the zeroth-order dispersion relation

Eh(wo’go) = Ngh (wo’ Eo)
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An alternative expression for the dispersion relation can be obtained by
~ %
dotting SE into Eq. (I.3.6) to obtain

-2 2 % -
lk, x 6E|° = (u_/c)® 6E -D, -SE. (1.3.8)

In the next order, O(e), we have

] 2 _ ]

c 7% x GE: Sy 6]2 (I.3.9)
3 . L3 a 3 p .3 g

c % x 8B = w D 8E + 2u (moDh) s SE W 350 Eh ax §E . (I. 3.10)

Now we perform the following operations

~

6E - Eq. (1.3.10) + 6E- Eq. (1.3.10)" - 6B"- Eq. (1.3.9) - B Eq.* (1.3.9).

(I.3.11)
: *
We obtain, noting that 2(—w0, -50) =D (wo,go) ,
3 o2 % 3 - ¥ - 3 3 ¥ -
-t [16B]° + ¢E %, (Dyw,)-8E] + 2w 6E -D_-8E - w_ T (6E"-D, - 8E)
3 ~% - - ~
= -c o~ -[6E x 8B + 6E x 8B ]. (1.3.12)
From Eq. (I.3.8), we note that
12 (e c12 _ p¥ N e
|6B|< = [“’o] |k, x 8E|” = 6E -D -GE. (1.3.13)
Equation (I.3.12) divided by 16w can then be written as
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w
3 03 .23 EX.D .sE e 3 et B
at W - T8y ax ok (8E Dn"8E) + 8n 3x Re(‘SE x 8B) +
Wy ~w b ~
g, SE D -6E = 0, (I.3.14)
where
I R T ;
SW = T SE Bwo (wo [z)h) Gg/wo . (I.3.15)

Now, let us define

= - [ 3

.y - s N
Ygr g SE; (8E -gh-ég) - 2c Re(8E «x §B)]/16nsHW

. 2 52 ot I 2
= - {2c (k |6E]"- Re (k_-8E )6E] - w_

3 o -
ok, (sE D, -sE)}/(

5o~ (w “8E D -8E)}. (1.3.16)

Equation (I.3.14) then becomes the familiar form

] 3
3T SW + ag . (Ygr SW) = Zwi §W, (I1.3.17)
where
:1, wo ~% ~
mi E - [m 5? -ga-sl;:]/sw. (1.3.18)

Ygr as defined by Eq. (I.3.16) can be interpreted as

Docmne
V__ = total wave energy flux/wave energy. . 3.
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Meanwhile, since
Vgr = 905/3K, ' (1.3.20)

it shows that the wave energy is carried by the wave packet or, sometimes
called, quasi particle which propagates at the velocity Ygr' If w, = 0; i.e.
the plasma is Hermitian, then the wave energy remains constant along the
propagation path of the wave packet. With w; # 0 , the wave energy can

either increase or decrease along the path.

Homework #2

(1) Using the physical realizability condition, prove that

D () =D () . (H.2.1)

(2) The cold plasma Langmuir oscillation with collisional dissaption is

governed by the following equations

e
o8V = - Z6E - vev (H.2.2)
]
oo 6 = baN e oV ; (H.2.3)
or, combining Egs. (H.2.2) and (H.2.3)
2
3 2 3
— 6V = - w 8V - v — 8§V . (H.2.4)
at ” pe - 3t - Documents
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Here, mpez = 4N e2/me and we shall assume |v|<<|mpe|.

(2.2) Solving Eq. (H.2.4) for 8V using the two-time scale approach.

(2.b) Derive Q and indicate the Hermitian and anti-~Hermitian parts.

(2.c¢) Derive an expression for the wave energy 6&W.

(2.d) Calculate the damping or growth rate using &W and Ba'
(3) Using the disperison relation given by Eq. (I.3.8), prove that the
expression of Ygr given by Eq. (I.3.16) agrees with the more familiar one,
v o= amo/ago.
§I.4 Instabilities

Plasmas in both laboratories and space are often far from thermal
equilibrium. For example, in mirror machines as well as earth's
magnetosphere, the velocity distribution 1is non-Maxwellian due to the
existence of loss cones. Furthermore, in any confined plasmas either
inertially or magnetically, there is also nonuniformities in macroscopic
thermodynamic quantities such as density, temperature, pressure, etec. In a
way, these deviations from thermodynamic equilibrium may be regarded as free
energies stored in the plasma. Conventionally, they may be catagorized in the
following three types:

(1) Velocity-space free energy: velocity-space anisotropy, beams.

Examples are loss-cone and two-stream instabilities.
(ii) Magnetic free energy: current and magnetic field
inhomogeneities. Examples are kink and tearing instabilities.

(iii) Expansion free energy: density, temperature, pressure

inhomogeneities.

Examples are drift, ballooning/interchange and trapped-particle
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Instabilities are collective processes which may be triggered (if certain
threshold conditions are satisfied) to release the above-mentioned free
energies. That is, via the instabilities, these free energies can be
converted into either turbulent plasma motions and/or electromagnetic
radiations. In this respect, instabilities may be viewed as anomalous
(compared to collisional) processes whereby plasmas can relax toward thermal
equilibrium and, therefore, instabilities play crucial roles in our
understanding of important subjects in both laboratory and space plasmas; such
as disruption in tokamaks, anomalous transport processes, collisionless
shocks, solar radio bursts, etc.

In an infinite, uniform plasma, we say an instability exists if and only

if for some real k, the dispersion relation

e{w,k) = [e(w,k)| =0 (I.45.1)
admits a solution with Im w = ¥ > 0. Here, we note our convention is

8E(x,t) = Gé exp(ik - x - iut)

with (m,E) properly understood to be the Laplace-in-t and Fourier%in—x
transform pair. That is, if a linear instability exists, a wave, which is
periodic in space with a wave vector k, will exponentiate in time with the
growth rate given by y.

Based on the instability excitation mechanisms, we may divide

instabilities into two types: (i) dissipative-type instabilities and (ii)

reactive-type instabilities.

Documents
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dissipative processes or, more generally speaking,

the anti-Hermitian

component of the dielectric tensor; as we have discussed in Sec. §I1.2 and Sec.

§1.3. Thus, we assume
e(w,k) = ¢ (w,k) + ie_(w,k) = 0,
and
Iea'/lehl ~ 0(e) <« 1.
Furthermore, we let
w= e o+ iy and |y/wr| ~ 0(e) << 1.
Equation (I.4.2) then becomes, order by order, 0(1):
Eh(wr,g) =0
or
wrzwrj(g) for j =1, ... , N ,

where N is the number of w branches (i.e., normal modes).

we have, from Taylor expansion of h about w = mrj y

3
y. = -¢ (w_.,k)/[— ¢ (v k)]
J a rj'’~" 3w _, h rj’~
rJ
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Thus, for plasmas with negative dissipations (ea < 0), yj >0 if
aeh/amrj > 0; 1i.e., if the (mrj,g) wave 1s a positive-energy wave. For a
negative-energy wave (aeh/amrj < 0), however, we have Y5 < 0; the wave is
stable or damped. Converse conclusions can be made for positive
dissipations. In Homework #3, we shall have an example of a negative-energy
wave driven unstable via positive dissipations.

As to reactive-type instabilities, the most well-known example is the

beam-plasma instability. First, however, we shall illustrate with the

following model dispersion relation

w

b

W= 0. (1.4.7)

w
- 1. P
eh(m,k) =1 o+

Equation (I.4.7) is a quadratic equation in w and, hence, can be readily

solved. For simplicity, we shall assume [w [ << {mp[. Thus,
2 172 ‘
. _ (kvo+m -wb) + [(kvo-mp) - Zmb(kvo+mp)] _— 8)5
1,2 2 . A
Thus, there exists an instability if
172
kv, - wp' < 2uw) S, (1.4.9)

1/2

and the maximum growth rate Yax™ (wpmb) occurs at kvo = wp. These results

are sketched in terms of the w-k dispersion curves shown in Fig. (I.4.1).
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Fig. (I.4.1) Sketch of w vs. k curves for the model dispersion relation of

Eq. (I.4.7).

Since instability occurs at w e = kv0 , this model reactive-type instability

can be understood in terms of coupling between

the wy =W

pe

and wy = kvo modes. Now, away from coupling, the corresponding dielectric
constant for w, and Wy modes are, respectively,

€ = 1 -w /m,l y (I.4.10)
and

€ ° 1+ wb/(m2 - kvo) (I.4.11)
since

= A,
3(w1eh1)/3w1 1>0, (1 12)

the W, mode is a positive-energy wave. On the other hand,
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kvowb kvO
a(w2eh2)/aw2 sl -——s=-—x<0, (1.4.13)
(w2—kvo)

i.e., the v, mode is a negative-energy wave. Thus, the above model reactive-
type instability can be explained in terms of coupling between a negative-
energy and a positive-energy wave. It is easy to see that if both modes are

positive-energy waves, then the system is stable. For example, the following

model dispersion relation

w

W
1R __b
eh(w,k) =1 " (w-kvo) =0 (I.4.14)

has no unstable solutions. The w-k dispersion curve is given in Fig. (I.4.2).

w

wp

k

Fig. (I.4.2) Sketch of w vs. k curves for the model dispersion relation of
Eq. (I.4.14).

Similarly, we can show that the coupling between two negative-energy waves
introduces no instability.

We now briefly examine the beam-plasma instability. Here, we let a cold
electron beam streaming through a background cold plasma. Let the beam
velocity be vy, and density 0y, . For the background plasma, we have density ng
and m;, > =, i.e., immobile ions. For simplicity of analysis, we assume the

beam is weak; n, << ng. The corresponding electrostatic dispersion relation

can then be shown to be Documents
Document Sharing Hub
Copyright World Scientific Publishing Co.
Provided by IHS Markit under license with WILEY Licensee=/, User=,
No reproduction or networking permitted without license from IHS Not for Resale,

Full document details: WSPC WAV INSTBLT PLAS 1987


http://www.avadocuments.com/doc/wspc-wav-instblt-plas-1987
http://www.avadocuments.com/doc/wspc-wav-instblt-plas-1987

-22~

2 2
w w

1__;&_ pb 5 = 0. (I.4.15)
w (w-kvb)

Equation (I.4.15) can also be written as

2 2 2 2
wy = wpe/“ - wpb/(w1—kvb) 1, (I.4.16)
and
2 2 2,2
(w2 - kv )" = wpb/“_wpe/wZ) . (1,24-17)
For |kvb| < Whe 1 We have
. 2, 2.1/2.
TR wpe/“ - wpb/wpe] = wpe " (I.4.18)
and
= |
w5 kvb l(wpb/wpe)kvb . (1.4.19)
Meanwhile, for |kv. | > w__, we have
b pe
. 2,22.1/2 _
Wy * * wpe/[1 -w b/k vb] = * wpe , (I.4.20)
and
. +
wy kvb oy - (1.4.2/])

The corresponding w-k dispersion curves are sketched in Fig. (D@gyments
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wp

———-w;

Fig. (I.4.3) Sketch of w vs. k cruves for the beam-plasma instability
dispersion relation of Eq. (I.4.15).

By the analogy with the model problem, we can understand this instability  in
terms of the coupling between the positive-energy wave with w = wpe and the
negative-energy wave with uw = kvb - wpb . This 1is clear by noting the

respective dielectric constants are

) 2,2
€y = 1 - uupe/m,I , (1.4.22)
and
) 2 2
o = 1 - mpb/(m2 - kvb) . (I.4.23)

§I.5 Nyquist technique for stability analysis

In many practical applications, the dispersion relation e(w,g) = 0 is
generally too complicated to solve analytically for instability growth
rates. In fact, the first thing one would like to know is if the dispersion
relation admits solutions of w with Im w > 0. For this purpose, there exists
the powerful Nyquist technique.

Let us assume that ¢ be analytic in the Im w > O half r1an5)963“9ﬂ£¥1§§
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the unstable solutions. We now construct the following function

1
e(w)

G(w) = (1.5.1)

Q lQr
€ |o

It is clear that G(w) has poles at w = W We now define a contour ¢ in the
Im w > O plane to be ¢ = ey + ¢, where ¢, lies above the real w axis and e, is

an infinite semicircle [ec.f., Fig. (I.5.1)].

.‘”3

Y

we

Fig. (I.5.1) Integration contour in the complex w plane for the Nyquist
stability analysis.

From Cauchy theorem, we find

N N
1 - _
ZHI G(w)dw = } Res Glwzu ) = ] Res ((17e)(aesaw)) _ - - (1.5.2)
c m=1 m=1 m
Now, near w = Wy We have
Pm Pm+1
e(w) = d1(w-wm) + d2(m-wm) + , (1.5.3)
or
Pm
6(w) = oy (1.5.4)
m
e Documents
Cmeﬁqgﬁﬁ%g%mg£&é®%g then reduces to Document Sharing Hub
Provided by IHS Markit under license with WILEY Licensee=/, User=,
No reproduction or networking permitted without license from IHS Not for Resale,

Full document details: WSPC WAV INSTBLT PLAS 1987


http://www.avadocuments.com/doc/wspc-wav-instblt-plas-1987
http://www.avadocuments.com/doc/wspc-wav-instblt-plas-1987

-25-

N
! -
571 _rc G(w)dw -m§1 Pm .

(I.5.5)

Equation (I.5.5) shows that given e(w,k) being analytic in the Im w > O plane,

there then exists instabilities if

Q

€

|

o |—

I

o]

Jdw = M = a positive integer.

n

Q
€

Tl

This is the, sometimes, called Nyquist stability theorem.

We now further explore Eq. (I.5.6). First, we note that

e(e )
e
— en [ETE;T] .

Now, let

e(ce) = e(cs)exp(i2nM) s

(I1.5.6)

(I.5.7)

(1.5.8)

we, again, recover the result of Eq. (I.5.6). Here, however, M corresponds to

the number of times that the e(w) curve when mapped along the contour c

encircles the origin of the ¢ plane in the counter-clockwise direction. Thus,

we reduce the stability analysis to the problem of mapping e(w) along the ¢

contour.

Let us 1illustrate this technique with the beam-plasma instability

discussed in Sec. §I.4. The corresponding linear dispersion relation is

2
w 2 Wy
sh(uu)=1-—L2 ——2:0,
w ) H(qukvb“)w,” )
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with |mp| >> |u,| assumed for simplicity. First, we consider the kv, < wp

limit which we know is unstable.

Now since g has poles at w = 0 and
w = kvy. The ey contour needs to be deformed about the poles as shown in
Fig. (I.5.2).
Y
Ce \ e
o) @— ﬂr O
s —wp 0 kv wp W,
Fig. (1.5.2)

w-plane contour for the Nyquist analysis of the beam-plasma

instability dispersion relation of Eq. (I.4.15) in the kvb < wp
limit.

In Fig. (I.5.2), the radius of the two (small) semicircles about the poles, §,

is taken to be infinitesimally small but finite. The mapping of eh(m) along

c,6 = €y * ¢, is shown in Fig. (1.5.3).

A

-

€

NZ

Fig. (I.5.3) Mapping of g, given by Eq. (I.4.15) along the w-plane contour
shown in Fig. (I.5.2).
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Thus, eh(w) along c, encircles the origin once in the counter-clockwise
direction. That is, M = 1 and we have one unstable solution. This, of
course, agrees with the results obtained in Sec. §I.4. Next, we consider the
o'b

kv > mp limit, which we know is stable. The corresponding cm contour is

given in Fig. (I.5.4).
wj

Ce .
Cs e *——x——» w,
—wp 0 wp kvp

Fig. (I.5.4) w-plane contour for the Nyquist analysis of the beam-plasma
instability dispersion relation of Eq. (I.4.15) in the kv, > w
- p
limit.
The resultant mapping of eh(m) is shown in Fig. (I.5.5).

€j

/

€r

\

Fig. (I.5.5) Mapping of g, given by Eq. (I.4.15) along the w-pla
‘ shown in Figl (1.5.4). BS&RiEnts
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Thus, in this case eh(w) mapped along e, does not encircle the origin and we
have M = 0; i.e., we have no instability as it should.

Now the Nyquist technique for stability analyses is not limited to simple
dispersion relation. As an example, we shall apply it to a stability analysis
governed by a differential equation. This application, which is relevant to
eigenmode stability problems to be discussed later, is presented here to
further demonstrate the Nyquist technique. Let us consider the following
model differential equation.

d2

— m2 + iwv - m2 - x2]6¢(x) =0, (1.5.9)
dx2 o

where v > 0 and the boundary conditions are
[s¢(x)}] » 0 as x| » = . (1.5.10)

As a physical motivation, Eq. (I.5.9) may be regarded as modelling the
wave equation for Bohm - Gross (warm electron plasma) waves in a Gaussian
densityfcavity. In order to apply the Nyquist technique, we need to obtain an
equivalgnt dispersion relation in w. For that purpose, we apply the operation

® %
[ dx 8¢ (x) to Eq. (I.5.9). Noting Eq. (I.5.10), we find

-0 i

elw) = u® + 1wy - wi - [<|x6¢|2 >+ <|d6¢/dx|2>]/<|6¢|2 > =0, (I.5.11)

where

©

<A> = [ dx A. (1.5.12)
- Documents
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Now since e(w) diverges as |w| » =, we shall choose the radius of the semi-

cirele contour, R, to be arbitrary large but finite [refer to Fig. (1.5.6)].

C, )i

Ci R

\

> W

Fig. (I.5.6) w-plane contour for the Nyquist analysis of the "dispersion
relation" of Eq. (I.5.11).

The mapping of ¢(w) along c, is shown in Fig. (I.5.7); from which we conclude

that Eq. (I.5.9) predicts no instability.

€j

€p

-
N

Fig. (I.5.7) Mapping of e given by Eq. (I.5.11) along the w-plane contour
shown in Fig. (I1.5.6).

In fact, we may choose ¢y to be infinitesimally below the w, axis (i.e., im
cq+ 07) and prove that no marginally stable solution exists either. Finally,
we remark that, while in this model example the above conclusions can also be
obtained by either noting that Eq. (I.5.9) is a Weber equation or solving Eq.
(I.5.11) which is a quadratic equation in w, the Nyquist technique is more

powerful and applicable to a broader range of problems.
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Homework # 3
(1) The following dispersion relation describes beam-plasma interaction

including collisional effects on the background electrons.

w 2 w 2
e=1-—L __ b = 0 with v > 0. (H.3.1)
w(w+iv) (w-kv )2
b

Show that in the |kvy| >> w, limit, which is stable in the reactive limit

P
(i.e., v = 0), the negative-energy wave, (i.e., the slow beam modé) is
unstable due to the positive collisional dissipation.

(2) Consider electrons streaming through background immobile ions with

velocity Vi, The corresponding electrostatic dispersion relation is

L2
e=1-—02 -0 (H.3.2)

(kv )? )

Suppose there is an electric field of the plane-wave form
8E(x,t) = % [6E exp(~iwt + ikx) + c.c.] y

where 8E is independent of t and x. Calculate the phase-averaged particle
kinetic energy density for both the slow, w = kvb - Wy and the fast modes.
(3) Using Nyquist technique to prove that, as discussed in Sec. §I.4, the

model dispersion relation

w (L)b
e=1-L+ 2 =0 (I.4.7)
w w-kv
o
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predicts

(3.2) stability for kv, <« wp,

(3.b) stability for kv >> wy
(3.c¢) instability for kvo = wp

§1.6 Absolute and convective instabilities

[Ref. Ch. 2 in R. J. Brigg's "Electron Stream Interaction with Plasmas"
M.I.T. Press.]

Up to now, our definition of instabilities (Sec. §I.4) is based on
perturbations which have plane-wave spatial dependence; i.e., exp(ig-g). In
other words, the perturbations are taken to be periodic in X and, hence, have
infinite spatial extent. In reality, however, the perturbations are generally
of finite spatial extent. Treating as an initial-value problem, there then
exists two types of time-asymptotic (t +» =) behaviors at a fixed finite
spatial point, One 1is the absolute instability characterizing b§

perturbations which become unbounded as t + = at every fixed finite point iﬁ

space. The other 1is the convective instability characterizing by
perturbations which propagate and grow along the system such that, at any
fixed finite point in space, the perturbations vanish time-asymptotically. A
sketch of these two-types of time-asymptotic behaviors is shown in Fig.

(1.6.1).
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8¢ Cx,t| |8 Cx, )]

ya /.
e
(a) ()

Fig. (1.6.1) Sketches of time-asymptotic perturbations of (a) an absolute
instability where [é8¢(x,t)| + = as t + = and (b) a convective
instability where [8¢(x%,t)| + 0 as t + =,

We emphasize that the differentiation of these two types of instability is not
simply an academic exercise but carries important practical implications.
This is because (i) instabilities are grown out of low-level thermal
fluctuations and (ii) the unstable region is, in practice, of a limited
spatial extent. For convective instabilities, the perturbations are spatially
amplified inside the unstable region. Thus, their amplitudes as well as their
nonlinear consequences can be estimated. For example, if the unstable region
is small, the instabilities may be practically insignificant. On the other
hand, absolute instabilities can grow to large amplitudes such that their
saturation can only be due to nonlinear effects.

In terms of operators, let us assume the perturbation, 8§¢(t,x) is

governed by the following wave equation

e(i &

.3 _
oo 0 -1 goee(t,x) = 0, (1.6.1)

subject to an initial perturbation, &¢{t=0,x). Here, we reiterate that the

system is linearly unstable; i.e., the linear dispersion relatioPocuments
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e{w,k) = 0, (1.6.2)

has unstable roots, Im w > 0, for real k. We, furthermore, consider the one-
dimensional case only. Generalization to higher dimensionalities is straight-

forward.

Laplace transforming Eq. (I.6.1) in time, we obtain
elw, -1 T)60(w,x%) = s(x), (1.6.2)

where s(x) represents the effective initial perturbations. Let us denote the

Green's function response be 6G(w,x) such that

e(w, -1 )6G(w,x) = 8(x) | (1.6.3)
We then have

8¢(w,x) = [ dx's(x')sG(w,x-x'), (1.6.4)
Equation (I.6.4) shows that it is sufficient to examine Eq. (I.6.3) in order

to understand the time-asymptotic behaviors.

Formulating in terms of the Green's function, we have

dw -iwt
8G(t,x) = [ 52 8Glu,x) e , (1.6.5)
Cc
w
and
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@ dk 1
L am e(w,k)

ikx

(1.6.6)

§G(w,x) =

Here, the w integration contour, ¢ , must lie above the zeroes of e(w,k) for a

given real k in order to ensure the causality condition 1is satisfied.
Furthermore, as being physically resonable, we assume that e(w,k) is
sufficiently well-behaved as |w| or |k| approaches infinity. The w and k

integration contours for, respectively, t > 0 and x > O can then be closed as

shown in Fig. (1.6.2).

wi Pis ~
l ~
f Cw // ® \‘
/’ [ AY
\ 7 ", / e .\\
‘g a ,l [I_ ktc‘JJ) \
T wp »
N e
\\\ //’ [ kr
\Y~‘__ ’_____.-‘" ® o ®
(a) ()]
Fig. (1.6.2) Sketches of contours for {a) w-plane integration of Eq. (I.6.5)
and (b) k-plane integrations of Eq. (I1.6.6).
In Fig. (I.6.2a), {444} corresponds to the solutions of the dispersion

0 for real k and j = 1,..., N corresponds to the jth

relation e(wj, k) =

I .
That Im mJ

consistent with the fact that the system is unstable.

branch of the normal modes. > 0 for some real k, of course, is

Further, as discussed

above, Im ¢, = o > Max Im (mj) and, hence, 8G(w,x) is analytic for w on and

above c . Meanwhile, in Fig. (I.6.2b), e corresponds to solutions of the

dispersion relation for a given w on ¢ ; i.e., s[“'kl(“)] =0, & =1,...Mand

w on Cw.

8G{w,x) 1is analytic only for w. 2 o, we need to analytically

Since i

continuaté it as we close the w-integration contour in the w; <0 half

(I.6.3a), let us take one point on ¢, w = w_ and

plane. Eeferring to Fig. ,
Bocuménts

continuate it downward,
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Tl

a) >

Fig. (I.6.3) Deformed contours for analytic continuations of integrations in
(a) the w plane and (b) the k plane.

Since k, = kl(m) depends on w, the poles in k plane will move around as W
moves downward. In particular, we know that, as Wy > Wy, some pole(s) in k
plane must move toward the k,-axis [ec.f. Fig. (I.6.3b)]l. This is because w;
is defined by e(mj, k = real) = 0. As, say, ko(uwg) becomes real, 8G(w,x) as
defined by Eq. (I.6.6) becomes non-analytic since kl(wj) lies on the k-
integration contour cy which is the kr axis. In this respect, mJ(k)'s are the
branch lines of 8G(w,x) in the w plane. In order to analytically continuate
8G(w,x) Selow mj(k), it is then necessary to deform the k-integration contour
around those poles which approach or cross the kr axis; i.e., we must choose a

new contour, ¢, , as illustrated in Fig. (I1.6.3b). The analytic continuation

k
of 8G as defined by Eq. (I1.6.6) is then given by

de 1. ikx
271 e(w,k)
k

6G(w,x) = [_ (1.6.7)

(o]

Thus, with Ek so chosen, the k plane poles, k,(w), never cross the ¢ _as w

k

moves downward. That is, when we close the k-plane integration in the ki >0

half plane, the identities of those poles which contribute to tRpdntpgeritsge
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ikg(w)

6G(w,x) = 1 (1.6.8)
2

e
as(w,kl)/ak2 !

with the understanding that only those k, which have Im k, > 0 when Im w 2 o

are included.

~

Substituting Eg. (I.6.8) into Eq. (I.6.5), it is clear that poles of &G
Wwill contribute to the w integration. In particular, in the time-asymptotic

limit (t » =), the pole with maximum wg dominates. Let this w-plane pole be

e(ws, k) = 0 has a double

S

w.. Thus, Be[ws, ks(ws)]/aks = 0; l.e., at w = wg,

root at k = k. In other words, as w + w we have two k-plane poles

S s?
converging at k = ks. Expanding e(w,k) about wg and ks, respectively, we find
‘: e 1 325 2
e(w,k) = [;(r)(m-ms) +3 ( 2)(k—ks) . (1.6.9)
: s aks

Substituting Eq. (I.6.9) into Eq. (I1.6.7), it is fairly straightforward to
show that 5é(ws,x) is singular (regular) if the two converging poles lie on
the opposite (same) side of 6k' In particular, we have, for the singular
case, that, noting

@

. dx _ T
T;T - 0" {m (x+ia) (%-ia) @ for Re a > O, 7 (1.6.10)

. 2 172 -1/2 ik _x
8G(w,x) = [2 (Z) (&%) (w-u) e ° (1.6.11)

Bws ak 2
S

for w = wy. Equation (I.6.11) into Eq. (I.6.5), we find that

. . -i{w-w_)t
) 32 -1/2 -1wst+1ksx de e ( s)
€ £
§G(t,x) = [2(Z)(E55)] e [ & ——, (1.6.12)
Jw 2 2n 1/2
s ok, <, (w-ws)
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where éw as sketched in Fig. (I.6.4) must go around the branch cut.

\
\\\ }/

N /

Fig. (I.6.4) Sketch of the integration contour around the branch cut defined
by Eq. (I.6.12).

It is easy to show that

~i(w-w_ )t

dw e 1
[ 3 72 | < 12 (1.6.13)
c (w-w_) t

w S

lim

£t » =

Thus, we obtain, in the time asymptotic limit,

lim  &G(t,x) « t_1/

£t » =

2exp[i(ksx-iwst)]. (I.6.14)

Equation (I.6.14) clearly shows that if Im w_, > O we then have |§G(t,x)| or

s
]6¢(t,x)| »@as t »=, i.e., an absolute instability. Otherwise, for Im wg <
0, we have |G| or |8¢| » O as t » =; i.e., a convective instability.

Let us summarize the results obtained in this section. First, we assume
the system is linearly unstable, i.e., the linear dispersion relation e(w,k) =
0 has unstable (Im w > 0) roots for real k. We then show that, if (i) there
exists two k solutions of e(w,k) = O which lie, respectively, on the upper and
lower half k plane for Im w 2 ¢ = Im(cw), and (ii) the two k solutions
coalesce (as/aks = 0) at w = wg with Im wg > 0, we then have an absolute

instability. Otherwise, the system only exhibits convective inB@EllgntSe
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that the group velocity ams/aks = 0. Thus, the above requirements for
absolute instabilities are also consistent with our physical intuition that
absolute instabilities correspond to standing-still wavepackets which, while
growing in time, also tend to spread out in both positive and negative
directions. Finally, we emphasize that the nature of the instability depends
crucially on the reference frame. This is intuitively expected, because for
an observer travelling with the group velocity of the wave packet a convective
instability in the laboratory frame will appear to be an absolute instability
to him/her.

Let us illustrate the application of the above stability criteria with
the following three examples:

(i) Consider the model dispersion relation
(k-w/v ) (k-w/v,) = - k ° (1.6.15)
1 2 o '’ U

where Vv > 0. By simply considering the k » 0 limit, it is clear that Eq.
(I.6.15) predicts instability. Meanwhile, in the limit Im ¢, » = we find ky »
m/v1 and k2 > “/Vz; i.e., the two k-plane poles lie on the same side of k-
integration contour Cy and, hence, the instability is convective.

(ii) We now consider an another model dispersion relation
(k-w/v. ) (k+w/v,) = k 2 (1.6.16)
1 2 o ! e

here, again, Vivy > 0 and the system is unstable. Now as Im c, > = k1 *,@/v1
and ky - -u/V, and, thus, two k-plane poles are on the opposite side of:;ck.

We now calculate wg where k1 and ko coalesce. From, ams/aks = 0, we find
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Ww
- _S -
ks =3 (1/v1 1/v2). (1.6.17)
For simplicity, we further assume v, = v,. Then k., = 0 and, from Eq.

(1.6.16), we find

=+ i . .0,
or w ik v, (1.6.18)
Thus, Im wg > O and we have an absolute instability.

(iii) Finally, we consider the beam-plasma instability given by the

dispersion relation

2
w

__b__2_= 0. (1.6.19)
(w-kvb)

-
1
EtUE
n
n

Now, as in Example (i), we have, in the limit e, * = ky o > w/vb and, thus,
’

this instability is convective.
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